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Abstract

We show that the smallest class of labelled copies of an unla-
belled tree Ts; with 2 < s < t, ({s,t} # {2,3}), in the complete
bipartite graph K, : has size st, is unique and has representative
unlabelled tree the double-star, D, ;. Equivalently, the tree T. 5t
which has largest automorphism group size amongst all such trees
is D, with automorphism group size (s — 1)!(t — 1)! and automor-
phism group Sym(s — 1) x Sym(¢ — 1). Slight modifications of these
statements are needed if s = ¢t. We also produce a novel method for
finding all labelled copies of tree iﬂg.
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1 Introduction and main results

In this paper G,, will denote a labelled simple graph with n > 3 vertices,
and with vertex-set V(G,,) and edge-set E(G,,), and deg(v) will denote the
degree of vertex v € V(G,,). We use Cameron [1] and West [10] as general
references.

Let K, where 1 < s <, denote the complete bipartite graph with s
vertices in the first part and ¢ vertices in the second.

Let T, denote an unlabelled tree with n vertices, i.e., an unlabelled
spanning tree of the complete graph K,,. Then by Theorem 1.1 of Porter [7],
there is a unique partition of V(fn) into 2 parts, the first X of size s and
the second Y of size t, where 1 < s < tand n = s+t. If s = ¢ we arbitrarily



choose one of the parts to be X, and let the other be Y. Thus each Tn can
be considered as a sub-tree of K, ; for some unique s and ¢t with 1 <s <t
and n = s +t. We then denote Tn by Ts,t; and we denote the number
of non-isomorphic fs,t by F(TVM), or by T(K,,) because this counts the
number of non-isomorphic unlabelled spanning trees in K ;.

Example 1 See p.65 of Read and Wilson [8]. For n = 7, there are 11
non-isomorphic or distinct unlabelled trees f7, i.e., there are 11 unlabelled
spanning trees of K7: 1 1is asub-tree of K g, s0 7(T1 ) = 1; 3 are sub-trees
of Ko 5, so ?(TVQ;)) = 3; and 7 are sub-trees of K3 4, s0 ?(Tvg,4) =7.

An automorphism of G, is a bijection « : V(G,) — V(G,,) for which
(u,v) € E(G,) if and only if a(u,v) = (a(u),a(v)) € E(G,), for vertices
u,v € V(G,). The set of automorphisms of G,, is a group, denoted by
Aut(Gh); let a(Gy) = | Aut(G,)| be the size of this group.

Let Sym(n) be the symmetric group on n points, and let x denote the
direct product of groups, and X denote the wreath product of permutation
groups.

We use the following facts from Proposition 2.1 on pp.91/2 of Cameron [2]
(see Cameron [3] for an updated version of this paper), and Example
1.1.21 on p.10 of [10]: Aut(K,) = Sym(n) so a(K,) = n!l; and if s # ¢
then Aut(K,;) = Sym(s) x Sym(t) so a(K,;) = slt!; and Aut(K; ) =
Sym(s) K Sym(2) so a(K;s) = 2s!?.

We denote labelled copies of fs,t by Ts;. It is well-known that the
number of non-isomorphic or distinct labelled spanning trees T ; in K ; is
T(Kst) = st71°71 see Scoins [9].

The labelled isomorphism classes for a fixed unlabelled Tvs,t in K4 have
been generated in Porter [6], and enumerated and drawn for s +¢ < 12 in
Mohr [5]. See also Clark, Mohr, and Porter [4].

For the derivation of Equation (1) and the counting in Example 2 below
see Theorem 14.3.4 on p.234 of [1], where we replace n! by s!t! if s # ¢, and
by 2s!12 if s = t.

Let é(fs,t) denote the number of labelled copies of an unlabelled fs)t in
K ¢, this is the size of the labelled isomorphism class represented by f&t.
We have:

slt!
= s #t,
i = e _ ) 1)
> a(Ts,t) 9412 _,
oTor)



For a fixed n > 3, if s = 1 there is only one unlabelled Tvlﬁn,l up
to isomorphism, namely the star K; ,_1, and so only one labelled class,
of size 1. Thus we consider s > 2.

