APPLICATIONS OF ESTIMATES NEAR THE BOUNDARY TO
REGULARITY OF SOLUTIONS IN LINEARIZED ELASTICITY*
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Abstract. In this paper the tame estimate of Moser [17] is used to extend the standard regularity
estimate of Agmon, Douglis, and Nirenberg [4] for systems of strongly elliptic equations in linearized
elasticity so that the components of the elasticity tensor need only lie in the Sobolev space W™ P ()
for p > n/m, rather than p > n, when one obtains W™+1.P—regularity of the solution. This
improvement is necessary if one wants to prove global continuation results in such spaces for the
equations of nonlinear elasticity.
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1. Introduction. Consider a nonlinearly elastic body that occupies the region
Q C R*, n = 2,3, in its homogeneous reference configuration. Let the boundary
of the body, 09, be divided into two disjoint parts S and D and suppose one is
given smooth one-parameter families of boundary tractions s : § x [0,00) — R™ and
boundary deformations d : D x [0,00) — R™. Assume, in addition, that one is given
a smooth one-parameter family of solutions fy, A € [0, Ag], for some Ao > 0, to the
equations of equilibrium, with no body forces,

divS(Viy(x)) =0 for (x,\) € Q x [0, Ao] (1.1)
that satisfy the boundary conditions

S(VEH(x))n(x) =s(x,A) for (x,A) € S x [0, Ao, (1.2)
fi(x) =d(x,\) for (x,A) € D x [0, Ao, (1.3)

where S is the Piola-Kirchhoff stress and n is the outward unit normal to the region.
Then it is well-known that, if S, D, s, d, and S are sufficiently smooth, D and S are
both closed and relatively open', and if the linearized operator is strongly-elliptic,
satisfies the complementing condition, and is bijective, then one can use the inverse
or implicit function theorem, in an appropriately chosen Banach space B({2), to infer
the existence of a solution to (1.1)—(1.3) on some interval [\, Ao + €). Moreover, the
resulting one-parameter family of solutions satisfies? det Vfy > 0 on Q x [0, \g + €),
assuming it satisfies this condition on [0, Ag].

The complete analysis that yields the above results can be found in, for example,
the nice monograph by Valent [26]. One key ingredient in proving such results is the
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ITherefore, if both S and D are nonempty the region must contain a hole.

2Thus the solution is locally one-to-one. If, in addition, one imposes the integral constraint
of Ciarlet and Necas [5], which prevents interpenetration of matter, one will also obtain global
injectivity.
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fundamental regularity estimate of Agmon, Douglis, and Nirenberg [4]: For m € Z*

lall gty < N [HdivC[Vu]HBtm_l(Q) + [|C[Vu]n| res) + il o) (1.4)
for all u € B/"™(Q) that satisfy u = 0 on D, where
05i;(F)
Ci'kl(x) = |:+:|
’ OFp F=Vf,(x)

is the elasticity tensor and either (see §2)

(S) BF(Q) is the Hélder space CH!(Q;R™), t € (0,1), and r = m; or

(L) BF(9Q) is the Sobolev space W (Q;R™), ¢ € (1,00), and 7 =m — 1.

In the former case, assuming sufficient differentiability of the mapping F +— S(F)
and, for example, global strong ellipticity of the elasticity tensor, Healey and Simp-
son [12] have made use of degree theory and the above Schauder estimate (1.4)(g) to
show one can globally continue the solution for all A € [0, c0) unless perhaps, at some
finite value of A, the solution should fail the complementing condition at an x € S or
the local invertibility condition det Vfy(x) > 0 at an x € Q.

In the latter case, the only significant obstacle to applying the method of [12] to
make use of the above LP-estimate (1.4)() to obtain a similar global continuation
result (see [23]) is that the best previously known?® version of (1.4), (see, e.g., [26,
pp. 75-77]) requires p := ¢t > n. The purpose of this paper is give a proof of (1.4),
under the weaker condition p > n/m.

