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ABSTRACT. Consider an incompressible, nonlinear, hyperelastic material which occupies the region
A CR™ n > 2, in its reference configuration, where A denotes the annular region

A={xeR":a<|x|<b},

0 < a < b. Deformations of A are therefore isochoric maps u : A — R”™ and so satisfy the incom-
pressibility constraint
det Vu = 1.

The boundary of the annulus JA is separated into two disjoint pieces A = 0A, U dA;, where
0Ar = {x € R" : |x| = a} and 04, = {x € R" : |x| = b} denote the inner and outer boundary
components respectively. We study displacement and mixed displacement/zero-traction boundary-
value problems in which we impose a displacement boundary condition of the form

u(x) =ox

on one of the boundary components (where o > 0 is a given constant) and the displacement on the
remaining boundary component is either prescribed (in the case of the pure displacement boundary-
value problem) or left unspecified (in the case of the mixed boundary-value problem).

In this paper we use isoperimetric arguments to prove that the radially symmetric solutions to
these problems are global energy minimisers in various classes of (possibly non-symmetric) isochoric
deformations of the annulus.

Mathematics Subject Classifications (2000): 74B20, 49K20, 35J50, 74G65
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1. Introduction
Consider an incompressible, nonlinearly elastic body that occupies the annular region
A={xeR":a<|x|<b}, (1.1)

0 < a < b, in its reference configuration (the physically relevant values of n are 2 and 3).
An admissible deformation of the body corresponds to a mapping u : A — R™ which is
one-to-one almost everywhere and satisfies the incompressibility! constraint

detVu=1 fora.e xe€ A (1.2)

Deformations satisfying the above condition are known as isochoric deformations. In non-
linear hyperelasticity, with each such deformation we associate a corresponding energy

E(u):/AW(Vu(X))dx, (1.3)

where W : M!*" — [0, 00) is the stored-energy function and M}*" denotes the set of n x n
matrices with determinant equal to one. If W is both isotropic and frame indifferent then

W(FQ) = W(QF) = W(F) for all F € M*" and Q € SO(n),

where SO(n) denotes the special orthogonal group of n x n matrices. We next recall the
notion of a polyconvex stored-energy function in two and three dimensions:

e If n =2, then W is polyconvex if
W(F) = G(F) for all F € M7*?,
where G : M_?_XQ — R is convex;
e If n =3, then W is polyconvex if
W(F) = G(F,adjF) for all F € M3*3,

where G : Mix“% X Mixg — R is convex and adjF denotes the adjugate matrix? of F.

"Vulcanized rubber is often modelled as an incompressible material.
2That is, the unique 3 x 3 matrix satisfying (adj F)F =T for each F € M>*3.
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The results contained in this paper apply to stored-energy functions that have the fol-
lowing forms:

o If n =2, then
W(F) = o(|F|), (1.4)

where ® : R* — R is convex and monotone increasing;

e If n =3, then
W(F) = ®([F|*, |adjF]), (1.5)

where ® : RT™ x RT — R is monotone increasing in each of its arguments and convex.

Boundary Value Problems.

Let
0Ar ={xeR": x| =a}, 0A, ={x e R": x| =b}

denote the inner and outer boundaries of the annulus, respectively. We seek equilibrium
states by minimising (1.3) on classes of admissible deformations satisfying given boundary
conditions (pure displacement and mixed displacement/traction).

Pure Displacement Boundary Value Problem.

In the pure displacement boundary-value problem we take p > 0 and specify the conditions
u(x) = px for all x € 04y, u(x) = Ax for all x € 94,, (1.6)

where A > 0 satisfies \"b"™ — u"a™ = b" — a™.

Mixed Displacement/Traction Boundary Value Problem.

In the mixed displacement/zero-traction boundary value problem we only consider tensile
boundary conditions; we specify the condition

u(x) = pux for all x € A, (1.7)
where ¢ > 1 and the outer boundary 9A, is left free; or the condition
u(x) = Ax for all x € JA,, (1.8)

where A > 1 and the inner boundary 0Aj is left free.

3Note that all such stored-energy functions are frame-indifferent, isotropic, and polyconvex. This class of
energy functions includes the neo-Hookean and Mooney-Rivlin energy functions.
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For polyconvex stored-energy functions W, the existence theory of Ball [1] gives hypothe-
ses under which a minimiser of (1.3) exists for either of the above problems in a general class
of deformations satisfying (1.2).

In section 2 we show that the unique radial deformation satisfying (1.8) (or (1.7)) and

(1.2) is the map
X

3=

ul:\ad(x) = (R"+b"(\" - 1)) for all x € A. (1.9)

|

In section 3 of this paper we use a symmetrisation argument based on isoperimetric
estimates on deformed spheres to prove that the radial incompressible deformation (1.9)
is a global minimiser of the energy (given by (1.3) and (1.5)) amongst all (possibly non-
symmetric) C! isochoric deformations of the annulus. In section 5 we extend our arguments
to deformations lying in the Sobolev space W1P(A;R3), p > 3. We prove, in particular, that
these radial deformations must coincide with the energy minimisers given by the existence
theory of Ball in [1].

Finally, we note that the results in this paper yield a one-parameter family of inho-
mogeneous deformations, each of which is a global minimiser of a homogeneous energy for
corresponding homogeneous boundary values. To our knowledge, the only other construc-
tion of inhomogeneous energy-minimising deformations is due to Zhang [28] who shows that,
in a neighborhood of a linearization-stable, stress-free reference configuration, the solutions
obtained by the implicit function theorem are indeed the global minimisers obtained by
Ball [1].

For ease of exposition we will present the results in sections 3-5 for the case n = 3 and
note the corresponding results and extensions for the case n = 2.

2. Radial Deformations of A.

It is well known (see, e.g., [4]) that if u € C1(A4;R"), is a radial deformation:

u(x) = X, R:=|x|, r:]a,b] — [0,00),

then

Vu(x) = (R) <X®X> - (1 - ’73;‘) . 2.1)

[x[?

Condition (1.2) then forces

r'(R) (r(];z))nl =1, (2.2)
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from which it follows that r(R) = (R" + c")%, where ¢ is a constant. Hence, the only
kinematically admissible isochoric radial deformation satisfying (1.6) (or (1.6); only) is

uZad (x) = 7’21;@)(7 (2.3)
HIC(R) = (R + (" = 1)) = (R + " (A" — D] 24

(see, e.g., [4]). Dropping the subscript u, for the moment, it then follows from (2.1) and

(2.2) that

(
adj (Vuri() = (ng)) o)+ (0 75F) - @0

and hence that

(Vurad(? = g [(Vurad)TVurad} - <Timﬁ(' R)>2(n1) +(n—1) (Tin;gR))z (2.7)
" )adj (Vurad> ‘2 - <Tm;@>2(nl) Y (n—1) <rin§}z)>2‘ (2.8)

Remark 2.1. It is clear that, in general, there are infinitely many isochoric (non-radial)
deformations of an annulus: e.g., in the case n = 2 consider deformations of the form

B cos(d + ¥(R)) -
u(x) = p(R) ( sin(0 + v(R)) for all x € A, (2.9)
where (R,0) are polar coordinates in the plane, R = |x|, and p € C!([a,b];[a,b]) and
Y € C'([a,b]) satisfy the boundary conditions p(a) = ua, p(b) = Ab, \"b" — p"a™ = b" — a™,
¥(a) = 0, and ¥(b) = 2N (corresponding to N € N “twists” of the annulus). It follows

that , " .
[ pe—py's] 1 )
e[ on 2] 2wl G eal )
where ¢ = ¢(R, 0) := cos(0 + ¢ (R)) and s = s(R, ) := sin(§ + ¢(R)), and consequently
Vul? = tr [(Vu) (V)T] = (%)2 ()2 + (o) (2.10)
and

2
(det V)2 = det [(Vu)(Va)T] = [p’ P ] .
Hence, for isochoric maps,
1
p(R) = (R* + (A — 1)b%))2 (2.11)
and so (2.9) is a map of the annulus satisfying (1.6) for any choice of ¢) and N.
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3. Symmetry of Energy Minimising Deformations in Tension.