Example 2 {s,t} = {3,4}. See [5, 8] and Fig. 1. The graph K34 has
T(K3,4) = 7 non-isomorphic unlabelled spanning trees: T17, T19, T21, T22,
T23, T24, and T25; see p.65 of [8]. The automorphism group sizes a(f374)
come from p. 116 of [8], and then £(Th4) is obtained from Equation (1)
above. We list them below in order of increasing €(T3,4):

| Tya || T17 [ T24 | T19 | T21 [ T22 | T25 | T23 |
a(T374) 12 6 4 2 2 2 1
UTsq) [[12 24 |36 [72 |72 |72 [144

(We check: K3 4 has 7(K34) = 3714371 = 432 non-isomorphic labelled
spanning trees, and 12 + 24 + 36 + 72 4+ 72 + 72 + 144 = 432.)

We observe that the smallest class size ¢(T: 34) 1s 12 = 3 x 4, which
occurs just once, and that 12 |¢(T5 4) for each T3 4.

In §2 we present the first of our main results, Theorems 2.4 and 2.5,
of which the above observation is an example. Theorem 2.4 states that:
for every pair {s,t} with 2 < s <, ({s,t} # {2,3}), the smallest class of
labelled trees in K ; is unique and contains st trees, and the representative
unlabelled tree is the double-star, D, see Fig. 2(a). And Theorem 2.5
states that: for every pair {s,t} with2 < s <tlet fs,t denote an unlabelled
tree in K ;. Then st| €(Tvs7t). We also show how to construct the st labelled

trees in the smallest class.

Now smallest class size is equivalent to largest automorphism group size,
thus, in §2.1, we show that, for s # ¢, ({s,t} # {2,3}), the tree T, ; which
has largest automorphism group size amongst all such trees is Dy with
automorphism group size (s — 1)!(¢ — 1)! and automorphism group
Sym(s — 1) x Sym(¢t — 1); and if s = ¢, the tree TVS,S which has largest
automorphism group size amongst all such trees is D, ; with automorphism
group size 2(s — 1)!? and automorphism group Sym(s — 1) X Sym(2), see
Theorems 2.6 and 2.7.

We finish with some miscellaneous remarks and indicate directions for
possible future research.
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Figure 1: K34 and its 7 non-isomorphic unlabelled trees T3 4, shown with
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2 Smallest labelled class in K ;; largest auto-
morphism group amongst 7T,

In this section we work with a copy of K, ; with partite sets X and Y. Let
vertices X = Zs = {0x,1,...,s—1} and vertices Y = Z; = {0y, 1,...,t—1};
and E(Ks4) = Zs X Zy. Let Ts; be a labelled copy of fs,t in Ks; an edge
in T, ; is denoted (4, j) € Zs x Z. We often use = in place of = when using
modular arithmetic.

Definition For an ordered pair (a,b) € Zs x Z; define:

E(Ts)+ (a,0) ={({ +a (mod s),j +b (mod t))|(4,5) € E(Ts)}

Further, let o(i) denote the (additive) order of element ¢ in the group
(Zs,+), and let (i) denote the subgroup of Zs generated by 4; similarly for
element j € Z, and element (i, j) € Zs X Zy.

Recall that two labelled trees are distinct when their edge-sets are dis-
tinct.

Lemma 2.1  For every pair {s,t} with2 < s <t let iﬁt be an unlabelled
spanning tree of Ky ,. Then £(Ts,) > st.

Proof. Consider a copy of K ; labelled as above. Without loss of gener-
ality let (0x,0y) € E(Ts,). We claim that the st labelled trees with edge-set
E(Ts )+ (a,b) for distinct (a,b) € Zs x Z; are distinct labelled trees. That
is, we claim E(Ts ;) + (a,b) # E(Ts ) + (a/,b’) when (a,b) # (a/, V).

Suppose to the contrary that E(Ts:) + (a,b) = E(Tst) + (a/,V') for
some (a,b) # (a',b'), and then E(Ts;) + (a —a',b = b') = E(Ts,). Let
(a —a',b—b) = (i1,51) # (0x,0y), for a fixed (i1,51) € Zs X Zy, S0
E(TS,t) + (i1,71) = E(TS,t)- Now (0x,0y) € E(Ts,t) s0 (0x,0y) + (i1,71) =
(i1,51) € E(Tsy), i.e., (i1,71) is an edge of E(Ts,).