2. Sobolev Inequalities. Throughout this paper, @ C R*, n € Z*, will be a
nonempty open region. In addition, we will assume that either €2 is all of R™; 2 is a
half-space:

H={xeR": (x—x¢) ng<0};

or  is bounded with Lipschitz* boundary, 9Q. We write V for the gradient operator
in ; for a vector field u, Vu is the tensor field with components

o é)ul

o &fn]- '

(V)i

We let C™(Q2), m € N, denote the set of functions with m continuous derivatives in
Q. The space C™(Q) will denote the set of functions ¢ € C™(Q) for which D¢ is
bounded and uniformly continuous on Q for 0 < || < m. C™(Q) is a Banach space
under the norm

Il cmemy = Y sup|D¥¢(x)],
jaf <m *€<

where o = (v, . . ., ) is a multi-index with || = ay+. . .+, and D = 931 ... 09"

By LP(Q) and W™P(Q), 1 < p < co and m € Z*, we denote the usual spaces
of p-summable and Sobolev functions, respectively. We use the notation LP(€;R™),

3The original proof in [4] uses Ciji€C™ (Q) rather than Cijkt € W™P(Q).
4More precisely we assume that each x € 9Q has an open neighborhood whose intersection with
O is the graph of a Lipschitz function. See, e.g, [2, p. 83].
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etc; for vector-valued maps. Sobolev functions on manifolds are defined by the use of
local charts (see, e.g., [2, 16]). We note the norm on W"?(Q) is

162 o= 3 1090, lI6lEg = / ()P dx.

lef<m

WP (£2) will denote those functions in W™ () that are limits of functions in C™ (),
each of which has support in a compact subset of ().
We will also make use of the space

Cp(Q) := C°(Q) N L>(Q),

which is a Banach space under the L*-norm. For 0 < A <1 we write Co*(Q) for the
Hélder spaces, i.e., the functions in C°(Q) that are Holder continuous with exponent
A. C%*(Q) is a Banach space under the norm

X) — oz
1@l oy = sup [¢(x)] + sup. M
xeN x,z;ﬂ |X — Z|

We will use the following special cases of the standard Sobolev inequalities. For
a proof of I-III see, for example, [2, pp. 85-86, 106-108]. Part IV can be found in
Nirenberg [19] or, e.g., [9, p. 24]. See, also, Gagliardo [10].

PROPOSITION 2.1. Let Q C R™ be a nonempty, bounded open region with Lipschitz
boundary. Suppose 1 < p < co, k € Z*, and j € N. Then there exists a constant
K =K(n,p,k, j,Q) that has the following properties.

L. (Sobolev Imbedding Theorem). If k > n/p then W*P(Q) C Cp(Q) with

sup [¢] < K [|@llyp.0 for all ¢ € WP (Q).

II. (Morrey’s Inequality). If kp > n > (k — 1)p then W*P(Q) C CO’A(Q) with
Pl con@y < Kol for all ¢ € WHP(Q)

and A € (0,k — 2] if n > (k—1)p and A € (0,1) if n = (k — 1)p.
III. (Banach Algebra Property). If k > n/p then W*P?(Q) is a Banach algebra,
that is,

1691l pa < K Dl 1l for all d,9 € WHP(Q).

IV. (Gagliardo-Nirenberg Calculus Inequality). Let 0 < j < k. Then

S 1060t g < K (Wl ) (10lzr)’

|| =y

J

k

for all $ € WEP(R™) N L (R").
An important consequence of the above calculus inequality is the following result.
PROPOSITION 2.2. (Moser’s [17, pp. 273-274] Tame Inequality). Suppose 1 <
p < oo and k € Zt. Then there exists a constant C = C(n,p, k) > 0 such that

CH ¥l pren < N1l 9|

w||k7p7]R" + ||1/JH()Q,R" k,p,R"
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for all ¢,4 € WFP(R™) N L>®(R").

Proof. One can bound [|[D*(¢v)||, above by the indicated terms through the use
of the product rule, followed by Hélder’s inequality, the Gagliardo-Nirenberg calculus
inequality, and finally the arithmetic-geometric mean inequality. The desired result
then follows upon summing on |a| < k. See Klainerman and Majda [13, pp. 516-517]
for details. ad

We next recall the following special cases of the trace theorem, for regions with
sufficiently smooth boundary, and the Rellich-Kondrachov compactness theorem.