Let u € C'(A;R3) be any isochoric deformation that satisfies* (1.6); for some p > 1.
Our aim is to prove, in particular, that the energy functional (1.3) satisfies

E(u) > E(u)

for any polyconvex stored-energy function W of the form
W(F) = ©(|[F[?, [adj F)), (3.1)
where ® : RT x RT — R is convex and monotone increasing in each of its arguments.

To present the main ideas in our proof we present our results first for the Dirichlet
integral W(F) = |F|? (so that ®(z,y) = z in (3.1)) and secondly for the case W (F) =
|adj F| (so that ®(x,y) = y). To present the key ideas and simplify the technical details
we will assume that u € C'(A;R3), however, the proofs easily generalise to wider classes of
deformations u in the Sobolev space WP(A;R3), p > 3. (See section 5.)

Definition 3.1. For the displacement problem and the mixed problem where the outer
boundary is left free we let ;1 > 0 and define the set of admissible deformations by

.A/i ={ue C'(4R?) : det Vu =1, u is one-to-one, u(x) = ux for x € dAr}.

For the mixed problem where the inner boundary is left free we let A > 0 and define the set
of admissible deformations by

A = {u € C'(A;R%) : det Vu = 1, u is one-to-one, u(x) = Ax for x € 04, } .

For simplicity of exposition we present all of our results for u € .Aﬁ and note that the proof
for u € Af is similar.

The next proposition will be central to the arguments in this paper and shows that
the radial map (2.3)—(2.4) has the property that, amongst all maps in A/

,.» 1t minimises the
deformed area of each sphere Sg, R € [a, b].

Proposition 3.2. Let u >0 and u € Aﬁ. Then, for each R € [a, ],
area(u(Sg)) > area(uzad(SR)),

where u/ﬂad is given by (2.3)—(2.4) and Sg is the sphere of radius R centred at the origin.
Moreover, the above inequality is strict at any R for which u(Sg) is not a sphere.

“By Remark 2.1 there are an infinite number of such deformations.
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Proof. Fix R € [a,b]. Let u € C?(A;R3). Then the well-known divergence identity

g (1, .. P T &
det Vu = Eyes (311 (adj Vu)i> = div <3(adJ Vu)u> ,

when integrated over Bg\B,, yields®

1
/ det Vudx = / 1u - (adj Vu)Tn —/ “u-(adjVu)Tn, (3.2)
Br\Ba Sr 3 Sa 3

where n = (n!,n2?,n3) is the outward unit normal to Bg\B,. However, C? is dense in C!

and so the bounded convergence theorem implies that (3.2) is satisfied by all u € C1(4;R3)
and hence, in particular, for all u € Alﬂ.

Now fix u € AL. The proof will follow from the classical isoperimetric inequality once
we prove that the volumes of the regions enclosed by the surfaces u(Sg) and uff‘d(S Rr) are
the same. To this end we first note that, since det Vu =1,

/ det Vudx = éTr(R3 —a®) (3.3)
BR\Ba 3

while the boundary condition u(x) = px for x € S, together with (2.3)—(2.6) implies that
the boundary integral on S, is given by

1 4
/ “u-(adj Vu)Tn = —mpda?, (3.4)
s 3 3

and hence is constant for all maps u € Aﬁ. In particular, applying (3.2)—(3.4) to u/ﬂad yields

1 . : T, _ 1 rad : rad T
/SR 34 (adjVu) ' n = /SR 3 (uu ) .(adJ Vuy, ) n, (3.5)

where n is now the outward unit normal to Br. Next, in view of (2.3) and (2.6), the
right-hand integral in (3.5) is given by

/S ) % (wr2) . (adj vu;ad>T n— %W ()], 5

which is the volume of the region bounded by the spherical surface ul‘jad(S R)-

Finally, the Jordan separation theorem implies that u(Sg) divides R? into two open
regions, one bounded and one unbounded. Setting y = u(x) and using the change of
variables formula for surface integrals® in the left-hand integral in (3.5) we obtain

/ L (adj Vu)Tn:/ lyoN (3.7)
Sg 3

u(Sr) 3

5In order to simplify our presentation we drop the surface measure, d.S, from integrals over Sg.

5Since our deformations preserve orientation (3.7) is satisfied with N(u(y)) = [A(x)]"n(x)/|[A(x)] Tn(x)],
A(x) = adj Vu(x). However, (3.7) is also valid for smooth injective mappings that reverse orientation; in
this case the outward unit normal N is given by minus this quantity.
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where N is the outward unit normal to the C! surface u(Sg), that is, where N points into
the unbounded region. Consequently, an application of the divergence theorem to the right-
hand side of (3.7) shows that it is equal to the volume of the bounded region enclosed by
u(Sg). Therefore, by (3.5)-(3.7) it follows that u(Sgr) and uzad(SR) both enclose the same
volume; the claims of the lemma, both the area inequality and its strictness when u(Sg) is
not a sphere, now follow from the classical isoperimetric inequality. O

3.1. The case W(F) = |F|%.

Lemma 3.3. Let u >0, u € A{“ and R € [a,b]. At each point x € Sg let n,t1,t2 denote a
right-handed orthonormal basis with n = ﬁ Then

ou |
Ota

ou [”
oty

oul?

Vu) = |5

for x € Sg.

Proof. This is a standard consequence of the invariance of the Dirichlet integral under
orthogonal changes of coordinates that follows easily on writing

Vu=Vun®n+t; ®t; + ta ® ta]

ou ou ou
= —Qn+ —Qty + —

n Bty oty o2

and then observing that
Ju _OJu Ou Ou Ou _Ou
2 _ Ty _ s sl ~ il ~ -

(Vaf? = tr (Vu) (Vo)) = tx (an “on o0 Yot ot 8‘52)

_[ouft |oul* |ou

- on 8131 8132

as claimed. O

I

Lemma 3.4. Let >0 and u € Aﬁ. Then for each x € Sg, R € [a,b], we have
1 du Ou

Vul* > +2’><. 3.8
| | ou % Ou at1 at2 ( )
atl 81:2
Proof. 1t follows from Lemma 3.3 and the arithmetic-geometric inequality that
oul? Ou || du ou |? Ju Ou
Vul? > — | |= — 2| — x —|. 3.9
Vul 2 \5a oty ||tz ~ |on| Tt < ots (3:9)
Next note that since u is isochoric the Cauchy-Schwarz inequality implies
Ju [(Ou Ou Ou| | Ou 8u
1 =det =— |=—x=—|< —. 3.10
VU= (81:1 8 8t2) on||ot " ots (3.10)

If we combine this with (3.9) it follows that (3.8) holds. O
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Lemma 3.5. Let
1
g(t) = o) + 2t for ¢t € (0, 00)

then g is convex on (0,00) and monotone increasing for t > 1.

Remark 3.6. Note that the function /g(t), which corresponds to the choice of stored
energy function W (F) = |F| (rather than W (F) = |F|?), is not convex for large values of ¢.