By iterating the equation E(T.) + (i1,51) = E(Ts.), we see that
E(Ts ;) + (i,j) = E(Ts,) for all (i,7) € ((i1,71)), and that ((i1,71)) C
E(Te,t)'

Consider the two cases (i) o(i1) # 0(j1), and (ii) o(i1) = 0(j1). In both
cases we find a contradiction.

(i) o(i1) # o(j1). Leto(i1) < o(j1). Then, in ZsxZ; we have, o(i1)(i1,71) =
(o(i1)i1,0(i1)j1) = (0x,0(i1)j1) = (O, j2) where jo # 0y. And from above
we know that E(Ts ) + (0x,j2) = E(Ts ).

Let N(0x) ={j € Y| (0x,j) € E(Ts)} be the open neighborhood of 0.



If deg(j) = 1 for every vertex j € N(0x) then T, ; is the star K |y ()|
a contradiction because s > 2. So, for some j € N(0y), say j3, and some
19 € Zé\{ox} the pair (ig,jg) € E(Ts,t)- Then the pair (ig,jg) + (Ox,jg) =
(i2, js+ij2) € E(Ts,) also. But (0x, js) € E(Ts ) and so (0, j3)+(0x, j2) =
(0x,J3 + j2) € E(Ts,) also.

So both vertices 0y, i2 € X are adjacent to both vertices js, jzs+j2 € Y,
and then (Ox, j3, 92, j3 + j2, 0x) is a 4-cycle in T 4, a contradiction because
T, ; is acylic.

The sub-case o(i1) > o(j1) is dealt with similarly.

(i) o(i1) = o(jr)-

Define a relation ~ on E(T;,):
(i,4) ~ (¢',j") if and only if (i —i',j —j') € ((i1,1))-

Using the fact that ((i1,j1)) is a group under + it is straightforward to
show that ~ is an equivalence relation on E(Ts ;). Clearly Eq = ((i1,71)) C
E(T ;) is one equivalence class of ~, the class containing (0x,0y) € E(Ts4).
The m > 1 equivalence classes, F1, Fo, ..., E,,, are given by F, = E1 +
(1*,j*) € E(T,) for suitable representatives (i*,j*) € E(Ts,); and all Ej,
have the same size. Now these equivalence classes partition E(Ts,), and
so |E(Ts )| = m|E4], ie., s+t —1=mo((i1,j1)) = mo(i1) = mo(j1), so
o(i1) | (s+t—1).

Further, using Lagrange’s Theorem twice, we see that o(i1)|s and o(i1) =
o(j1)|t, so o(i1)|1, i.e., o(i1) = 1, and so 43 = Ox. Similarly j; = 0y, and
then (i1,71) = (0x, 0y ), a contradiction.

Thus, in both cases (i) and (ii), we have found a contradiction to the
existence of (i1,71) € Zs X Z; for which E(Ts;) + (i1,j1) = E(Ts:). So
E(Ts )+ (a,b) # E(Tst)+ (a/,b') when (a,b) # (a/,b), and the st labelled
trees with edge-set E(Ts+) + (a,b) for distinct (a,b) € Zs x Z; are distinct

labelled trees, i.e., £(Ts ) > st. |

Let the tree T, ; have vertices X = {x1,z2,...,zs} andY = {y1,y2, ..., Yt },
where 2 < s <t. Tree T ; has s +t — 1 edges so

=1

s+t—1= Z deg(x;) = Z deg(y;). (2)
j=1

We often use this equation for X or Y.

Leafs of Ts’t, i.e., vertices of degree 1, play an important role in this
paper: let s; be the number of leafs in X, so 0 < s;, < s; and tj, the
number of leafs in Y, so 0 <t <t.



We next show that of the four extremal values: s;, = 0 or s;, = s or
tr, =0or ty, =t, only sy, = 0 is possible.

Lemma 2.2 For every pair {s,t} with 2 < s <t let Ts, have s, leafs
in X and ty leafs in'Y. Then:

(i) 0<sp <s—1, (so sy =0 is possible);
(i) 1<t,<t—1.

Proof. (i) If sp = s then every vertex z; € X is a leaf so deg(x;) = 1.
Equation (2) then becomes s +¢t —1 = s, hence ¢ = 1 and then s =t =1,
a contradiction because s > 2. Thus 0 < s; <s—1.