PROPOSITION 2.3 (Trace Theorem, see, e.g., [1, p. 216], [25, p. 330], or [14, pp.
41-43 for p = 2]). Let Q@ C R™, n > 2, be a half-space or a nonempty, bounded
open region with Lipschitz boundary 0. Suppose 1 < p < co and k € Z+. Assume
S C 0N is a relatively open, C* subset of the boundary. Then there exists a constant
T=T(n,pk,S,Q) such that

H(ﬁHk—%,p,S < T ||¢||k,p,Q fO?" all ¢ € Wk’p(Q)a (21)

where @|s is to be interpreted in the sense of trace.

PropOSITION 2.4 (Rellich-Kondrachov Compactness Theorem, see, e.g., [2, p.
168]). Let Q C R™ be a nonempty, bounded open region with Lipschitz boundary 0SQ.
Suppose 1 < p < oo, j €N, and k € Z* with kp > n. Then the following embedding
18 compact:

WkHP(Q) — €9 (Q).

We will use the above proposition in conjunction with the following interpolation
result.

ProposITION 2.5 (Ehrling’s Lemma [8], see, e.g., [14, p. 102] or [16, p. 85] ). Let
X, Y, and Z be Banach spaces with® X — Y, Y C Z, and |ly|llz < C|lylly for all
y €Y and some C > 0. Then for every e > 0 there exists A > 0 such that

lz|ly <ellz||x + Acllzllz for every xz € X.

3. Half-Balls and Further Properties of Sobolev Spaces. Of fundamental
importance to estimates at the boundary for systems of linear elliptic partial differ-
ential equations are Sobolev spaces on balls and half-balls. With this in mind, for
Xg € R” and R > 0 we let

Br(xo) :={x € R" : |x — x¢| < R} (3.1)
denote the open ball of radius R centered at xg. Given ny € R™ with |ng| = 1 we
write

H ="H(x0,n0) :={x €R" : (x —x0)-np < 0} (3.2)

for the open half-space with outward unit normal ny and x¢ € OH. The open half-ball
Br(xo) N'H will be denoted by

HBRr(x0,n9) :=={x € R": |x —x¢| < R, (x — %) -ng < 0}. (3.3)

5We use the notation X < Y to denote that X is compactly imbedded in Y.
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Note that the relative interior of the flat portion of the boundary of HBg(xg,no) is
given by

Br(xo) NOH ={x € R": |x —x¢| < R, (x —xg)-no = 0}.
We define®
Cg,LC (HBR(X(),II())) = {(,25 c Cm(HBR(Xo,no)) : Sptd) CcC BR(X())}.

Each such function will be thus be zero in an open neighborhood of the curved
portion of the boundary of a half-ball. We then define the Sobolev space

W(Tc’p (HBg(x0,n9)) := closure of Cf'¢ (HBg(x0,n9)) in W7 (HBg(x0,n0)) -

This space satisfies W™" C Wjs? € W™P, with each containment a closed sub-

space, from which one can deduce many of its properties. Further, if we let E :
W™P (H (x,ng)) — W™P(R") be the standard extension” operator it is clear that
if we restrict the domain of E to W{¢”(HBg(xo,np)) its range will be contained in
W5 (Br(xo)). Thus we can also view W{'s"(HBRr(xo,1n9)) as a closed subspace of
Wy (Br(xo))-

For the remainder of this section we assume that xg € R™ and a unit vector ng €
R™ are given and we define Br := Br(x0), HBr := HBg(x0,1n9), and H := H(xo,np).
We note that each ¢ € Wi¢”(HBg) has a natural extension ¢¢ € W™P(H), i.e.,

6 () = ¢(x), if x € HBp, (3.4)
- o, if x € H \ HBg '
with®
||¢6Hm7p77—t = ||¢Hm,p,HBR7 Hd)eHm—%,p,a’H Z Hd)Hm—%JLBRﬁB’H . (35)

Of particular interest is the following special case of Moser’s tame inequality on half-
balls.