Lemma 3.7. Let >0 and u € AL. Then, for each R € [a,b],

/ |Vu\2>/ ou OuN R Jsa 06 > 5% (3.11)
Sk - SRg ot Oto =g 47 R? '

Proof. If we integrate (3.8) over Si the result will follow from Jensen’s inequality since g
is convex by Lemma 3.5. O

Lemma 3.8. Let p>1 and u € Aﬁ. Then, for each R € [a,b],

o o aurad aurad )
/ RV P / E_x Lt | =4n [T?C(R)]Q > 47 R
SR 8t1 8t2 SR atl 81]2
and hence

9 9 aurad aurad

Jon |32 % 8| Jo | x T2

> 1.

AT R? - Am R?

Proof. This result is an immediate consequence of (2.3), (2.4), and Proposition 3.2 since,
for any v € Aﬁ and R € [a, b],

s,

for p > 1. O

ov ov

T X 5| area(v(Sg)) and [rinC(R)]g =R +a3(p®—-1)>R?

m

Theorem 3.9. Let > 1 andu € .Aﬁ. Then

/A Vul2dx > /A Vurad 2dx. (3.12)
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Proof. If we integrate (3.11) with respect to R and make use of Lemmas 3.5 and 3.8 we
find that

Jdu ou
s X g

AT R2

dR

b J:
/|Vu\2dxz/ 4w R?%g Sl
A a

aurad 8urad
13

b Jsn |2t X ats
> [ 4nR? Lt > 1| dr. 3.13
- /a g 47 R? (3.13)
Next note that by (2.1) and (2.7)
aurad 8urad . 9
fSR ﬁ X 8752 . TLHC(R) _ rad |2
= — = |Vu/29

AR g R wo o

where uzad and r}fc are given by (2.3) and (2.4). If we multiply the above equation by 47 R?

and integrate with respect to R we find, with the aid of (3.13), that (3.12) is satisfied. O

Remark 3.10. In the two-dimensional case, n = 2, the result corresponding to Theorem
3.9 is that

/ |Vu|dx > / \Vuzad| dx forallu e A{L,
A A

where uzad is given by (2.3)—(2.4) with n = 2. This follows by analogous arguments to the
case n = 3 with the following modifications:

rad

" minimises the

1. For n = 2, the result corresponding to Proposition 3.2 is that u
deformed length of each circle Sk for each R € [a, b].

2. For n = 2, the estimate corresponding to Lemma 3.4 is that for each x € Sk and

R € [a,}b]
1
2\ 2
IVu\z<8“ ) .

ot
3. The convex function ¢(t) in Lemma 3.5 is replaced by the convex function

-2

Ou
ot

1
gty = (2 +t%)% forte (0,00).
3.2. The case W(F) = |adj F|.
In this section we derive similar estimates to those obtained in the previous section

but this time for the energy function W(F) = |adjF|. We will make use of the following
standard vector identities which are stated together in the following lemma for convenience.
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Lemma 3.11. Let n,ty,to be a right-handed orthonormal set of vectors in R3. Then:
(i) Let A € M3 then adj(adjA) = A;
(i) Let G € M3 and a,b € R? then Ga x Gb = (adj G)* (a x b);

(iii) Since n =ty x to it follows from (ii) that, for any G € M3*3,

(Gt1) x (Gta)| = ‘(adj G)Tn‘.

Lemma 3.12. Let p >0 and u € Aﬁ. Then for each x € Sg, R € [a,b], we have

2

|adj Vul|? > ‘(adj Vu)Tn‘2 +— (3.14)
‘(adj Vu)Tn‘
Proof. Writing G := adj Vu we note that
G2 = |G = |GTf* + |G P + |G o)
> |G| +2|(G™1) x (GTes)|. (3.15)
Next, observe that, by (i) and (iii) of Lemma 3.11,
((adj Vu)Tt1> X ((adj Vu)Ttg) = (Vu)n. (3.16)
Finally, by the Cauchy-Schwarz inequality and the fact that det Vu =1,
1=|n)*= ‘(Vu)n (adj Vu)Tn’ < ‘(Vu)n‘ )(adj Vu)Tn‘ . (3.17)
The result (3.14) now follows on combining (3.15)—(3.17). O

Lemma 3.13. Define

2
h(t) = \/tQ—i—; for ¢ € (0, 00).

Then h is convexr on (0,00) and monotone increasing for t > 1.

Theorem 3.14. Let u>1 and u € A{L. Then

/A|adjVu]dx2/A|adj Vu;ad|dx. (3.18)
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Proof. The proof is analogous to that of Theorem 3.9. By Lemmas 3.12, 3.13, and Jensen’s
inequality

b b fSR ‘(adj Vu)Tn‘
//\@Wmﬁz/@m% 5 dR
a Sr a AT R

: rad) T
2/b47rR2h st‘(ad‘]vu“ ) n‘

A7 R2? dR,

where the last inequality follows from the monotonicity of h and Proposition 3.2. We have
also used the fact that fSR |(adj Vu)Tn| is the area of u (Sg) since, by Lemma 3.11(ii),

/SR ‘(adj Vu)Tn‘ = /SR

Next, note that by (2.6) and (2.8),

adj Vurad Tn inc(p 2
fSR ‘( 1 ) ‘ _ h (T“ ( )) _ |adJ vuzad”

ou ou

87t1 X 87t2 = area(u(SR)).

AT R? R

where ’I“an and uffd are related by (2.3). If we multiply the above equation by 47R? and
integrate with respect to R we arrive at (3.18) as claimed. O

3.3.  The general case: W(F) = ®(|F|?,|adjF|).

Now suppose that W (F) = ®(|F|2, | adj F|). If we now combine the arguments of sections
3.1 and 3.2 we obtain the following result.

Theorem 3.15. Let > 1 and
W(F) = (|F[*,|adj F|),

where ® : RT x RT — R is convex, and ® is an increasing function in each of its arguments.
Then, for any u € Afu

Awwmwzéwwﬁﬂﬁ

Proof. We sketch the proof of this energy inequality since it is analogous to the proofs of
Theorems 3.9 and 3.14: using Jensen’s inequality, the monotonicity of ®, and the isoperi-
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metric inequality
[;WXVuﬁk:i/b<é’@ﬂVuPJmﬁVuD)dR
a R
Eilb®d§®<g<£ﬁ R;F>,h<ﬁhgﬁ;vm>>d3
§ /:47TRQ o (g (f5R4 R;ad‘Q) . (‘[SR’Z?RV;ZM’)) iR

b
_ / 4w R0 (|Tur? | fadj Vur|) dR = / W (Vurad) dx,
a A

where g and h are given by Lemmas 3.5 and 3.13. O

rad

Remark 3.16. The energy of u will be strictly greater than the energy of uj?® if any of the

inequalities used in our derivation is strict. In particular, in equation (3.17) (and (3.10))
(Vu)n - (adj Vu)Tn‘ < ‘(Vu)n‘ ‘(adj Vu)Tn‘

is a strict inequality unless the vectors (Vu)n and (adj Vu)Tn are parallel. In this case it
then follows that n is an eigenvector of (Vu)TVu.

Remark 3.17. The corresponding result in the two-dimensional case, n = 2, is that if
W(F) = ®([F|),

where ® : RT™ — R is convex and monotone increasing, then for any u € .AfL

/AW(Vu) dxz/AW(vu;ad)dx

The proof of this follows exactly as in Theorem 3.15 on noting the results of Remark 3.10.

4. Symmetry of Energy Minimising Deformations in Compression.

In this section we will show that, for the pure displacement problem, the results in the
previous section can be extended to compression (i.e., to the case p € (0,1)).

