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Topological moTivation — 1/725

» Quanfales: Lattices infroduced to deal with locales (latfices which
generalize fhe ideal of open sets of a fopological space) and
multiplicative latfices of ideals from Ring Theory and Functional
Analysis (e.g., C*—algebras and von Neumann algebras).

» Flagg (1997): Topological spaces as pseudo metric spaces, distances
with values in a suifable guantale built from the topology.




Model—Theoretic mofivation — 2/25

Shelah — Stern (70s): Banach Spaces — behavior similar fo a 2nd
order logic of binary relations,

Chang—Keisler (s0s), Henson==T0vino (40s), Ben—Yaacov and others
(2000s): Continuous Logic,

Hirvonen—Hyttinen, Villaveces—z., Boney=2. (2000s—2010s):
Metric AECs.

Flum—2iegler, Kucera, Pillay (g0s): Mode! Theory for Topological
algebraic structures. Leaded 1o Model Theory for Modules.

Lawvere (70s): Framework in Category Theory for a logies wﬁh
generalized fruth values to study mefric spaces. |

V—AECs (Lieberman—Rosickij—2,): Generalization of MAECs fo
distances with values in a co—quantale (Flagg quantale).




Sef—Theorelic motivation — 3/25

» Fifting: Models of Intuitionistic Set Theory generalizing both the
universes of von Neumann and of Godel using Infuitionistic Kripke
models.

» Lano: Residuated Kripke models of set Theory.

KEY IDEA: To consider a quantale as a set of fruth values (or
the range of a generalized distance to the *truth’, as in
Continuous Logic).




QuanTale—valued Model Theory (joinT with D, Reyes)
— 4/a8

Lef (V,<) be a complete lattice, Given a,8¢V, o is said

to be fotally below g (a<p) it for every ScV, if <V S then a<~y
for some yes.

A commutative, unital quantale cowsists of V:=(V,«.n, <),

where (V,<) is a complete lattice, (V.xn) is a commutative monoid and
« distributes over arbitrary joins.

V:=(V,+,0,<) is said fo be a co—guantale if
V., x

(V,%,m, <)0P .— (V,%,m,>) is a commutative, unital quantale, where
ni=0=1gc and x:=+.

=




Valigito=aiEjiiiiees — 5 /o.¢

A co—quantale V= (Vi +.0,<) is said To be constructively

caompletely distributive if for every ac V
a=/\{be V:a<b}.

A value co—quantale is a constructively completely distributive
co—qguantale V provided that
» 0— L i

» if 8.8 eV satisty 0<6 and 0 <dbdhen 0<5 a8,




Exaniiles =

» The 2—valued Boolean algebra 2 :=1{0.1}, where 0<1,

» The unit interval I=10,1],

» Free locales: R a set. | (X)={YePg (R :Ye X} (XePs(R).
O(R) = {pe P(P,(R): Xe p implies | (X) < p}
(UR),n, Py, (R),2) is a value co—guantale.
R:=7, (X,7) a topological space.

Given V a co—quantale and a,beV, define

ERL e e TR 1




Some extra conditions — 1/25

Co—dlivisibility (substractibility): For all a beV, a<b

implies that there exists ce V. such fhat b=a+ec.

Dualizing element: de V such that for all ac V we have

that a=d =fig= 22

co—Girard: There is a dualizing element.




Covilifiilycpage = ¢ /2.5

X+ a set, V a value co—quantfale, do: Xxx Xx— Vv

(X, d) is a V—continuity space iff:
» (reflexivity) for all xe X, dxx =0, and

» (transitivity) for any x4,ze X, dixy) <dX2 +dzy.

(X, d) a V—continuity space, ee V¥, xe X

B.(x) :={ye X: d(x4) <e}.

;. Topology induced by (X, d).
V—domain: V—continuify space (X, d) which is T, and

(X751 compact,




Why value co—quantales? — 4/25

Theorem (Flagg, 1997).| Any fopological space (X ) is Topologically

equivalent o the Q(r)—continuity space (X, d), where o: X x X— Q(r) is
defined by

d(a,b) .= {AePs @ TOr allile A, aec U implies be U},




ConTinuous sTructures In

(M. dy): V—continuity space with diameter peV.