PROPOSITION 3.1. Let p € [1,00) and k € ZT. Then there is a constant C =
C(n,p, k) > 0 such that, for any xo € R™ and Ry > 0,

O™ 160l prn, < 160l oo i, 111

k.p,HBr, T |‘1/’||c><>,H13RO ||¢||k,p,HBRO

for all ¢,4 € Wy'¥ (HBg,) N L (HBg, ).

Proof. If ¢,v € Wok,é;(HBRO) N L>(HBg,) then ¢°,¢° € W*P(H). We can next
use the aforementioned standard extension, [E, to obtain functions defined on all of
R™ with support in Bg,. The desired result then follows from Proposition 2.2. O

Also of interest is the following simple corollary to the trace theorem.

COROLLARY 3.2. Letn>2,1<p< oo, and m € Z*. Then for any R >0

I\sbel\m_%,,,,af,1 <TGl i, for all ¢ € Wi (HBg),

6 As usual we write U CC € for the requirement that U be contained in a compact subset of Q.

"E is defined as a suitable linear combination of scaled reflections of the function across the
hyperplane perpendicular to ng, see, e.g., [2, p. 148].

8The asserted inequality in the fractional-order norms is clear from their intrinsic definition (see,
e.g., [1, pp. 208—214]). Neither this inequality nor a reverse inequality is needed here since, following
ADN ([3, 4], we instead use the fractional-order norm of the extended function ¢® on dH.
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where T is the constant from the trace theorem on H with & = OH. Thus T =
T(n,p,m) is independent of R.

Proof. This result follows immediately from (3.5); and Proposition 2.3 with Q =
‘H and S = JH. |

We will also make use of the following corollary to the Rellich-Kondrachov theo-
rem and Ehrling’s lemma. Once again the fact the constant is independent of R will
be important in our estimates.

COROLLARY 3.3. Let1 < p < oo, j €N, and k € Z* with kp > n. Then for
every € > 0 there exists Ac = Ac(n,p,k,7) > 0 such that, for every R € (0, 1],

"
10l w18, < llDlbtipnny + Aclldllpup, for every ¢ € Wye?" (HBg).

Proof. Let 1 < p < oo, k € Z*, j € N, and R € (0,1). As in the previous

proofs we note that each ¢ € W(iérj’p(HBR) can be extended (by zero) to a function

@P° € Wéﬁ Jcrj "P(HB1) in such a manner that the extension preserves the norm. Moreover,
this extension also preserves the LP and C7-norms, provided each is finite on the
original half-ball HBg. Thus the desired results will follow once we prove them on the
unit half-ball.

On the unit half-ball the result now follows immediately from Ehrling’s lemma
with X = WO]iZJ’p(HBl), Y = C’j(ﬁl), and Z = LP(HB;) since W**J?(HB;) —
C7(HB) by the Rellich-Kondrachov theorem and C7(HB;) C LP(HB;). a

Finally, we note a useful consequence of Morrey’s inequality (IT of Proposition 2.1)
on half-balls.

COROLLARY 3.4. Let1 <p < oo, n > 2, andm € Z* satisfy mp >n > (m—1)p.
Define A > 0 by A = A(n,p,m) := m —n/p, if n > (m — D)p, and X := %, if
n = (m—1)p. Fix Ry > 0. Then there is a constant M = M (n,p, m, R;) such that
for every R € (0, Ry],

sup [¢(x) — ¢(x0)| < MB* @]l s, for all ¢ € W™ (HBg,).
x€HBRr

Proof. Let 1 < p < oo, n > 2, and m € Z* satisfy mp > n > (m — 1)p. Then
by Morrey’s inequality (II of Proposition 2.1) applied to HBg, there is a constant
M = M(n,p, m, R;) such that

@l o @mg,) < M0l p s, for all ¢ € W™P(HBg,).
Thus, in particular, by the definition of the Holder norm,

16() — 6x0)| < Mx — 30 9]l 115, < ME (Dl 11,

for every x € HBg, from which the desired result follows. g

4. The Elasticity Tensor; Strong Ellipticity; The Complementing Con-
dition. We let Lin" = Lin(R™; R"™) denote the space of all linear transformations
from R” into R™ with inner product and norm, respectively, given by:

G:H :=trace(GH"), |G]":=G:G,



ESTIMATES NEAR THE BOUNDARY IN ELASTICITY 7

where HT denotes the transpose of H. We write (see Del Piero [6]) LinLin" =
Lin(Lin™; Lin™) for the space of all linear transformations from Lin" into Lin"; thus,
in components, if C € LinLin"™ and A € Lin"

(CIA]),; = > CijmAn
k=1

Although LinLin" is also an inner product space we will not make use of the inner
product structure here. Instead we will use the equivalent operator norm
|C| ;== max

AELin"
|A|=1

C[A]| for C € LinLin".

