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Abstract. Consider an incompressible hyperelastic material, occupying the unit ball B ⊂ Rn in its
reference state. Suppose that the displacement is specified on the boundary, that is,

u(x) = λx for x ∈ ∂B,

where λ > 1 is a given constant.

In this paper, isoperimetric arguments are used to prove that the radial deformation, producing a
spherical cavity, is the energy minimiser in a general class of isochoric deformations that are discontinuous
at the centre of the ball and produce a (possibly non-symmetric) cavity in the deformed body. This
result has implications for the study of cavitation in certain polymers.
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1 Introduction.

Let B ⊂ Rn denote the unit ball, the physically relevant values being n = 2 or 3. Consider
deformations u : B → Rn of an incompressible, nonlinearly elastic material occupying the
region B in its reference state. Thus, the admissible deformations u satisfy the incompressibility
constraint1

det∇u = 1 for a.e. x ∈ B. (1.1)

Deformations satisfying the above condition are known as isochoric deformations. In nonlinear
hyperelasticity, with each such deformation we associate a corresponding energy

E(u) =
∫

B
W (∇u(x)) dx, (1.2)

where W : Mn×n
1 → R is the stored-energy function and Mn×n

1 denotes the set of n × n

matrices with determinant equal to 1. In the variational approach, we seek equilibrium states by
minimising (1.2) on some class of admissible deformations satisfying given boundary conditions
(displacement or traction). In this paper we consider a problem which arises from the study
of radial cavitation initiated by Ball in the fundamental paper [2]. The work of Ball was,
in part, motivated by the work of [3] and subsequently developed by many authors (see, e.g.,
[5, 6, 13] and the review article [4]). In [2], Ball studies energy minimisers for compressible2 and
incompressible materials in the class of radial deformations of B. It is shown therein that if the
imposed boundary tractions or displacements are sufficiently large, then the radial deformation
which minimises the energy is discontinuous and corresponds to a hole forming at the centre
of the deformed ball. This is the phenomenon of cavitation. To date, little is known about the
minimising properties of these radial cavitation solutions in the general class of all (possibly
non-symmetric) deformations.3 The current paper addresses this problem in the incompressible
case and proves that the radial incompressible minimiser is the global minimiser of the energy
amongst all (possibly non-symmetric) isochoric deformations producing a hole at the centre of
the deformed ball. To prove this, we will draw on and refer to a number of key ideas and results
from [11].

We will consider the displacement boundary-value problem in which the deformations are
required to satisfy

u(x) = λx for x ∈ ∂B, (1.3)

where λ > 1 is a given constant and we study energy minimisers of (1.2) in the class of isochoric
deformations. Since it is not possible for a smooth isochoric deformation to satisfy (1.3) for any
λ > 1, we must enlarge the class of deformations. We therefore consider those deformations
u that produce a single discontinuity at the centre of the deformed ball. Such discontinuous
deformations can be viewed as an idealised limit, as ε → 0, of deformations uε of punctured
balls Bε = {x ∈ Rn : ε < |x| < 1}, where uε(x) = λx on the outer boundary of Bε and the inner

1Vulcanized rubber is often modelled as an incompressible material.
2In the compressible case, the condition (1.1) is replaced by det∇u > 0.
3In the compressible case, partial results on minimising properties are contained in [7, 8] (see also [10]).
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boundary is left free.4 Thus, such discontinuous equilibria should approximate the behaviour
of a ball containing a microvoid of radius ε at its centre, provided that ε is sufficiently small.
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