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ℓ-groups: AutpQq

The collection of the order preserving permutations of Q i.e.
strictly increasing invertible functions from Q to itself forms
an algebra under composition, meet, join and inverse, and we

will denote it by AutpQq. For example:
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ℓ-groups

An ℓ-group is an algebra pA, �,�1 , 1,_,^q such that:

pA, �,�1 , 1q is a group,

pA,_,^q is a lattice.

multiplication preserves the order. (eqv: it distributes over join/over meet.)

The class of ℓ-groups forms an equational class that we denote by LG.

Examples:

pZ,min,max,�,�, 0q , pQ,min,max,�,�, 0q , pR,min,max,�,�, 0q.

The order-preserving permutations (aka automorphisms) AutpC,¤q on a
totally-ordered set pC,¤q, under functional composition and pointwise order. For
example, the symmetric ℓ-groups: Autpnq, AutpNq, AutpZq, AutpRq.

Fact: The lattice reduct of an ℓ-group is distributive, meaning join distributes over meet.

Theorem (Cayley’s Theorem)

Every group can be embedded in a group of permutations.

Theorem (Holland’s embedding theorem)

Every ℓ-group can be embedded AutpΩq, for some chain Ω.
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Failure in AutpΩq
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∆ � tg�1f�1gfppq   p � fppq   f�1gfppq   gfppqu

Suppose ε is an equation in the
language of ℓ-groups that fails in

some ℓ-group.

We can transform ε to an equation
of the form 1 ¤ w1 _ . . ._ wn where

the w’s are group words.

Then, by Holland’s embedding
theorem ε fails in AutpΩq for some

chain Ω.
For example consider commutativity

xy � yx,
we can re formulate it as two
inequalities 1 ¤ x�1y�1xy and

1 ¤ y�1x�1yx.
Let us focus on 1 ¤ y�1x�1yx.
Suppose f, g P AutpΩq and

1 ¦ g�1f�1gf
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From a failure in AutpΩq to a diagram

gfppq

f�1gfppq

p � fppq

g�1f�1gfppq

gfppq

f�1gfppq

p � fppq

g�1f�1gfppq

Given the expression g�1f�1gfppq, we can form the
set of the final subwords

∆ � tg�1f�1gfppq, p, fppq, f�1gfppq, gfppqu

we have an order for |∆|,
and given

the labels we can form
two relations (magenta and blue) such that:

they are order-preserving partial functions and,

they are injective.
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Building a diagram

yx

x�1yx

1 � x

y�1x�1yx

D

gx gy

Given an equation 1 ¤ y�1x�1yx,

∆ � tg�1f�1gfppq, p, fppq, f�1gfppq, gfppqu

Consider

∆ε � t1, x, yx, x�1yx, y�1x�1yxu

given that |∆ε| ¤ |ε| we know that
|∆ε|   8

More formally |∆ε| with the order on the graphic, |∆ε| controlled, satisfying that gx, gy
order preserving, injective, partial functions, satisfies

y�1x�1yx   1

so ε fails.
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Theorem (Holland)

If an equation ε fails in an ℓ-group, it fails in a diagram of size at most |ε|.

Theorem (Holland)

If an equation ε fails in a diagram, it fails in AutpQq.

Failure in AutpΩq

Failure in LG

Failure in a ”small”(|ε|) diagram Failure in AutpQq
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Theorem (Holland - McCleary)

The equational class LG is decidable

Theorem (Holland)

The equational class LG can be generated by AutpQq.

Failure in AutpΩq

Failure in LG

Failure in a ”small”(|ε|) diagram Failure in AutpQq
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ℓ-groups and ℓ-pregroups

An ℓ-group is an algebra pA, �,�1 , 1,_,^q such that:

pA, �,�1 , 1q is a group (x�1x � 1 � xx�1),

pA,_,^q is a lattice.

multiplication preserves the order.

An ℓ-pregroup is an algebra pA, �,ℓ ,r , 1,_,^q such that:

pA, �, 1q is a monoid,

pA,_,^q is a lattice.

multiplication preserves the order and

xℓx ¤ 1 ¤ xxℓ and xxr ¤ 1 ¤ xrx

Introduced by Lambek in mathematical linguistics.

We denote the equational class of ℓ-pregroups by LP.

Open problem: Are all ℓ-pregroups distributive (join distributes over meet)?
Conjecture: No.

We will focus for now on distributive ℓ-pregroups, the equational class they form is
denoted by DLP.

Isis A. Gallardo Distributive ℓ-pregroups: decidability and generation March 13, 2025 10 / 26
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FpZq denotes the ℓ-pregroup of the finite-to-one order
preserving funtions from Z to itself together with composition,

meet and join and the operations ℓ and rgiven by:

f ℓpaq � mintx | a ¤ fpxqu

frpaq � maxtx | fpxq ¤ au

In general, given a chain Ω, we denote by FpΩq, the collection
of all orderpreserving functions f from Ω to itself such that

f ℓ, f ℓℓ, f ℓℓℓ, . . . and fr, frr, frrr, . . . exist.