We denote by a ® b the tensor product of any two vectors a, b € R™; in components
(a®b);; = a;b;. We write div for the divergence operators in R™; for a tensor field
S, div S is the vector field with components

. = 05,
(divS); = Z a2,
Jj=1

Let Cp € LinLin". We say Cq satisfies the strong-ellipticity condition provided
there is a constant kg > 0 such that

a®b:Cola®b] > kgla|?[bj* forall a,bcR™

Let xg € R" and suppose ng € R™ with [ng| = 1 is the outward unit normal to the

half-space H = H(xg,ng) given by (3.2). Consider the problem: Find w : H — R"
that satisfies

divCo[Vw] =0 in H,

(4.1)
Co[VwIng =0 on OH.

We seek solutions of (4.1) that are bounded exponentials, i.e.,
w(x) =2z (— (x —x0) -np)exp (i(x —xp) - t) (4.2)

for some nontrivial t € R™ that is tangent to OH (i.e., t -ng = 0 and t # 0) and
some z € C?([0,00); C") that satisfies sup{|z(s)| : s € [0,00)} < co. We say the pair
(Co, ng) satisfies the complementing condition if (4.1) has no nontrivial bounded expo-
nential solution.” We note the existence of exponential solutions of (4.1) is determined
solely by the components of Cy and ng and as such the complementing condition is
an algebraic condition.

In this paper we will need to make the algebraic nature of this condition more
precise by recalling the minor constant, Ay := A(Co,ng), of Agmon, Douglis, and
Nirenberg [4, pp. 42-43] that measures how well the boundary condition actually
complements the differential equation in the half-space H.

Given Cy : Lin™ — Lin", x¢ € R", a unit vector ng € R™, and the half-space H
given by (3.2) let t € R™ with |t| = 1 satisfy t - ng = 0, so t is a unit vector lying in
OH, and define (cf. [22]) M, N¢, Py € Lin" by

Ma :=Cg [a® IIQ] ng, Nia:=Cy [a (9 t] ng, Pia:=Cy [a® t] t

9For a physical interpretation of these conditions in terms of Rayleigh waves in a half-space and
dynamic stability see [21, 24].
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for a € R™. Then (4.1) and (4.2) reduce to the system of ordinary differential equations
and boundary condition:

~Mz +i(N¢ + N{)z+Pgz=0 on (0,00),

. (4.3)
M2z(0) — iNyz(0) = 0,

where z : [0,00) — C™.

If Cy satisfies the strong ellipticity condition then M is strictly positive defi-
nite and hence, by the standard theory (see, e.g., [7]) for such systems of ordinary
differential equations, (4.3); has exactly n bounded, linearly independent solutions
z¥ € C>*([0,00);C"), k = 1,2,...,n, each of which is contained in L?((0,00);C").
Assume the solutions are normalized so that (see [4, pp. 43-44]), e.g., z*(0) = e; for
k=1,2,...,n, where {e} is the standard basis for R™.

The complementing condition is then the requirement that no (nontrivial) lin-
ear combination of these solutions satisfy the boundary condition (4.3)2. To mea-
sure how well this condition is satisfied, for each unit tangent vector t define Ly €
C>([0, 00); Lin(R"; C")) by

Li(s)er = Mz*(s) — iNgz"(s) for k=1,2,...,n.

The complementing condition is then equivalent to the requirement that L¢(0) be
nonsingular for each unit'! vector t L ng or, equivalently,

Ag = A(Co,nyp) := min | det L (0)] > 0. (4.4)

lt]=1

The following result is due to Agmon, Douglis, and Nirenberg [3, 4].

