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Temporal logic

« From the Stanford Encyclopedia of Philosophy':

“Temporal Logic covers all formal approaches to representing and
reasoning about time and temporal information.”

« These formalisms rely on instant-based models of time,
instead of interval-based, and follow a modal-style
approach.

1. Goranko, Valentin and Antje Rumberg, "Temporal Logic", The Stanford Encyclopedia of Philosophy (Summer 2024 Edition),
Edward N. Zalta & Uri Nodelman (eds.), https://plato.stanford.edu/archives/sum2024/entries/logic-temporall. 2
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LTL - Linear Temporal Logic

« The syntax is given by the following grammar, where p is
any atomic proposition.

¢=p| =0 [ONY[OVU|GO|Fo|oU |pRY | X

 These formulas are interpreted over |nf|n|te time lines
called traces, which are maps 7 : w — AP

Time 0 1 2 3 4 5 6

|

IOWA STATE UNIVERSITY <M.

LABORATORY FOR TEMPORAL LOGIC



LTL - Linear Temporal Logic

Time 0 1 2 3 4 5 6

T @ -G -(o) (o)

7,0 Epiff p € 7(d) TiEXoiffmi+1E
T iEGo itV >i(mjEG) miEFoiff3j>i (m,jF ¢)
miE UG >i (r,jEv&Yi<k < (mkE @)

miE ORIV > i (m,j Y = Tk (i<k<j&mkE @)
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LTL - Linear Temporal Logic

Operator | Syntax 0 1 2 3 4 5 6 7

Next » | O-O-OC-OOCO0CO0O0 -
in the Future Fp Q—Q—W
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LTL expressiveness
« “Something bad (p) never happens”

» “ltis always the case that something
good (p) eventually happens”

« “At some point p will hold forever”

6
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LTL expressiveness

« “Something bad (p) never happens” —fFp

» “ltis always the case that something GFp
good (p) eventually happens”

« “At some point p will hold forever”  FGp

Fact: Propositional LTL over the naturals has exactly the expressive
power of FO[<]. (Cabbay, Pnueli, Shelah, Stavi, 1980)
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CTL - Computation Tree Logic

e Reasons about finally p globally p next p P urtil g
branching paths. The
temporal connectives
are always preceded
by path quantifiers: AFp AGp AXp Alp Uq]
A - for all paths,
R &%{\ /?% @2\ A

E[pUq]
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CTL expressiveness
« “Something bad (p) never happens”

» “ltis always the case that something
good (p) eventually happens”

« “At some point p will hold forever”

9
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CTL expressiveness
» “Something bad (p) never happens”  AG(—p)

» “ltis always the case that something
good (p) eventually happens” AG (AFp)

« “At some point p will hold forever” Can't be done!

Fact: Although CTL is not less expressive than LTL, an example would be
the formula AG(EF(p)), common CTL formulas have LTL equivalents. (M.Y.
Vardi, Branching vs. linear time: Final showdown, in: TACAS, LNCS vol.

2031, Springer, 2001, pp. 122) )
1(

«dR .

IOWA STATE UNIVERSITY LABORATORY FOR TEMPORAL LOGIC



STL - Signal Temporal
Logic

Signal temporal logic
allows us to reason
about signals with
values in a continuous
interval, allowing us to
have predicates over
real values and also

reason about real time.

o STL predicates: Assume we have
signals o [t], z.[t],. .., z,[t] , then atomic
predicates are of the form

= fziltl,..., 2a[t]) > 0
e STL formulas:
b =T |nl=¢|6AY|GUnw
Semantics:
(x,t) E Uy iff 3" € [t + a,t + b
(x, )Y E &Vt e [t,t'] ((z,t") E ¢))

IOWA STATE UNIVERSITY
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STL - Si
TL - Signal Temporal

we have

LOgic

about signals

N
S o
ave I Le inglo 02
re | p re d I Cat jgabelle Bt @11.mit .edu
al va
lues ant Ashley Sub Jaime D. Pefid
re a S O n a b Lincoln Laboratory Lincoln L'abora\(')ry
O u t I Massachu.sc\ls Tnstitute of Technology Massachuscus Institute of Technology
Lexington. MA 02421 Lexington- A 02421
ashley- suh@ll mit.ed jdpena@ll pit.edu _|_ b]
11
(z,t") E ¢))

|
OWA STATE UNIVERSITY

Ho Chit Siu
Lincoln Laboratory
gsachusetts Institute of Technology

Lexington. A 02421
nochit- sin@ll .mit .edu

Ma

|

7 &

D
LABOR
A -
TORY FOR TEMPORAL L
OGIC



MLTL - Mission-time Linear Temporal Logic

e |n short: Finite version of LTL with (finite) interval bounds.