Definition 4.1. Fix g > 0 and define the set of admissible deformations by

AP — { uc CHA;R?) :detVu=1,

u(x) = px for x € 0A;, }
mn )

u(x) = A\x for x € 04,

where A > 0 satisfies A*6% — p2a® = 3 — a3,
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We note results from degree theory (see, e.g., [9] or [21]) imply that the image of A
under any continuous, one-to-one map that satisfies the given boundary conditions is the
annulus

A ={xeR®: pa<|x| <A},

and, moreover, that such a map is open and satisfies u(A) = A*. The following result then

follows from degree theory and the inverse function theorem.”

Proposition 4.2. Let >0 and u € AE. Then u is one-to-one and satisfies u(A) = A*.
Moreover, u has an inverse v .= vy := u~ ! € CY(A*; A); this inverse is one-to-one and
satisfies v(A*) = A, det Vv =1, and

v(y) = p 'y for y € 047, v(y) = A1y for y € A,

where 0A} and 0A} are the inner and outer boundaries of A*, respectively.

In order to compare energies in compression we follow Ball [2, pp. 210-211] and change
variables to the deformed configuration.

Proposition 4.3. Let p > 0 and u € Aﬁ). Suppose that ¥ : RT x Rt — R is continuous.
Then u and its inverse v satisfy

/ W (|Vieu(x0)], | adj Vieu () 2) dx = / W (| adj Vyv(y)], [Vyv(y)[) dy.
A A*

Proof. Let u € A with inverse v. Then x — ¥ (|Vu(x)],|adj Vu(x)|?) is continuous and
so the change of variables formula together with det Vv = 1 yields

/A\I/(\qu(x)\,\adj Veu(x)[?) dx:/*\II(]qu(v(y))\,\adj Vaav(y)P)dy.  (4.1)

A

Next, (uov)(y) =y and hence [Vxu(v(y))][Vyv(y)] = I. Therefore, since adj Vv =
[Vv]~! for any isochoric deformation,

Viu(v(y)) = adj[Vyv(y)] for every y € A*.
Consequently, if we take the adjugate of both sides and apply Lemma 3.11(i) we find that
adj[Vxku(v(y))] = Vyv(y) for every y € A*.

The last two equations and (4.1) then yield the desired result. O

Since ! > 1 when p < 1 the results in the previous section together with Proposi-
tion 4.3 then yield the main result of this section.

"See, e.g., [6, Theorem 5.5-2] and recall that u € C*(A) means u is C* on a open set containing A.
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Theorem 4.4. Let p € (0,1] and
W(F) = ¥(|F|, | adj F|?),

where U : RT x RT — R is conver and ¥ is an increasing function in each of its arguments.
Then, for any u € AE,

Awwmazéwwﬁ%m

Finally, Theorems 3.15 and 4.4 together yield the following result.

Corollary 4.5. Let u >0 and
W (F) = W([F[*,|adj F|*),

where U : RT x RT — R is conver and ¥ is an increasing function in each of its arguments.
Then, for any u € Af?,

AWNmﬁ>AWWﬁﬂm

Remark 4.6. The results in Section 3 rely on the idea that the image of each spherical shell
centred at the origin in the reference configuration, Sg C A, prefers to retain its spherical
shape in order to minimize the elastic energy. The results in this section instead use the
property that the preimage of any spherical shell centred at the origin, in the deformed
configuration, S, C A*, prefers to be the image of some spherical shell centred at the origin.
This idea cannot be applied unless the deformed configuration is the union of such shells,
which necessitates that the image of the annulus A be another annulus; thus the technique
in this section is only applicable to the pure displacement problem.

5. Sobolev Deformations: Symmetry of Global Minimisers

We now generalize the results of sections 3 and 4 to allow for deformations given by
the existence theory of Ball [1] (and subsequent generalisation in [5, 19, 24, 25]). In this
section we restrict attention to the displacement boundary-value problem and the mixed
problem with a free outer boundary. There are technical difficulties associated with the
mixed problem with a free inner boundary: in particular, it is not clear to us that part (f)
of Proposition 5.5 remains valid for this problem.®

Definition 5.1. Suppose that p > 2 and g > 0. For the pure displacement problem we
define the set of admissible Sobolev deformations by

I

SP = { uec WHP(A;R3) : det Vu =1 a.e., u(x) = px for x € 04y, } ,

u(x) = Ax for x € 04,

8However, this difficulty can be avoided by additional assumptions as to what constitutes a deformation,
see, e.g., Henao [13].
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where \ > 0 satisfies A3b® — p3a3 = b3 — a3 and WHP(A; R3) denotes the usual Sobolev space
of vector-valued functions u € £P(A;R?), whose distributional derivative also lies in £P. If
p > 3 then, by the Sobolev imbedding theorem, each u € S}, has a representative that is
continuous? and so we may then assume that u € Wi?(4) N C%(A).

For the mixed problem, where the outer boundary is free, we take p > 3 and define the
set of admissible Sobolev deformations by

~

ﬁ _ { ue Wl’p(A) ﬂ CO(Z) : detVu=1a.e., u(x) ¢ By, for a.e. x € A, } |

vol(u(A)) = 4= y(x) = px for x € DA,

Remark 5.2. The inclusion u(P) C By, for a set of positive measure P can occur when u
is not isochoric (see, e.g. Figure 6 in [17]). However, for p > 6 (p > n(n—1) in n-dimensions)
isochoric mappings in WP are open, by a result of Villamor and Manfredi [26] (see, also
[12, 15]). It follows that if, in addition, u is one-to-one a.e. then u(x) ¢ B, for a.e. x € A.
When p € (3,6] it is not clear to us if this containment constraint is then a consequence of
our other hypotheses. Note that n = 2 yields p > 2(2 — 1) = 2 and so the constraint is not
needed.

The next two results, which give invertibility properties of deformations, are due to
Ball [3] and Ciarlet and Necas [5], respectively (see also [9, Chapter 6]).

Proposition 5.3. Let p > 3 and p > 0. Suppose that u € Si. Then
(a) There exists a Lebesgue null set N C A such that u is one-to-one on A\N'; and
(b) u(A) = A*.
Moreover, if in addition adj Vu € LI(A) for some q > 3 then
(c) u is one-to-one on A;
(d) u(A) = A*; and

e) u has an inverse v.€ WH4(A*) N C°(A*) that satisfies Vyv(y) = [Vxu(v(y))]~" for
y

a.e. y € A*, where Vw denotes the matriz of weak derivatives of a mapping w.

Proposition 5.4. Let p > 3 and p > 0. Suppose that u € 35 Then there exists a Lebesque
null set N'C A such that u is one-to-one on A\N.

Before proceeding further we note certain other key properties of such mappings.

Proposition 5.5. Let p > 2 and suppose that u € WIP(A;R3) is one-to-one a.e. and
satisfies det Vu > 0 a.e. on A. Then for L a.e. R € (a,b),

°For p € [2, 3] see [27, Theorem 2.3.2] and [19, 24, 25].
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(a) uls, € WP(Sg) N CO(SR);

(b) u(Sg) is H* measurable with H2 (u(Sk)) <[5 |(adj Vu)Tn|dH2;

(c) & (imp(u, Sg)) is H2 measurable with H2 (0" (imr(u, Sg))) = H2 (u(Sg));
(d) 36w (L2 (imr(u, Sg))]” < [H2 (0" (im (u, Sr)))]*;

(e) For any v € C1(R3)

/ degree(u, Sg,y)divv(y) dy :/ v(u(x)) - (adj Vu(x))'n(x) dH2; and
R3 Sk

(f) If p >3, u>0,andu € SENC°A) oru e 35 then each y € R3\u(Sg) satisfies
degree(u, Sp,y) = 1 or degree(u, Sg,y) = 0.

