
Canonical Models of Determinacy

Sandra Müller

April 6, 2023

Online Logic Seminar

Research supported by Austrian Science Fund (FWF) Elise Richter grant number V844,

International Project I6087, and START Prize Y1498.

Sandra Müller (TU Wien)



Motivation

Not all questions in mathematics can be answered in ZFC

Abstractly: Gödel’s incompleteness theorems.

Nowadays there are numerous concrete examples:

Continuum Problem (set theory),

Whitehead Problem (group theory),

Borel Conjecture (measure theory),

Kaplansky’s Conjecture on Banach algebras (analysis),

Brown-Douglas-Fillmore Problem (operator algebras),

. . . .
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Motivation

The Continuum Problem

Let us focus on the Continuum Problem:

Question

Is there a set A such that |N| < |A| < |R|?

Determinacy Axioms Large Cardinals Forcing Axioms
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Determinacy Axioms

Determinacy Axioms: Games in set theory
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Determinacy Axioms

Which games are determined?

open/closed Gale-Stewart (1953), ZFC
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Determinacy Axioms

How far are these axioms from ZFC?
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Determinacy Axioms

Determinacy and large cardinals

Are large cardinals necessary for the determinacy of these sets of reals?

How can these large cardinals a↵ect what happens with the sets of reals?
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Determinacy Axioms

Equivalences for analytic and projective determinacy

Theorem (Harrington, Martin)

The following are equivalent.

1 All analytic sets are
determined.

2 x# exists for all reals x.

Theorem (Neeman, Woodin)

The following are equivalent for all
n � 1.

1 All ⌃1
n+1 sets are determined.

2 For every real x the !1-iterable
countable model of set theory
with n Woodin cardinals
M#

n (x) exists.

For (1) ) (2) see (M-Schindler-Woodin)
“Mice with Finitely many Woodin
Cardinals from Optimal Determinacy
Hypotheses”, JML 2020.

For (2) ) (1) see (Neeman) “Optimal

proofs of determinacy II”, JML 2002.
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Determinacy Axioms

Strong axioms of determinacy

Keep playing games of length ! and impose additional

structural properties on the model.

Sandra Müller (TU Wien)



Determinacy Axioms

AD+ all sets of reals are Suslin

Being Suslin is a generalization of being analytic. More precisely, a set of

reals is Suslin if it is the projection of a tree on ! ⇥  for some ordinal .

Theorem (Woodin, Derived model construction, 1980’s)

Suppose there is a cardinal � that is

a limit of Woodin cardinals, and

a limit of <�-strong cardinals.

Then there is a model of

“AD+ all sets of reals are Suslin”.

Theorem (Steel, 2008)

This is optimal.
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Determinacy Axioms

A further strengthening: universally Baire sets

Definition (Schilling-Vaught, Feng-Magidor-Woodin)

A subset A of a topological space Y is universally Baire if f�1
(A) has the

property of Baire in any topological space X, where f : X ! Y is

continuous.

Being universally Baire is a strengthening of being Suslin:

Definition

Let (S, T ) be trees on ! ⇥  for some ordinal  and let Z be any set. We

say (S, T ) is Z-absolutely complementing i↵ p[S] = !! \ p[T ] in every

Col(!, Z)-generic extension of V .

Definition (Feng-Magidor-Woodin)

A set of reals A is universally Baire (uB) if for every Z, there are

Z-absolutely complementing trees (S, T ) with p[S] = A.
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Determinacy Axioms

Can all sets be universally Baire?

Is there a model of determinacy in which all sets are universally Baire?

Theorem (Larson-Sargsyan-Wilson, 2014)

Suppose there is a cardinal � that is

a limit of Woodin cardinals, and

a limit of (fully) strong cardinals.

Then there is a model of

“AD+ all sets of reals are universally Baire”.

Conjecture (Sargsyan)

This is optimal.
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Determinacy Axioms

Sargsyan’s conjecture holds

Theorem (M, 2021)

Suppose there is a proper class model of

“AD+ all sets of reals are universally Baire”.

Then there is a transitive model M of ZFC containing all ordinals such
that M has a cardinal � that is

a limit of Woodin cardinals, and

a limit of (fully) strong cardinals.