(i) Now Y has t;, leafs and so ¢t — ¢y, vertices y; with deg(y,;) > 2. So
Equation (2) gives s+t — 1>t +2(t —tr), and thus t;, >t —s+1> 1.
To show that ¢;, <t — 1 we use an argument similar to (i) starting with
tr, =t. Thus 1 <t <t-—1. |

For the next Lemma we need the following result which is straightfor-
ward to prove: for n,m > 0 if nlm! = (n +m)! then n = 0 or m = 0. We
also need Bertrand’s postulate: for every n > 2 there is a prime p for which
n<p<2n.

Lemma 2.3 _ For every pair {s,t} with 2 < s <, ({s,t} # {2,3}), let

T,y satisfy K(T37t) = st. Then sy, > 1, and T, has at least one leaf and
one non-leaf in both X and Y.

Proof. We check from [5, 8] that the statement is true for {s,t} = {2,2}
and {3, 3}, so assume that ¢ > 4.

From Lemma 2.2 we have 0 < sy, <s—1land 1 <t <t—1.

If s; = 0 then Y contains all the leafs in Ts,t, so t7, > 2 because any
i,t has at least 2 leafs, and so 2 < t;, <t — 1. We consider two cases: (i)
2<t, <t—2and (ii) t, =t — 1.

(i) 2<tp <t—2. Asbefore label the vertices in X with Z, and those in
Y with Z;, and consider the st distinct labelled copies of Tvs,t constructed
in Lemma 2.1.

Let Y7, be the set of leafs in Y, and L be the labels on these leafs; then
L is a ty-subset of Z;. In each of these st copies the leafs in Y7, are labelled
with translates L+b of L where b € Z;, and there are only ¢ such translates.
Now 2 <t <t — 2 so the number of ¢;-subsets of Z; is (ttL) > (;) >t. So
there exists a ty-subset L’ of Z, different from the ¢ translates of L. Now
take Ts’t and label the vertices in X with Z,, and label the leafs in Y7, with



L', and the vertices in Y'\Y7, with Z;\L’. Now trees whose leafs are labelled
with distinct sets give distinct labelled trees, so this labelled tree is distinct
from the above st labelled trees. Hence ¢(T5 ;) > st, a contradiction.

(i) tp = t — 1. Here there is just one non-leaf, say y;, in Y. From
Equation (2) we have s+t —1=1t¢—1+4deg(y1). So deg(y1) = s and every
vertex z; € X is adjacent to y;. Further, because s;, = 0 so deg(z;) > 2
for all z; € X, then each x; is also adjacent to at least one leaf in Y7,.

Now label the vertices in X with Z, and those in Y with Z;, and label
Y1 with 0y € Z;.

Let a be a non-identity permutation of X. Select x; € X and let
a(x;) = xy where i # i'. Let x; have label iy and z; have label i5. Let
y; € N(z;)\{y1} have label j; and y;» € N(z;)\{y1} have label jo.

Now if y; € N(zi)\{y1} then y; is another non-leaf (distinct from y;)
in Y, a contradiction, so y; & N(z;)\{y1}. Thus when a has been applied
to X the new copy of T, + will have an edge with label (i1, j2) & E(Ts4);
this is a new labelled copy of TS ¢t- By applylng all s! permutations of X to
TS + we obtain s! distinct labelled copies of TS +, each with vertex y; labelled

. Then, by varying the label given to y; amongst the ¢ distinct elements
in Zt, we obtain s!t distinct labelled copies of Ts,t Hence €( st) > slt,
which is greater than st when s > 3.

For s =2let X = {z1,22} and deg(x1) = d; > 2 and deg(xs) = do > 2,
see Fig. 2(b); then t = dy + dy — 1. N

If di # do then, from Fig. 2(b), we have a(T5 ) = (d1 —1)!(d2—1)!. But,
from Equation (1), we also have a(Ty,) = % =@t—1=(d+d2—2)L
Thus (dq — 1)!(de — 1)! = (d1 + d2 — 2)!, so d1 = 1 or dy = 1 by result (a)
above, a contradiction.