Operator Syntax | 0 1 2 3 4 5 6 7
Globally Gry5i P
intheFuture | Fioyp
Untl | pUyga
Release | PRy
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MLTL - Mission-time Linear Temporal Logic

e |n short: Finite version of LTL with (finite) interval bounds.

T E Flapo iff |7| > a and 3i € [a, b] such that m; F «

T G pa iff |1]| < aor Vi€ la,b] m Fa

T F a U,y B iff 7| > a and Ji € [a, b] such that m; F 3 and
Viela,i—-1]mFa

TEa RiyBiff 1| <aorVi€la,b) mFSor
Jdj € [a,b—1] such that 1jFaand Va < k< jm E S
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MLTL - expressiveness

« Technically speaking, MLTL is only as expressive as
classical propositional logic!
« Computation length of a formula: it is the minimum length

required for a trace to ensure that none of the intervals in
are out of bounds.

complen(py) = complen(—pr) = 1

complen(a A ) = complen(a V 3) = max(complen(a), complen(j3))
complen(G, yj) = complen(Fy, yj) = b+ complen(a)

complen(ald(, 1) 3) = complen(aR, 4 3) = b+ max(complen(a) — 1, complen(/3))
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MLTL - expressiveness

 From now on, assume that AP = {po,p1,...,pn-1}-

 An MLTL formula ¢ over 4P with computation length m
can be encoded as a propositional formula over nm
propositional variables.

« |t can also be seen as a fragment of LTLf via the following
map:

Uia b — \/ XA N X

i€[a,b] j€la,i—1]

16
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Visualizing Temporal Logics

* In order to apply a formal
technique to a system,
designers need to
validate the formula
specifications.

e LTL: many algorithms
have been developed to
translate LTL formulas
into Buchi Automata with
similar size to the original
formula.

IOWA STATE UNIVERSITY

B Expert mode

REWRITE STUDY COMPARE TRANSLATE
Input formula
po U p1 -]
Acceptance: Generalized Biichi
Translation pref ~ Translation constraints - ~ Display options
@® small [] complete [ showsccs

O deterministic

[OJ unambiguous

[C] force state-based acc.

[C] show non-determinism

[C] force transition-based acc.

Deterministic automaton with 2 states and 3 edges.

Inf(@)
[Biichi]

pO & 'pl

[\
()

1

[\
0
0

HOA  NEVERCLAIM

https://spot.Ire.epita.fr/index.html 17
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Visualizing Temporal Logics

* In order to apply a formal
technique to a system,
designers need to
validate the formula
specifications.

e LTL: many algorithms
have been developed to
translate LTL formulas
into Buchi Automata with
similar size to the original
formula.

IOWA STATE UNIVERSITY

B Expert mode X

REWRITE STUDY COMPARE TRANSLATE

Input formula

(G p0) \/ (~p2 U (XF p1)) -]

Acceptance: Generalized Biichi

Translation pref —~ Translation constraints o Display options
@® small [J complete [J showsccs
(O deterministic [J unambiguous [J show non-determinism

[[] force state-based acc. [[] force transition-based acc.

Deterministic automaton with 4 states and 8 edges.

Inf(@)
[Biichi]

HOA  NEVERCLAIM

https://spot.Ire.epita.fr/index.html 8
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Visualizing MLTL

Goal 1: Visualize MLTL formulas, much like truth tables for
boolean formulas.

Pl a9 |~ | ~a |pAdg|~(pAdq |~V ~q
o | © 1 1 0 1 1
0 | 1 1 0 0 1 1
1 0 0 1 0 1 1
1 1 0 0 1 0 0
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WEST: MLTL Regular Expressions

We use Regular Expressions represent sets of traces.
1=True, 0 = False,

S=(0]1),

Commas separate time steps.