PROPOSITION 4.1 (ADN Estimate for Constant Coefficients [4, Theorem 10.2]).
Let 1 < p < oo, m € ZT and ng € R™ with |ng| = 1. Then there exists a constant
A= A(n,p,m, ko, Ao, |Co|) such that

lall,yq pup, <A {Hdiv(CO[vu])qu,p,HBl + HCO[Vue]nonfi’p’aH}

for all u € Wi'e""P(HBy;R"). Here By = Bi(xo), HBy = HBi(xo,mg), H =
H(x0,1n0), and u® is given by (4.6) with R =1.

We note the proof of Corollary 3.3 immediately yields the following corollary to
the above result.

COROLLARY 4.2. Let p, m, ng, and A = A(n,p,m, ko, Ao, |Co|) be as in Propo-
sition 4.1. Then for all R € (0,1]

[ ——'1 [Hdiv(Co[Vu])||m_17p7HBR + ||c0[vue]n0||m_%7p7aﬁ} (4.5)

for all u € W™ P(HBg;R"). Here By = Bg(xo), HBg = HBg(x0,n9), H =
H(x0,1n0), and

e/ Ju(x), ifxc HBg,
ut(x) = {0, if x € H \ HBg. (4.6)

10For each tangent vector t and s > 0 the operator L¢(s) is a linear map from R™ to C". In
particular, the k-th column of the matrix L (0) will consist of the boundary condition evaluated at
k
z".
" Condition (4.4) for unit vectors t L ng implies (4.4) for all vectors at 1 ng since Lqt(0) =
aL(0).
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5. The ADN Estimate with Sobolev Coefficients on Balls and Half-
Balls. Recall LinLin™ = Lin(Lin"™; Lin"), Lin" = Lin(R™; R™), and for any x¢ € R"
and ng € R™ with |ng| = 1 the half-space H := H(xg,ng) is given by (3.2) and the
ball Br := Bgr(x¢) and half-ball HBr := HBgr(xg,ng) are given by (3.1) and (3.3),
respectively, for any R > 0.

LEMMA 5.1. Let p € (1,00) and suppose m € Z* satisfies mp > n. Let
ko > 0, 8§ > 0, p > 0, and R; € (0,1] be given. Then there exist constants
R, = Rg(n,p,m, ko,(so,,LL,Rl), 0 < R, < R, and D = D(n,p,m,ko,éo,u,Rl) >0
such that any elasticity tensor C € W™P(HBpg,; LinLin") that satisfies

||CHm,p,HBRl § sy (51)
a®b:C(xg)[a®b] > kola|*|b|? for all a,becR", and (5.2)
A(C(x0),1n0) > do, (5.3)

for some xg € R"™ and ng € R™ with |ng| = 1, will also satisfy

||uHm+1,p,HBR § D |:Hdivc[vu]||m—1,p,HBR + ||C[Vue]n0||m—%,p,671 + Hu||p7HBRi|
(5.4)
for all R € (0,R,] and u € W(TCH”)(HBR;R"), where u® is given by (4.6).
Proof. First, fix 1 < p < oo and m € Z* that satisfy mp > n. Let R, € (0,1],
xp € R", ng € R™ with |ng] = 1. Then, by Corollary 3.2 (corollary to the trace
theorem) there is a T = f(n,p, m) such that for all R € (0, Ry]

||ve|‘m7%7p76H <T [Vl p g, forall ve W&“C’P(HBR;R"), (5.5)

Next, fix kg > 0, dg > 0, and g > 0. We will construct D and R,, which
only depend on n, p, m, ko, do, p, and Ry, such that (5.4) is satisfied. Suppose
C € W™P(HBg,; LinLin") satisfies (5.1)—(5.3). Then by the corollary to the ADN
estimate with constant coefficients, (4.5),

[lu]] + || Co[VuIng| (5.6)

m~+1,p,HBr

<A [Hdiv At [ —

m—%,p,BH}
for all R € (0, R)] and u € Wy(HBg) := W™ (HBg; R"), where Co := C(xq) and
A= A(Tl,p, m, kOa 50; |C0|)

Define J € W™ P(HBg,; LinLin") by J(x) := Co — C(x) so that Cy = C + J. Then
by the triangle inequality and (5.5) with v = J[Vu®|ng