Here
imp(u, Sg) :={y € R3*\u(Sg) : degree(u, Sg,y) # 0} (5.1)

is the topological image of Sg under u, H? denotes two-dimensional Hausdorff measure, 0*)
denotes the reduced boundary'® of Q, L3 denotes three-dimensional Lebesque measure, and

degree denotes the Brouwer degree.'!

Remark 5.6. Proposition 5.5(a) is well known, see, e.g., [7, 9, 29]. Part (b) is due to Marcus
and Mizel [16] (see also [8, 9]). Part (c) can be found in, e.g., the proof of Lemma 3.5 (steps
1-3) in [17]. Part (d) is a version of the classical isoperimetric inequality. It can be found
in, for example, [7, p. 190] or [29, Theorem 5.4.3]; the given (dimensionally dependent)
constant 36w can be found in Federer [8, pp. 275, 278]. Part (e) can be found in, e.g., [18,
Proposition 2.1].

Proof of (f). Let p>3and ue S, NCYA) orue gﬁ Define an extension of u by

‘(x) u(x), ifxe A4,
u(x) = _
X, if x € B, = By\A.

Clearly, u¢ € WHP(By) N C°(B,) and det Vu® > 0 a.e. in By,.

Ifuedsin CY(A) then, in view of Proposition 5.3, u® is one-to-one a.e. on By. If
instead u € 3‘5 the same conclusion follows from Proposition 5.4 together with the exclusion
property u(x) ¢ By, for a.e. x € A. In either case it follows that u® satisfies condition
(INV) of Miiller and Spector [17]. Thus, we can apply Lemma 3.5 in [17] to conclude that
the degree only assumes the values zero and one. Finally, for R € (a,b) the functions u and
u® are equal, which establishes (f) as the degree only depends on the boundary values. [J

19Gee, e.g., Chapter 5 in either [7] or [29].
"See, e.g., [9] or [21].
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We are now ready to prove the analogue of Proposition 3.2 in a Sobolev space.

Lemma 5.7. Let 4 >0, p >3, and u € S}, (or gﬁ) Then for almost every R € (a,b)

H2(u(Sg)) = H* (w2 (SR)),

where ulﬂad is given by (2.3)—(2.4).

Proof. We first note that, since uff‘d(S r) is the sphere of radius riﬁlc(R),

367 [53 (Briﬂnc( R))r - [H2 (u;ad(SR))r. (5.2)

The desired result will follow from (5.2) and the isoperimetric inequality, Proposition 5.5(c,d),
once we establish that the open set imr(u,Sg) has the same volume as Banc( R) le.,

%wr}f‘c(R):s = %W[R3 +a3(p® —1)], by (2.4).

Now, we have previously shown that equation (3.2) is satisfied by all mappings u €
C?%(A;R3). If, in addition, such a u satisfies the displacement boundary condition u(x) = ux
on S, then u also satisfies (3.4). Combining (3.2) and (3.4) we conclude that

1 4
/ det Vudx = / “u-(adjvVu)'n — —mpda® (5.3)
Br\Ba Sk 3 3

for every u € C?(A4;R?) that satisfies u(x) = ux on S,.

However, the boundary is smooth and so C%(4;R?) is dense in W!P(A). Now let u €
WP(A) and consider a sequence of C? mappings u,, — u strongly in W?(A). Then, p > 3
yields u,, — u uniformly on A, by the Sobolev imbedding theorem, and det Vu,, — det Vu
strongly in £!(A). Next, by Proposition 5.5(a) together with Fubini’s theorem, for £! a.e.
R € (a,b), there is a subsequence (not relabeled) that satisfies u,, — u strongly in WP (Sg)
and consequently adjVu,, — adj Vu strongly in £!(Sg). We therefore conclude that, for
a.e. R € (a,b), (5.3) is satisfied by all u € WP(A4;R?) that obey u(x) = ux on S, and, in
particular, for all u € S (or S?i)

We now note that, by (5.1) and Proposition 5.5(e,f), with v(y) = y/3,
1
£ (imr(w, S)) = 5 / u- (adj V) dH2. (5.4)
Sr
Finally, since det Vu =1 a.e.,

4
/ det Vudx = —w(R? — a%), (5.5)
BR\Ba 3

and the desired result follows from (5.3)—(5.5). O
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The next theorem then extends the results in section 3 to such Sobolev deformations.

Theorem 5.8. Let > 1 and ) € [y, 00) satisfy A\3b3 — p3a® = b3 — a®. Let W satisfy
W(F) = ®([F|, | adj F|),

where ® : RT x RT — R is convex and ® is an increasing function in each of its arguments.
Then uff‘d, given by (2.3)~(2.4), is a global minimiser of the energy in St and also in S’Z’
Remark 5.9. Suppose that, in addition to the hypotheses of the last theorem, there are
constants p > 3, ¢g > 0, and ¢o > 0 such that, for all s > 0 and ¢ > 0,

D(s,t) > cos? — co.

Then one may then apply the theory of Ball [1] to deduce the existence of an absolute mini-
mizer, U,,, of the energy. Theorem 5.8 then shows that the radial incompressible minimiser,
rad

u,”?, is either equal to up, or has the same energy as up,.

Proof of Theorem 5.8. We first note that since ® is convex it is continuous; thus since
ulﬂad € C(4;R?) it follows that uftad has finite energy. Now let u € S/?i (or SY). We will
show that ufj“d has less energy than u.

If u has infinite energy then the result is trivial since W is bounded below. Otherwise,
since u € SZ’ and has finite energy, each of the integrals

/ (|Vul?, | adj Vul) dH2., /
Sr

SR

|Vu|? dH2, / |adj Vu| dH2
Sr

must be finite for £ almost every R € (a,b). Moreover, since det Vu = 1 a.e. it follows
that, for £! almost every R € (a,b),

det Vu(x) =1 for H? a.e. x € Sp

and hence, for such R, the arguments in section 3 (see Lemma 3.4, Lemma 3.12, and their
proofs) yield, for H? a.e. x € Sg,

g (‘ (adj Vu)TnD = 2| (adj Vu)Tn‘ + | (adj Vu)Tn‘f2 < |Vul?,

h (‘ (adj Vu)TnD = \/‘ (adj Vu)Tn‘2 + 2| (adj Vu)Tn‘_1 < |adj Vul.

Finally, since |Vu|?, |adj Vu|, and ®(|]Vul|?,|adj Vu|) are H? integrable for each such
R the result follows from Proposition 5.5(b) and the corresponding proofs in section 3, with
Lemma 5.7 replacing Proposition 3.2. O
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We now give the analogues of the results in Section 4.

Theorem 5.10. Let p € (0,1] and X > 0 satisfy A\3b3 — pa® = b3 — a®. Let W satisfy
W (F) = U(|F|,|adj F|?),

where ¥ : RT x R™ — R is convex and ¥ is an increasing function in each of its arguments.
Suppose that there are constants p > 3, ¢ >3, ¢cg > 0, ¢y > 0, and co > 0 such that, for all
s>0andt >0,

U(s,t) > cos? + c1t? — cs. (5.6)

Then uzad, given by (2.3)~(2.4), is a global minimiser of the energy in S%.