Continuous structure: M = (M el icr. () jc7. (C1)iek), Where:

» B : M7 Vi uniformly confinuous mapping, with modulus of uniform
continuity Ag:V+ - V+,

N <w: Japy of £

» 1,2 M — M. uniformly confinuous mapping with modulus of uniform
continuity A g aGEE Vo,

e b aniiy ot F ),

» o, is an element of M.




Some basic definifions — 11/25

L—terms and L—formulas: Defined recursively,

Connectives: u: V' >V (1< n<w) a uniformly continuous mapping.

Quantifiers: \/, (universal quantifier), A, (exisfential guantifier).

M<N: Mci N such that any L—formula o(xy, ..., )

satisfiesio™lan I TV (2 . a,) (31, 3 el




Tarski—Vaugh — 12./95

‘Theovem (Reyes—2,, 2021).| "Assume that V is a co—Girard value

co—quantale, Let M, N be L=strlctures such that M <, N, The
following are equivalent:

» M SN
» For any L—formula o(x,x1,..;%,) and ar,...,a,e M, we have that

ANotte & aBR Ce P\ (ONle, avmsa,) - cel\le

Covollaru, | Elementary chain property holds,




D= e e Theakey — 13/725

V: substractible, V—domain value co—guantale provided with its
symmetric Topology.

Nofice that (V,7%) is compact and Hausdorff.

D—product of (M, du)e; (V—continuity spaces and D an ultraproduct
on I) (MD QIMD : HIEIMH O/D where dD leIa([fi)[eI) = //Am/',DdM,(X/'a ’f/')‘

‘Theovem (Reyes—2Z., 2021). ‘ For any L—formula ¢(xi,.... x,) and any

TMP\@ ((5),1-),'61,...,( )Iel) (HIEI ) /

(DMD(( )IEI 43 ,‘M)ieI) = //'ml',D¢Ml(a/1'""’a/W)"

Corollary.| Compactness holds for this logic.



Relation with Continuous Logic — 14/25

‘Theovem (Iovino, 2001).| There is no logic for analyfic structures

that extends properly *Continuous Logic® and satisfies both the
compactness theorem and the elementary chain property.

Notice that v :=([0,1],+,0,<) safisfies all the required condifions in our
previous seffing.

Also, in this way we obtain a new approach for Continuous Lagic.




Quantale—valued Sel Theory (joinT with J. Moncayo)

— 15/25

We say that Q= (@ AV, :,—,1,0) is a commufafive integral

Quantale (or equivalently a complete residuated lattice) if:

» (Q, A, v,1,0) is a complete bounded lattice with 1 as fop element
and 0 as bottom element,
» (Q,-,1) is a commutative monoid.

» For all x,yeQ with ieI, x-\Vyi=V(x 4)
eI el
and — is defined as x— y:=\/{zeQ: x-2< 4.




el /25

We consider Two types of conjunctions: weak conjunction (A) —
strong conjunction (&),

» =9 = (p > Y)W — @),
=g L,
=
Residuated formulas (R—formulas): By recursion.

Modal Residuafed formulas: Same symbols as in Residuated Logic
together with an unary connective of possibility <,

Idea: To interpret © by using a quantic nucleus,

Mg — £—formulas: By recursion,




Quantic nucleus — 17/25

Closure operator: +:Q — Q such thal for every x yeQ:
» (Expansivity) x<~(x).
» (Idempotency with respect To o) y(v(x) = 4(x).
» (Monotonicity) If x<y¢, then v(x) <~(y).

Quantic wnucleus: for every xye@ (x) v(4) < (x-4).

Respection of implications: ~v(x—y) =1 if and only if v(x) >e(@= 1.

Idempotency with respect fo products: for every xe@ (@) =~(x).