Hco[vue]nOHmfl,pﬁH < Hc[vue]noumfl,p,a'}-{ + HJ[vue]nOHmfl,p,a'H
’ ' ’ (5.7)

< Il , e + TIIT)

5P OH m,p,HBR

for all R € (0, R;] and u € Wy(HBg), where we have also used the fact that ng is a
constant unit vector. Similarly, the triangle inequality yields for each R € (0, Ry]

Hdiv CO[VU]Hmfl,p,HBR < ‘ divc[vu]”mfl,p,HBR + HdiVJ[Vu]qu,p,HBR (5.8)
< Hdivc[vu]Hmfl,p,HBR + ||J[vu]Hm,p,HBR
for all u € Wy(HBg). If we combine (5.6)—(5.8) we find, for all such R and u,
Hu||m+1,p,HBR < A |:Hdivc[vu]”mfl,p,HBR + Hc[vue]nOHmfi,p,a'H} (5 9)

+ AT + DIV, s,
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We will show that, for all R sufficiently small, the last term in (5.9) can be
bounded above by an arbitrarily small constant times the W™+1-P_norm of u plus a
(large) constant times its LP-norm, which will establish the desired result, (5.4). With
this in mind let R,, to be determined later, satisfy R, € (0, R;/2) and suppose that
o € C*(R™;]0,1]) satisfies

1, if x € HBp,,
¢0(X) = . n
0, ifxeR \\IiIBQRU.

Then ¢,J € W(TC”’(HBRL;LinLin") and, for any R € (0, Ry],
3Vl ms, = 1(@e DVl bs, = (@6 )VOO],,  usy, (5.10)

for all u € Wy (HBg).

We note that, since m > n/p, the Sobolev imbedding theorem yields J, Vu € L.
Thus we may apply Proposition 3.1 (with Rg = R;) to deduce the existence of a
constant C = C(n, p,m) such that, for every R € (0, R,] and u € Wy(HBg),

CTH(Go D) VU] .18,

S <Sup |¢U‘J|> ||Vue||m,p,HBRl + <I§up |Vu€|> ||¢UJHm,p,HBRl

BRL BRl

= ( sup |¢UJ|) Hqum,p,HBR + (Sup |Vll|) H(ZSO'J“m,p,HBRL
HBr

Bar,

< ( sup |J|) IVl psise + Qo (Bl p 115s, <§I%p|Vu|>, (5.11)
R

Bar,

where, by the Banach algebra property of WP Q, = Q,(é,) > 0 is proportional
to the W™ P-norm of ¢, on the half-ball HBg,. We further note that by the Sobolev
imbedding theorem and (5.1)

p
P _ Ynopn p o Wn Wn Spop
1Collynp e, = = Bi'ICx0)I" < 5 <§§EICI> < - K (5.12)

(since R, < 1), where w, denotes the volume of the unit ball in R" and K =

I~

K(n,p,m,R;). Thus, J = Cy — C satisfies
||J||m7p7HBRl S ||C0Hm,p,HBRL + HC”m,p,HBRL S MN7 (513)

where N = N(n,p,m, R;) :=1 +I?[wn/2]%.

Now m > n/p and hence the integer m := [J] + 1 satisfies m > m > 3 >
m — 1. Thus, if we let & > 0 and € > 0 be (small) parameters to be determined
later, (5.13), Corollary 3.3 (with j = 1), and Corollary 3.4, imply that there exist
A. = Ac(n,p,m) > 0 and R, = R,(a,n,p,m, Ry, 1) € (0, R;/2) such that, for any
R e (0,R,),

sup [J| <o, sup [Vu| < efjullimi1pmm, + Acllullp sy (5.14)
HBQRU HBR
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for every u € Wo(HBg). Therefore, (5.10)(5.14) together with the fact [[Vul[,, , <

[ull,;, 11, yield, for all R € (0, R;] and u € Wy (HBR),

It < C [ (@ + 1NQoe) 110l psisy + BN QoA ullpsire | (5.15)

and hence, in view of (5.9),

P11l p11m, < A [[|div C[vul| + || C[Vuc]no |

m—1,p,HBgr m—%,p,@’)‘i]

+ l,LC"JVC?aJXEAA(f + 1) ||u||p,HBR ’
where
F:=1-AT+1)C(a+uNQ,e¢).