Proof. In view of the proof of the previous result and without loss of generality, let u € S
have finite energy. Then (5.6) implies that adj Vu € £L9(A), where ¢ > 3. Therefore, we can
apply Proposition 5.3(c)—(e) to conclude that u has an inverse v.€ Wh4(A*) N C°(A*) that
satisfies Vyv(y) = [Vxu(v(y))]~! for a.e. y € A*. Consequently, since v is isochoric, the
change of variables formula'? of Marcus and Mizel [16] yields (cf. the proof of Proposition 4.3)

J ¥ (vuGol. i VaG) ) dx = [ 9 (Jad V)L [TV dy.
The desired result will then follow as in the proof of Theorem 5.8. O

Finally, Theorems 5.8 and 5.10 together yield the following result.

Corollary 5.11. Let
W(F) = U(|F[* |adj F|*),

where ¥ : RT x RT — R is convex, and ¥ is an increasing function in each of its arguments.
Suppose, in addition, there are constants p > 3, ¢ > 3, co > 0, ¢ > 0, and ca > 0 such that,
forall s >0 andt > 0,

O(s,t) > cos% + clt% — co.

Then, for every pu > 0, uzad given by (2.3)~(2.4) is a global minimiser of the energy in Sh,.

6. Concluding Remarks.

In this section we indicate some of the implications and possible extensions of the
methods and results developed in this current paper to other problems in nonlinear elasticity.

Compressible Materials. The results on symmetry obtained in this paper can be further
developed to apply to compressible materials to prove that that the corresponding radially
symmetric compressible equilibria are energy minimisers (see [22]).

128ee also, e.g., [9, p. 141], [24, Theorem 2|, and [8, Theorems 2.10.43, 3.1.8, and 3.2.5].
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Cayvitation. The methods in this paper can also be adapted to study discontinuous equilib-
ria arising in the study of cavitation of a solid incompressible elastic ball (see, e.g, [4]) to prove
that the radially symmetric solution (given by (1.9) on the entire ball B, = {x : |x| < b})
is a global energy minimiser amongst all deformations opening a cavity at the centre of the
ball (see [23]).

Pressure Loading.

Another problem of interest for an annular region is the existence and stability of equilibrium
solutions when such a thick spherical shell is subject to a pressure on its inner boundary.
For example, Haughton and Ogden [11] (see, also, [14]) determine constitutive restrictions
that are necessary and also others that are sufficient for the radial minimizer to become
linearization unstable.'® One might then expect a second solution branch would bifurcate
from the radial solution branch and, when this second branch is supercritical, the solutions
on it should have less energy than the radial solution. We now show that our constitutive
restrictions complement those of [11] in the sense that our hypotheses imply that the radial
minimizer is a strong relative minimizer for this problem when the pressure is positive.

Definition 6.1. For the pressure problem we fix a constant pressure P > 0 and define the
set of admissible deformations and the total energy, respectively, by

A= {u e C'(AR% :uis one-to-one and det Vu=1},

Ep(u) :—/AW(Vu(x))dx—P/(S)y-N(y) as,

for any u € A, where N is the outward unit normal to u(A).

Let’s now restrict our attention to stored energies W of the form
W(F) = &(|F?, |adj F]),

where ® : RT™ x Rt — R is convex and an increasing function in each of its arguments. Also,
suppose there are constants ¢ > 3, ¢g > 0, and ¢o > 0 such that, for all s >0 and ¢ > 0,

O(s,t) > c0s? — ca. (6.1)

In particular for the radial deformation given by (2.3)—(2.4) the total energy is equal to
A~ b ~
Ep(r) = E®(7) — 4wPa®r,  E™™(r) =4n / ®(R,7)R*dR,
a

B(R,7) = <I>(]D)(r, R), A(r, R)),

13That is, the linear elliptic system of partial differential equations, which one obtains upon linearizing the
equilibrium equations about the radial equilibrium solution, has a nontrivial solution.
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where 7 = p?, 73 =7(R,7)3 = R3+a®(r — 1),

()]

We note that D(r, R) > 2b=2r2 > 2b=%r(a, 7)? = 27%/%(a/b)? and hence (6.1) implies

D(r, R) = <R>4 +2 (%)2, A(r,R) =

r

IEP(T) > Cqu/S — Oy Pt

for some positive constants C; and Cy. Therefore, ¢ > 3 yields IEP — 400 as T — +o00.
Also,

3
2ﬂ))(r, R) = % [r6 — RY], 2A(r,R _ 2 (7% — RY], 2r(R, )= 2y (6:2)

or or or 32
Now, r(R,7) < R when 7 < 1 and hence, in view of (6.2) and the monotonicity of ®,
%EelaS(T) < 0 for 7 < 1. Thus, for P strictly positive, d%‘lTIEp(T) < 0 on (0,1]. We have
therefore shown that for each pressure P > 0 there is at least one minimizer of the total

ne e RY. Moreover, this minimizer

energy Ep amongst all isochoric radial deformations r ',

Elc(a) =ap > a.

Next, for each u € A choose ¢ € Rt so that u(S,) and ut24(S,) enclose the same
volume, that is,

satisfies p > 1 and hence r

1

inc 3 3.3
r(a)]” = a’c® = —
i (@) il

- y - N(y) dSy.
Then the energy contribution from the boundary load is the same for u and ut24; the results
in Section 3 show that, whenever ¢ > 1, the elastic energy of u is greater than or equal to

the elastic energy of ut2d. We have thus established the following result.

Theorem 6.2. Suppose that the previously stated convexity, monotonicity, and growth con-
ditions on ® are satisfied. Then for any P > 0 there exists a p > 1 such that uff‘d given by
(2.3)~(2.4) is a strong relative minimizer of the energy, i.e., there is an e, > 0 such ifu € A
satisfies

suB|uZad(x) —u(x)| <e, then E(u) > E(uzad).

xEA
Remark 6.3. Haughton and Ogden [11] show that for linearization instability to occur the

constitutive relation must satisfy
B(v) = vW"(v) = W'(v) <0 for some v > 1,

where (in our notation)

_ _ d —~
W)= (y74 + 202, [1/4 + 21/72] 1/2) , W' = d—W

v
A straightforward computation shows that ® convex and monotone increasing in each of its
arguments yields B(r) > 0 for all v > 1, which prohibits bifurcation in tension.
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Remark 6.4. It is clear from our proofs that if, in addition, the displacement is prescribed
on the outer boundary, i.e., u(x) = Ax for x € S, where A > 1 then the radial minimizer is
a global mininimiser of the total energy Ep for any P € R.

An example of Fritz John revisited.

Motivated by a heuristic example originally due to F. John, the paper [20] studies, in
particular, energy minimising deformations u : A — R? of a two-dimensional annulus
A= {x € R? : a < |x| < b}, which equal the identity on A. It is shown therein that
there exist energy minimisers to this displacement boundary-value problem in various homo-
topy classes of deformations of A. Each homotopy class corresponds to deformations that fix
one of the boundaries of A and twist the other boundary through an integer multiple N € Z
of 2m. Suppose that we now restrict attention to isochoric deformations and generalise the
boundary condition from u(x) = x on 0A as considered in [20] to u(x) = ux on JA; and
u(x) = Ax on J4, (as in (1.6)). Then the two-dimensional versions of the arguments con-
tained in sections 3 and 5 can be adapted (see Remarks 3.10 and 3.17) to show that, for
stored-energy functions of the form (1.4), the radially symmetric deformation of the annulus
given by (2.3)—(2.4) is a global energy minimiser amongst all general isochoric deformations
of the annulus. Although our results do not demonstrate that any of the twisted solutions
has strictly'® greater energy, an argument that shows that a solution with a sufficient number
of twists has strictly greater energy than the radial minimiser is given in [20, Section 3].