The proof is based on a new translation procedure to translate iteration

strategies in hybrid mice into large cardinals. This extends work of Steel,

Zhu, and Sargsyan.
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Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)

consider hierarchies ofthese

axisanapran,isteino

compact

EEinerwareineAD

N

tic!mabtel
Determinacy Large Cardinals ForcingAxious



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)

consider hierarchies ofthese axiousandpera,sm.e0 -

tominacy

↑ neworslEindeAD

N

tic!wabtel
I

Determinacy Large Cardinals ForcingAxious



Determinacy Axioms

Derived models of determinacy

We say a model M is a derived model if it is of the following form:
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Determinacy Axioms

Derived models of determinacy

Woodin showed that all models of AD
+
are elementarily equivalent to a

model of AD
+
that can be obtained as a derived model.

Theorem (Sargsyan-M, 2022)

Let  be a supercompact cardinal and suppose there is a proper class of
Woodin cardinals. Let g ✓ Col(!, 2) be V -generic, h be V [g]-generic and
k ✓ Col(!, 2!) be V [g ⇤ h]-generic. Then, in V [g ⇤ h ⇤ k], there is

j : V ! M such that j() = !M [g⇤h]
1 and L(�1

g⇤h,Rg⇤h) is a derived

model of M , i.e., for some M -generic G ✓ Col(!, <!V [g⇤h]
1 ),

L(�1
g⇤h,Rg⇤h) = (L(Hom

⇤,R⇤
))

M [G].

Sandra Müller (TU Wien)



Determinacy Axioms

Derived models of determinacy

Woodin showed that all models of AD
+
are elementarily equivalent to a

model of AD
+
that can be obtained as a derived model.

Theorem (Sargsyan-M, 2022)

Let  be a supercompact cardinal and suppose there is a proper class of
Woodin cardinals. Let g ✓ Col(!, 2) be V -generic, h be V [g]-generic and
k ✓ Col(!, 2!) be V [g ⇤ h]-generic. Then, in V [g ⇤ h ⇤ k], there is

j : V ! M such that j() = !M [g⇤h]
1 and L(�1

g⇤h,Rg⇤h) is a derived

model of M , i.e., for some M -generic G ✓ Col(!, <!V [g⇤h]
1 ),

L(�1
g⇤h,Rg⇤h) = (L(Hom⇤,R⇤

))
M [G].

Sandra Müller (TU Wien)

Asuseful representation for theB sets.

0-
I

all uBsetsRin
↑
deixed model

inVigch) VigoL)



Determinacy Axioms

Why is this useful?

Definition (Woodin)

Sealing is the conjunction of the following statements.

1 For every set generic g over V , L(�1
g ,Rg) |= AD

+
and

P(Rg) \ L(�1
g ,Rg) = �

1
g .

2 For every set generic g over V and set generic h over V [g], there is an

elementary embedding

j : L(�1
g ,Rg) ! L(�1

g⇤h,Rg⇤h)

such that for every A 2 �
1
g , j(A) = Ah.
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Determinacy Axioms

Supercompactness in models of determinacy

Conjecture

The following theories are equiconsistent:

1 ZFC + there is a Woodin cardinal that is a limit of Woodin cardinals.

2 ADR + ⇥ is regular + !1 is supercompact.

Theorem (Woodin)

Suppose there is a proper class of Woodin cardinals that are limits of
Woodin cardinals. Then there is a model of “ADR+ !1 is supercompact.”

Theorem (Gappo-M-Sargsyan, 2023)

Suppose there is a Woodin cardinal that is a limit of Woodin cardinals.
Then there is a model of
“ADR+ ⇥ is regular + !1 is < �1-supercompact” for some �1 > ⇥.

Sandra Müller (TU Wien)
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Determinacy Axioms
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A scenario

Chang-type models

Possibilities for strong models of determinacy:

Conjecture

These models can be respresented as derived models (i.e., canonical

models of determinacy).
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The Inner Model Program

My vision

The connection between determinacy and inner models

should continue throughout the large cardinal hierarchy.

It should for example ultimately

also yield the exact consistency

strength of the Proper Forcing

Axiom (PFA).

The main barrier we are currently facing is a Woodin limit

of Woodin cardinals.
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The Inner Model Program
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