Finally, define o := %[A(ZAUr 1)C]~1. This determines R, € (0, R;/2) that satisfies
(5.14);. It also fixes ¢, and hence Q.. Then, define € := %[uAC’NQJ(erl)]’l, which
determines A.. It follows that F' = % > 0, which completes the proof. g

To finish the section we note the following result, whose proof is essentially iden-
tical to the previous result.

LEMMA 5.2. Let 1 < p < oo and suppose m € ZV satisfies mp > n. Let ky > 0,
w> 0, and R; € (0,1] be given. Then there exist constants D = D(n,p, m, ko, p, Ry) >
0 and R, = Ry (n,p, m, ko, 1, R)) € (0, R;) such that each of the following holds.

A. Any elasticity tensor C € W™P(Bg,; LinLin") that satisfies (5.1) (with HBg,
replaced by Bgr,) and (5.2) for some xg € R™ will also satisfy

[[ull

m+1,p,Br m—1,p,Br + HuHP,BR

< D |||aiv C[vul|

for all R € (0, R,] and u € WJ""'P(Bg; R™).
B. Any elasticity tensor C € W™ P(HBg,; LinLin") that satisfies (5.1) and (5.2),

for some xg € R™ and ng € R™ with |ng| = 1, will also satisfy

< D [[[div C[vu]|

[[uf

m+1,p,HBr m—1,pHBr Jall,, mey,

for all R € (0, R,] and u € W;"""P(HBg; R").

6. The ADN Estimate with W™P-Coefficients for the Displacement,
Traction, and Mixed Problems. We now assume {2 C R”, n > 2, is a nonempty,
bounded open set with boundary

N=DUS, DNS =g,
where
D and S are both closed and relatively open.

Consequently, if both are nonempty the region must contain a hole. We note that a
standard covering argument together with a partition of unity and a local flattening
of the boundary allows one to make use of Lemmas 5.1 and 5.2 to arrive at the follow-
ing improvement to the well-known regularity results for the equations of linearized
elasticity. For a detailed proof see Agmon, Douglis, and Nirenberg [3, Theorem 15.2].
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See also, e.g., [9, Theorem 17.2], [11, §8.4], or [16, Theorem 6.3.9]. If p > n rather
than p > n/m this result has been previously proven!? by Valent [26].

THEOREM 6.1. Let 9Q be C™t!, 1 < p < 0o, and suppose m € Z*1 satisfies mp >
n. Suppose further k > 0, § > 0, and p > 0 are given. Then there exists a constant
N =N(n,p,m,k, 0,1, Q,8) > 0 such that any elasticity tensor C € W™P(€Q); LinLin")
that satisfies

||C||m,p,ﬂ < u, (61)
a®b:C(x)[a®b] > kla]*|b> for all a,beR", x€Q, and (6.2)
A(C(x),n(x)) > § for every x € S, (6.3)

will also satisfy

Ju] < NV |[div Clvu|

mi1p@ < o +lICIvan]l,, s, o+ ull, ]

m—1,p,
for all u € WmHLP(Q; R™) such that u = 0 on D. Here n is the outward unit normal
to Q and A(C(x),n(x)) is given by (4.4).

Thus, given n and p, in order insure the solution has (m + 1)-weak derivatives in
the region, m > n/p, we require the elasticity tensor field be contained in the Sobolev
space WP (6.1), the elasticity tensor field be uniformly strongly elliptic, (6.2), the
complementing condition be satisfied uniformly on S, (6.3), and the boundary have
local parameterizations that are of class C™*!. Regularity results with less boundary
smoothness have been given by Necas [18] and Maz'ya and Shaposhnikova [15, Chap-
ter 7]. Note m > n/p together with the assumed boundary smoothness implies the
elasticity tensor field is assumed to be continuous on Q. For interior regularity under
weaker smoothness hypotheses on the elasticity tensor field see, e.g., Ragusa [20] and
the references therein.
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