As an example, consider deformations that have the special form (2.9) for a neo-Hookean
material, W(F) = £|F|?. Then an analysis similar to that in [20, Section 4] shows that there
are an infinite number of equilibrium solutions, one for each winding number N € Z. The
function p for all such solutions is given by (2.11). A straightforward calculation yields the
corresponding equilibrium “twist” functions (recall 1 (b) = 2N)

———C eS|

where the constant K is determined by the number of twists and is given by

ANT(A2 —1)b?
In (L"’val)b?) '

a2\?

K =

Our results show that the radial function, which corresponds to K = N =0 and ¢ = 0, is
an energy minimiser; however, one can also obtain this result directly from (2.10).

MHowever, see the appendix of this paper.
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A. Appendix

We here address the problem of whether or not the radial minimizer is a strict global
minimizer of the energy. We will assume that W(F) = ®(|F|?,|adj F|), where ® is strictly
convez, i.e.,if z#a or w#b

O(z,w) > P(a,b) + ®,1 (a,b)(z — a) + ®,2 (a,b)(w — b).

Before proceeding with our analysis, we first note (cf. Proposition 3.2) that the isoperimetric
inequality is a strict inequality unless the image of each spherical shell centred at the origin
is again a spherical shell.

We will prove the following result.

Proposition A.1. Let W(F) = ®(|F|?, | adj F|), where ® is strictly convex and an increasing
function in each of its arguments. Let p > 0 and suppose that u € Aﬁ satisfies E(u) =
E(uff‘d). Then u = uzad is radial.

This result will follow immediately from the three Lemma’s below.

Lemma A.2. Let W(F) = ®(|F|%,|adj F|), where ® is strictly convex and an increasing
function in each of its arguments. Let y > 0 and suppose that u € .Aﬁ satisfies E(u) =
E(uff‘d). Then each of the eigenvalues of the right Cauchy-Green strain tensor C(x) :=
[Vu(x)]TVu(x) is radial and x is an eigenvector of C(x).

Lemma A.3. Let >0 andu € Aﬁ. Suppose that the image of each spherical shell centred
at the origin is again a spherical shell. More precisely suppose that, for each R € [a,b], there
ezists a point z(R) € R® and a scalar B(R) > 0 such that

lu(x) — z(R)|> = 28(R), R:=|x| for every x € Sk. (A.1)
Then z € C'([a,b];R?) and B € C'([a,b];R) with 3 >0 and B’ > 0.

Lemma A.4. Let i > 0 and suppose that u € .A{L satisfies (A.1), where z € C*([a,b]; R?)

and B € CY([a,b];R) with B > 0. Suppose in addition that, for each x € A, X is an
eigenvector of the right Cauchy-Green strain tensor C(x) := [Vu(x)]TVu(x) and that the
corresponding eigenvalue o = o(|x|) is radial, i.e.,

([Vu(x)]TVu(x))X = o(R)x. (A.2)

rad

e s radial.

Thenu=u

Proof of Lemma A.2. Let 4 >0and u € .Aﬁ. Then in view of Remark 3.16 the energy of

rad
n

for each x € A let \;(x) denote the eigenvalues of C(x). It then follows from the proof of

u will be strictly greater than the energy of uf2% unless x is an eigenvector of C(x). Next,
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Theorem 3.15 and the hypothesis that ® is strictly convex that the energy of u is strictly
greater that the energy of uzad unless |Vu|? and |adj Vu| are both radial. Thus we find
with the aid of the identity tr(adj C) = 3[(tr(C))? — tr(C?)] that

P(R) = [Vul? = tx(C) = Ay (x) + A (x) + Mg (%),
a(R) := |adj Vu|?* = tr(adj C) = A2 (x)A3(x) 4+ A1 (%) A3(x) + A1 (x) A2 (%), (A.3)
1 = (det Vu)? = det C = A;(x)Aa(x)A3(x).
However, the eigenvalues of C satisfy the characteristic equation
N —7(R)IN 4+ a(R)A—1=0,
which implies that the eigenvalues depend only on R. O

Remark A.5. If instead u € S5 (or SF) then, for £ a.e. R € (a,b), (A.3);_3 are satisfied
for H? a.e. x € Sg. Thus the fact that the eigenvalues satisfy the characteristic equation
again yields their dependence on R alone.

Proof of Lemma A.3. Let >0, u € A, and fix R € [a,b]. Then (3.7) (the change of
variables formula) states

1/1L@@mwh:1/ y-N, (A.4)
3 SR 3 u(SR)

where n is the outward unit normal to Br and N is the outward unit normal to the ball
defined by (A.1). However, by the divergence theorem, the integral on the right-hand side
of (A.4) is equal to the volume of this ball. Also, (3.5) and (3.6) imply that the integral on
the left-hand side of (A.4) is equal to the volume of the ball of radius i“(R). Thus, in view

of (2.4) we conclude that
1
R)® =
SR = ¢

Therefore, 3 € C*([a,b]) , B3>0, and B > 0, as claimed.

[R? +a®(u® — 1)]2. (A.5)

Next, replace y in the above computation by the tensor %y ® Yy, i.e., use the change of
variables formula for surface integrals with the tensor y ® y = u(x) ® u(x). Then (A.4) is

replaced by
1 . 1
1 / [u®u] (adj Vu)T'n = 1 / ly ® y|N. (A.6)
Sr u(Sg)

Again the divergence theorem, together with a straightforward computation, shows that the
integral on the right-hand side of (A.6) is equal to the volume of this ball times z(R). (Here
we use the fact that the integral of y over this ball is equal to the integral of the constant
vector z(R) over this ball since y = (y — z) + z and y — z is normal to the ball.)
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Next, we consider the left-hand side of (A.6). Suppose that w € C?(A4;R3). Then, in
view of the identity div(adj Vw)T = 0,

w®w] (adj Vw)T = w @ [(adj VW)w], (adj Vw)Vw = (det Vw)I,
diviw @ v) = (Vw)v + wdivv, div ((adj Vw)w) = (adj Vw) ' : Vw,
and hence
div ([w ® w] (adj Vw)T) = 4(det Vw)w. (A.7)
If we then integrate (A.7) over the region Br\B, and make use of the divergence theorem
we find that

. T . T
/SR [w®@w](adj Vw) 'n = /Sa [w®w](adj Vw) 'n+4 /BR\Ba (det Vw)wdx.  (A.8)

However, just as in the proof of Proposition 3.2, we now note that C? is dense in C' and so
the bounded convergence theorem yields (A.8) for all w € C'!(A;R3) and, in particular, for
all w € Ai.

We now consider the first integral on the right-hand side of (A.8) with w = u. The
boundary condition u(x) = ux for x € S, implies [u® u] (adj Vu)'n = p*a?n and so an
application of the divergence theorem over the ball B, yields

/S [u® u] (adj Vu)Tn = 0. (A.9)

Finally, we combine (A.8)—(A.9) to conclude, with the aid of the (A.6) and the text imme-
diately following it, that z times the volume of the ball given by (A.1) is equal to the final
integral on the right-hand side of (A.8) with w = u and det Vu = 1, that is,

5 (VoIm) e = [ weax (A.10)

The continuity of u together with the strict positivity of 3 and 3’ then yield z € C!([a, b]; R3).
O

Remark A.6. If one replaces the classical area formulae (A.4) and (A.6) with their appro-
priate Sobolev version, i.e., Proposition 5.5(e,f) with v(y) = y/3 and V(y) = 2y ® y, then
it is clear from the above proof (and the proof of Lemma 5.7) that (A.5) and (A.10) are also
satisfied, for a.e. R € (a,b), when u € S}, (or S/\ﬁ) Consequently, Lemma A.3 is also valid
for such u.