L sels (Ong). — 18/725

ersji(oluaﬁeol Kripke £—model (or B—Kripke £L—model: A= (P, < -, D) such
ha

» P=(P,<,A,-,1,0) is a complete sO—commutative monoid,
» Given p,4eP, with ieI and ¢ an atomic £4—sentence, then

» If Api<q and for each ie I Arp o, then A, .
el

» Al ¢ for every atomic R— L —senfence .
» Alrp L if and only if p=c.




LN sels (Ong).— 19/75

» Alp (p&t), if and only if, there are ¢,reP such that p=4-v,
AR, o and Al; b

Alrp (p v ), if and only if, Theke are g,reP such that p>g v,
and both (Alge or Alrg®) and (AlF, @ or A, v) hold.

Alrp (o ), if and only if, Ape and Alkpa.

Alrp (o = o), if and only i, for all g,reP It Al; 0 and p-g<v,
then A, ¥,

» Al axp(x) if and only fhere exists an index set 7 such that for

every ie I, there exist die D and 4,eP such that Ag,<p and
eI

.AH—q,, 50(0//)
» Albp Yxp(x), if and only if, for all be D, A, (D).




Conucleus: 6:P—P ((P,<,) complete SO—monoid) such that for all
P4, pieP (iel)

» o(p) < P.
» 1f p<q, then s(p) <i(4).
3(6(p)) = 0(p)s
3(p-4) <d(p)-(4).
» (A P) = Ad(p)

el =
Complete modal SO—commutative monoid: P=(P,< A,-,1,%0,8) such that
» (P, <, A, 1,00) is a complete SO—commutative monoid,

» 6 is a conucleus on (P,<,-),

Alrpop: There exists geP such that Ak, ¢ and 6(¢) < p.




Strongly hereditary sels — 21/25

strongly hereditariness: @ = Ac P such that for all cie A and deP for
M, if Nci<d, then de i}

el

P*:={AcP: A is strongly heredifary}

Fact (Moncayo—2.).| The operation vs:P* - P* defined as

v5(A) == {peP:there is ge A such thal 6(¢) < p}
is a quantic nucleus on (P*,c,.).

1f there is no ambiguity, we denote 5 := 5.




Coditiiiig.slilbetfi = 7.0 /25

In classical logic: Ac B is codified by its characteristic function
xa: B {0,1}: ac A iff y (2B ElC c B),

Pt—subset of A: function f such that Dom(f) < D and
Ran(H) cP*={AcP: A is strongly hereditary}

Extensional: f: D— P* such that for each g he D
(9 {PeP: Alp(g=h)}c f(h).

(g=h) =0~ @3x) ~(xeg— xe h)&(O ~ 3x) ~ (xe h— x€ g)).

PF(D): collection of mappings 7 which are y—regular and extensional
P*—subsets of A




von Neumann—like hierarchy — 23/25
VB =P, <, 6,1, RE JiwhencsBEL «— RF".) PT* (REY)
1f peP and fge g e
P 1t fge B

» If fe B2 and ge BB (L S (heh VP - (e g), if and
only i pe gl

» 1 fe BB\ —PECRE Then ViR IE, (Tt and only if,
PE \/ Ph/

he dom(g)
where P, :=g(h) - (Psy,- Prey) and

then VEL [ES TSRS el only if, VE* I, (f< g).

Pren= [ (f(X) > {§eP: VE Ig~~ O(xe h)})

Pk
xe RE

Pcr= [] (f(x) = {§€PVE g~ O(xeh)}).

Pk
xe RE




The main theorem, — 24/25

v—=dense: xe@ such that y(x) = 1q.

Fy: Collection of all y=dense elements of P+,

A~z B, if and owly if, A= BeF, and B— Ac F, defines an

equivalence relation, Also, we have fhat
H:=P*/F, =P*/~, ={Al: AcP*} is a completetHeyting algebra.

‘Theovem (Moncayo—2.).| For every ordinal o, there exist a

bijection between B and &% (where if fe &*, £ denotes the image
of £ via this bijection) such that for every MR—cc.—formula with no
universal quantifiers o(xi,....x,) and every ay,..,a e B,

‘{PG i VE* H_P 9‘9(317"‘7 aV’)H = [99(‘9/1?"'7 a,w) S’
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