If dy = dy = d then t = 2d — 1. Now if d = 2 then ¢t = 3, and so {s,t} =
{2, 3}, a contradiction, so d > 3. Now, see Fig. 2(b), a(Ts.24_1) = 2(d — 1)!2,
and, from Equation (1), we have a(fzgd,l) = (2d —2)!, thus 2((d—1)!)? =
(2d—2)!. Now for d > 3, i.e., for d—1 > 2, Bertrand’s postulate guarantees
the existence of a prime p for which d — 1 < p < 2d — 2. So p|(2d — 2)! but
p f2(d—1)!%, a contradiction.

Thus in both cases (i) and (ii) the assumption sz, = 0 leads to a contra-
diction, hence the result. [ |

Let P, denote the path with n vertices, we have a(P,) = 2 for n > 3.
Now our first main result:
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Figure 2: (a) The double-star Ds;. (b) See proof of Lemma 2.3(ii).

Theorem 2.4  For every pair {s,t}, with2 < s <t, ({s,t} # {2,3}), the
smallest class of labelled spanning trees in K,; has size st and is unique;
the representative unlabelled tree is the double-star Dy . For {s,t} = {2,3}
there are two smallest classes of labelled spanning trees in Ko 3 both of size
6, one representative tree is Do 3 and the other is the path Ps.

Proof. For a fixed pair {s,t} # {2,3} let fs,t satisfy E(ﬁ,t) = st then,
from Lemmas 2.2 and 2.3, wehave 1 < sy <s—1land1 <ty <t—1, and
SO (:‘L) > s and (ttL) > t. As mentioned in case ‘(i) 2 <ty <¢— 2 in the
proof of Lemma 2.3: trees whose leafs are labelled with distinct sets give

distinct labelled trees. Hence Ts,t has at least (SSL) ( ttL) distinct labellings.
So é(i,t) = st > (;L)(t’i) > st. Thus (;)(ttL) = st, giving four cases:

(i) (sp,tr) = (1,1), (i1) (1, —1), (iii) (s — 1, 1), and (iv) (s — 1,¢ — 1), which
we consider one-by-one:
(i) (sr,tr) = (1,1). Let 21 be the unique leaf in X and y; the unique leaf
in Y. Then the ¢t — 1 non-leafs in Y\{y; } and Equation (2) give s+¢t—1 >
1+2(t—1),4.e,s>t,s0s=tand E(TVS,S) = 52

Let x; € X\{z1} then deg(x;) > 2. For a fixed i € {2,3,...,s} Equa-
tion (2) gives 2s — 1 > 1 + deg(x;) + 2(s — 2), so deg(x;) < 2, and then
deg(xz;) = 2, i.e., every vertex in X\{z1} has degree 2; similarly every
vertex in Y'\{y:} has degree 2. So iys contains 2 leafs and all other ver-
tices have degree 2, so TV&S = P,;. But, using Equation (1), we have

2512

a(Pys) =2 = = = 2(s — 1)!?, a contradiction for s > 3. And s = 2 gives



Tz,z =Py = Ds>.

(ii) (sp,tr) = (1,6 —1). Heret > 3 because t = 2 gives case ‘(i) (sp,tr) =
(1,1)’ above. Now there is just one non-leaf, say y;, in Y, and we use a
similar argument as in case ‘(ii) ¢ty = ¢ — 1’ in the proof of Lemma 2.3
(which works here because s, = 1) to give a contradiction if s > 3. And if
s = 2 we have fz)t = D5 as needed.

(iii) (sp,tr) = (s—1,1). Here s > 3 because s = 2 gives case ‘(i) (sp,tr) =
(1,1) above, so t > 3 also. Now using the argument in case ‘(ii) (sp,tr) =

(1, — 1)’ above with s and t interchanged we obtain a contradiction when
t>3.

(iv) (sp,tr) = (s —1,t —1). Clearly here fs,t =Dg;.

Thus in each of the four cases the only solutions for Tvs,t are Tvs,t = Dg4,
the double-star. This, together with analysis of the labelled trees in K> 3,
({s,t} = {2,3}), gives the result. |

Remark The construction in the proof of Lemma 2.1 of the st labelled
copies of a fixed unlabelled Ts’t gives all labelled copies of Ts’t when fs’t =
Dy, i.e., it gives the whole of the smallest class (a smallest class when
{s,t} ={2,3}). See Fig. 3 for the tree D3 4, also see Example 1.

As mentioned in the Introduction we also have:

Theorem 2.5  For every pair {s,t} with 2 < s <t and for every unla-
belled tree Ty, we have st|€(Tsy).