O, SH 08

SCAN ME

~p ~p
~q

-~ 140

|
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WEST: MLTL Regular Expressions

e From now on, assume 000 S1 0S
all formulas are in
NNF using the usual ~p ~p
equivalences. qE | T

« Given a formula with i : ;
computation length ™
we compute a set of $S8,31,80 $0,81,80
MLTL Regular AS1,01,18  AS1,01,18
Expressions that S1.01.10 0
capture all satisfying o e
traces of length m. SAT=1 SA0=0 OA1=0
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WEST: MLTL Regular Expressions

reg(T) = S" reg(l) =

reg(py,) = S*18"*! reg(—pi) = S*0S" M

reg(p v ) = reg(p) v reg(yp) reg(e A1) = reg(p) A reg(v)
b b

reg(Gra.ne) = /\(S",) reg(p) reg(Flamye) = \/(S™.) reg(e)

1=a 1=a

Completeness and Correctness: For any well-formed MLTL
formula ¢ in NNF, a trace 1t of length cplen(yp) satisfies  if
and only if Tt belongs to the regular language described by

reg(y).

\S)
(\)
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WEST: MLTL Regular Expressions

1 9 10
((pO & !(F[0,3] !p1)) -> p2) Run Grammar MLTL Formula: ((p0 & G[0,3] p1) -> p2) MLTL Formula: ((p0 & G[0,3] p1) -> p2)
C Optimize Bits 2 O Apply REST 3 8 trace: 010,000,011,010 Help trace: 110,010,011,010 Help
Formula::{(p0/& G101 ply == p2)(4 Import trace 010,000,011,010 11 Import trace 110,010,011,010
Unexpected Formula? Export trace trace.csv 12 Export trace trace.csv
\ 14 Rand SAT \ 15 Rand UNSAT Rand SAT Rand UNSAT
Please select a subformula to explore:
13 reset 0 1 2 3 reset 0 1 2 3
((DO & G[Or3] pl) S pz) 5 po 0 O ] O po ] O 0 @)
(p0 & G[0,3] p1) pl ] [ (] (] - pl [ ] [}
G[0,3] p1 p2 O O [} O p2 @ @) e 5]
p2 g Regexp List  Backbone Analysis Regexp List Backbone Analysis 17
p0 = D | Backbone for SAT Assignments:
SS,5SS,5SS, 5SS =0:
= e i SCAN ME
s0s,sss,sss,sss t=2:
t=3:
sss,s0s,sss,sss |
sss,sss, 508,555 Backbone for UNSAT Assignments:
t=0: p0, p1, ~p2
sss, sss, 555,50 t=1:p1
t=2:p1
ss1,sss,sss,sss t=3:p1
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What about MLTL to Automata?

 Encoding MLTL into LTL/LTLf and
then into an automata hiddens the
succinctness of the language.

« Example: The formula aUp5b can
be encoded in LTLf as

X(X(bV (aAXbV(ah X0V (ahXb)))))))
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Future work: MLTL to Automata!

JFLAP : <untitled1>

d EnCOding MLTL into le Input Test View Convert Help
LTL/LTLf and then into ]

an automata hiddens Bl ]| -
the succinctness of the A 122
language. MO

 However, looking at the
automata for the LTLf
formula U, this
suggests an approach
using PDAs. " i

- Automaton Size
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(x,t) EoUpgp v & 3t €[t+ a,t+ b such that (z,t') ¢ A
\vlt” E [t’ tl]’ (x7 t”) I: (p}
(x,t) EoUy iff ' € [t +a,t + D]

((z,t) Ep&Vt" € [t, 1] (z,t") E ¢))

Ut — \/ XA /\ X7¢ 1="True, 0 = False,
i€[a,b] j€lai—1] S=(0]1),
Commas separate time
steps.
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Operator Syntax | 0 1 2 3 4 5 6 7
Globally Gp
intheFuture | Fp
Ul pUg
Release PRq
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T iEQRYIEY > i (mjEY = 3k (i<k<j&mkEd)

TiEXoitmi+1F @
miEGeiff Vj > i (m,j E ¢)

mikE Foift 35 >4 (m,j E ¢)

=T p|=o[ o A | oUy
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