Proof of Lemma A.4. Let >0 and u € Aﬁ. Define

v(x) :=u(x) — z(R), Vv=Vu-z7z ®n, n:=_—, R :=|x|. (A.11)
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Then |v|* = 28(R) and hence if we take the gradient with respect to x we find that

fn=(Vv)lv=(Vu)'v-[nez]v. (A.12)

Next, multiply (A.12) by (adj Vu)T and rearrange terms to conclude
8’ +2 - v] (adj Vu)Tn=v.

We now apply hypothesis (A.2); equivalently (cf. Remark 3.16),

a(R)(Vu)n = (adj Vu)'n, a:=1/o,
which when combined with the previous equation and (A.11)9 implies

alf+2 -v][(Vv)n+2'] =v. (A.13)

Also, the first equality in (A.12) yields

B =n-(n)=n-: (Vv)Tv = (Vv)n - v. (A.14)

Thus, if we take the inner product of (A.13) with v and make use of (A.14) and the fact

that v - v = 23 we find that
2
ﬂ’—i—z'-v:\/—ﬂ. (A.15)
o

We next substitute (A.15) into (A.13) to get

V2aB v, +2] =v, (A.16)

where v, := (Vv)n. For each fixed unit vector n = x/|x| we view (A.16) as a system of
ordinary differential equations for the function R +— v(R,n). The general solution of (A.16)
is v(R,n) = q(R) + 6(R)w(n) for appropriate functions q € C'([a, b]; R3), § € C'([a, b]; R),
and w € C1(S%;R?). Consequently, in view of (A.11)j,

u(x) = q(R) + 6(R)w (|§|> . (A.17)

We next note that since u € Aﬁ it follows that u(x) = ux for x € S,. Thus by (A.17)

plx|— =u(x) =q(a) + d(a)w <‘§> for all x € S,.

Therefore, there are constants x € R and ug € R? such that

W<’X|> :mi—kuo for all x € A,
X

|
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which together with (A.17) yields

u(x) =7r(R)— +c(R) forall x € A. (A.18)
Next, we take the gradient of (A.18) with respect to x and find that

_ r(R) ;TR\ x _x
Vu(x) = RI+(r— R>R®R+c®n.

Consequently, [Vuln = 7'n + ¢’ and hence

R
{(VU)T Vu} n=n(R)n+ wc'.
Now recall that n is an eigenvector of (Vu)T Vu. Therefore, since R and r are nonzero,

¢(R) = \c’<R>|%,

which is only possible if ¢’ = 0. It follows that c(R) = cg, a constant, and so (A.18) reduces

to
X

u(x) = ()

+c¢o for all x € A. (A.19)

Finally, apply the boundary condition u(x) = ux for x € S, once again, this time to
(A.19), to conclude that, for such x,
X

px =u(x) =r(a) ] + co,

or, equivalently,

X
co = (pa —r(a)) -
x|
Therefore, r(a) = pa, cop = 0, and consequently u is radial, as claimed. O

Acknowledgement. This work was supported in part by the National Science Foundation
under Grant No. DMS-0405646.

References

[1] J. M. Ball, Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rational
Mech. Anal. 63 (1977), 337-403.

[2] J. M. Ball, Constitutive inequalities and existence theorems in nonlinear elastostatics in Nonlin-
ear Analysis and Mechanics: Heriot-Watt Symposium, Vol. 1, R. J. Knops ed., Pitman, 1977,
187-241,



Energy Minimising Deformations in Incompressible Elasticity 29

[3]

(4]

[16]

[17]

[18]

J. M. Ball, Global invertibility of Sobolev functions and the interpenetration of matter, Proc.
Roy. Soc. Edinburgh 88A (1981), 315-328.

J. M. Ball, Discontinuous equilibrium solutions and cavitation in nonlinear elasticity, Phil. Trans.
R. Soc. Lond. A 306 (1982), 557-611.

P. G. Ciarlet and J. Necas, Injectivity and self-contact in non-linear elasticity, Arch. Rational
Mech. Anal., 97 (1987), 171-188.

P. G. Ciarlet, Mathematical Elasticity, vol. 1, Elsevier, 1988.

L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press,
1992.

H. Federer, Geometric Measure Theory, Springer, 1969.
I. Fonseca and W. Gangbo, Degree Theory in Analysis and Applications, Clarendon Press, 1995.
A. E. Green and J. E. Adkins, Large Elastic Deformations, Oxford: Clarendon Press, 1960.

D. M. Haughton and R. W. Ogden, On the incremental equations in non-linear elasticity. II.
Bifurcation of pressurized spherical shells. J. Mech. Phys. Solids 26 (1978), 111-138.

J. Heinonen and P. Koskela, Sobolev mappings with integrable dilatations, Arch. Rational Mech.
Anal. 125 (1993), 81-97.

D. Henao, personal communication, (2007).

J. M. Hill, Closed form solutions for small deformations superimposed upon symmetric expansion
of a spherical shell, J. Elasticity 6 (1976), 125-136.

T. Iwaniec, and V. Sverdk, On mappings with integrable dilatation, Proc. Amer. Math. Soc. 118
(1993), 181-188.

M. Marcus and V. J. Mizel, Transformations by functions in Sobolev spaces and lower semicon-
tinuity for parametric variational problems, Bull. Am. Math. Soc. 79 (1973), 790-795.

S. Miiller and S. J. Spector, An existence theory for nonlinear elasticity that allows for cavitation,
Arch. Rational Mech. Anal. 131 (1995), 1-66.

S. Miiller, S. J. Spector, and Q. Tang, Invertibility and a topological property of Sobolev maps,
SIAM J. Math. Anal. 27 (1996), 959-976.

S. Miiller, Q. Tang, and B. S. Yan, On a new class of elastic deformation not allowing for
cavitation, Analyse non linéaire 11 (1994), 217-243.

K. D. E. Post and J. Sivaloganathan, On homotopy conditions and the existence of multiple
equilibria in finite elasticity, Proc. Roy. Soc. Edinburgh 127A (1997), 595-614.

J. T. Schwartz, Nonlinear Functional Analysis, Gordon and Breach, 1969.

J. Sivaloganathan and S.J. Spector, (2008), On the Symmetry of Energy Minimising Deforma-
tions in Nonlinear Elasticity II: Compressible Materials, in preparation.

J. Sivaloganathan and S.J. Spector, (2008), In preparation.

V. Sverdk, Regularity properties of deformations with finite energy, Arch. Rational Mech. Anal.
100 (1988), 105-127.



30 J. Sivaloganathan and S. J. Spector

[25] Q. Tang, Almost-everywhere injectivity in nonlinear elasticity, Proc. Roy. Soc. Edinburgh 109A
(1988), 79-95.

[26] E. Villamor and J. J. Manfredi, An extension of Reshetnyak’s theorem. Indiana Univ. Math. J.
47 (1998), 1131-1145.

[27] S. K. Vodop’yanov and V. M. Gol’dstein, Quasiconformal mappings and spaces of functions with
generalized first derivatives, Siberian Math. J. 17 (1976), 399-411.

[28] K. Zhang, Energy minimizers in nonlinear elastostatics and the implicit function theorem, Arch.
Rational Mech. Anal. 114 (1991), 95-117.

[29] W. P. Ziemer, Weakly Differentiable Functions, Springer, 1989.