Proof. As before let all the labelled trees in a class with representative
i,t have their vertices in X labelled with Z; and in Y labelled with Z;,
and identify such a labelled tree T, with its edge-set E(Ts ;). Now define
a relation ~ on this class of labelled trees:

E(T.:) = E(T,,)iff E(T, ;) = E(T; ;)+(a,b) for some fixed (a,b) € Z;xZ.

Clearly ~ is an equivalence relation on this class of labelled trees of size
0(Ts+). Now all equivalence classes have size st, hence st | {(Ts ). |

Example 3 Using Theorem 2.5 we can construct all labelled copies of
any T, by first finding the st copies by the construction in the proof of
Lemma 2.1, and then finding a new labelled copy outside this class if one

10
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Figure 3: The edge-sets of the 12 distinct labelled copies of D34 in K3 4

with the first two copies.

Then, using this as a representative for a new class, we form a
further st copies, by the same additive procedure. We repeat this process

until all labelled copies are found.

exists.

See Fig. 4 for the tree T24, where the 2 labelled copies which produce

all 24 labelled trees are shown.

11



T24

P e T e Do T R T on T L s

o T T

Py

NN AN AN A R s a NN NN

P on T i s o e T e Do T

—_— e I

Py

—_— — — N T T T

e Ton e T e Ton T s D Ton

N N NN NI NN NN

P

Nttt NI NN NI AN AN NN

NN AN N AN N N N N N S N

NN NN NN

P

NN AN A NN NN

NN AN N N N N N N N S N

—_ e e T T

P

—_ — e e N T

P o L T s o i s T o o

B N

Py

Nt NN NI NI AN AN AN

E(T24)

+(a,b)

PRy

Nt NI NI NI NI NN NN

FFFFFFFFr+F+ T

Py

Rt NI NI NI NN NN

FFFFFFFFr+F T

Figure 4: The edge-sets of the 24 distinct labelled trees of T24 in K34
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Finally we consider automorphism groups:

2.1 Largest automorphism group amongst Ts,t

Definition For a fixed pair {s,t} define:

amar(fs‘,t) max{a( s, t)}

Ts,t

to be the size of the largest automorphism group of a Ts’t amongst all Tvsﬁt.

Now st is the smallest labelled class size for a i,t, so Equation (1) gives:

Theorem 2.6  For every pair {s,t} with 2 < s <t we have

(7)) = (s=DI(t—=1)! s#£t,
martZat) = g5 — )12 s=t.

We now interpret our results with respect to automorphism group size
by classifying all T ; with the largest possible automorphism group.

Theorem 2.7  For every pair {s,t} with 2 < s <t,

) s 4, (0,0 # (23D, thn i) = anan(To) = (5= DUE= 11
and only szs t = Dsy, (here Aut( sit) = Sym(s —1) x Sym(t —1));
and if {s,t} = {2,3} then a(Ts3) = amas(Ta3) = 2 if and only if
T273 = D273 or P5, (here Aut(DQ,g Aut(P5) Zg)

)=
(ii) if s =1, then a(fsﬁs) = amaw(ﬁ’s) = 2(s — 1)!2 if and only if TN“S’S =
Dy s, (here Aut(D, 5) = Sym(s — 1) K Sym(2)).

Proof. () Forward implication: if {s,t} # {2,3} and a(~ 1) = (s — DIt —1)!
then ¢(Ts ;) = st and so, from Theorem 2.4, we have T ; = D, ;. The back-
ward implication is clear from the structure of D,;. We check the pair
{s,t} ={2,3} using [8]. Clearly all automorphism groups are as stated.

(i) Similar to (i). |

Remarks and possibilities for future research

1) In this paper we considered the smallest class of labelled spanning
trees in K, and the fg7t with largest automorphism group. In a future
paper, currently in preparation, we will consider the largest class of labelled
spanning trees in K, and the Tvs,t with smallest automorphism group.
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2) Theorem 2.5 states that: for every unlabelled tree Tvs,t we have st | £ (Ts’t).

Thus, for an unlabelled tree i,t, we could study the parameter Z(%;t), and,

perhaps, relate it to the structure of ’ZN’&t.

Acknowledgements We thank the referees for useful comments that im-
proved this paper.
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