Notation: f ℓ � f p1q, f ℓℓ � f p2q, f ℓℓℓ � f p3q . . . and
fr � f p�1q, frr � f p�2q, frrr � f p�3q . . .

Theorem (Representation: Galatos-Horcik)

Every distributive ℓ-pregroup can be embedded in FpΩq for
some chain Ω.
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Example of an ℓ-pregroup diagram
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g

The equation 1 ¤ xℓx fails in FpZq,
because f ℓfp7q � 4   7 � idZp7q.

We restrict f and f ℓ to partial functions
g and grℓs on the chain
7, fp7q � 5, f ℓfp7q � 4

by gp7q � 5 and grℓsp5q � 4.

To translate grℓsp5q � 4 into information
about g, we need a formal definition of grℓs

for a partial function g on a finite chain.

Also, to make sure that grℓsp5q � 4 is
computed correctly, we need to

include more elements in the chain

define g on some of these elements

mark some covers: 3 � 4.
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To ensure gp7q � 5 we include the
elements

∆7
f,0 :� t7, fp7qu � t7, 5u

To ensure grℓsp5q � 4 we need to include
gp4q � fp4q � 5 and gp3q � fp3q � 2,

together with the covering relation 3 � 4.

So, in terms of the original point 7, g
needs to be defined on 4 � f ℓfp7q and on

3 � �f ℓfp7q, and it yields the values
5 � ff ℓfp7q and 2 � f � f ℓfp7q.

∆
fp7q
f,1 :� tfp7q, f ℓfp7q,�f ℓfp7q, ff ℓfp7q,

f � f ℓfp7qu � t5, 4, 3, 5, 2u

Notation: if a has a lower cover, we denote it byp�1qa; 1a denotes the upper cover of a,
when it exists. Also, we write 0a for a.
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5 � ff ℓfp7q and 2 � f � f ℓfp7q.

∆
fp7q
f,1 :� tfp7q, f ℓfp7q,�f ℓfp7q, ff ℓfp7q,

f � f ℓfp7qu � t5, 4, 3, 5, 2u

Notation: if a has a lower cover, we denote it byp�1qa; 1a denotes the upper cover of a,
when it exists. Also, we write 0a for a.
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ℓ-groups ℓ-pregroups Periodic ℓ-pregroups

Definitions

A c-chain is a triple p∆,¤,�q, consisting of a finite chain p∆,¤q and a subset � �   of
the covering relation, i.e. if a � b, then a is covered by b.

A diagram p∆, g1, . . . , gnq, consists of a finite c-chain ∆ and order-preserving partial
functions g1, . . . , gn on ∆, where n P N. Given a partial function g over a c-chain ∆,
grℓspbq � a iff gpcq   a ¤ gpbq and c � b. grrs is defined dually.

Given an integral chain Ω, f P F pΩq, a P Ω and m P N, we define the sets:

∆a
f,m:� tau Y

m¤

j�0

tσjf
pjq . . . σmf pmqpaq : σj , . . . , σm P t�1, 0u, σ0 � 0u

∆a
f,�m:� tau Y

m¤

j�0

tσjf
p�jq . . . σmf p�mqpaq : σj , . . . , σm P t1, 0u, σ0 � 0u

Λa
f,m :� tσ1f

p1q . . . σmf pmqpaq : σ1, . . . , σm P t�1, 0uu

Λa
f,�m :� tσ1f

p�1q . . . σmf p�mqpaq : σ1, . . . , σm P t1, 0uu

Lemma: If Ω is an integral chain, f P F pΩq, a P Ω, m P Z, ∆ is a sub c-chain of pΩ, q
containing ∆a

f,m, and g is an order-preserving partial function over ∆ such that

g|Λa
f,m

� f |Λa
f,m

, then grmspaq � f pmqpaq.
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ℓ-groups ℓ-pregroups Periodic ℓ-pregroups

Example: How to build a diagram

7 7

5 5

4 4

3 3

2 2

g

1 1

x x

xℓx xℓx

�xℓx �xℓx

x � xℓx x � xℓx

g

Given the equation 1 ¤ xℓx

∆7
f,0 :� t7, fp7qu � t7, 5u

∆
fp7q
f,1 � t5, 4, 3, 5, 2u �

tfp7q, f ℓfp7q,�f ℓfp7q, ff ℓfp7q, f�f ℓfp7qu

More formally we get the diagram with set
∆ε:

∆1
x,0 � t1, xu

∆x
x,1 � tx, xℓx,�xℓx, xxℓx, x� xℓxu

∆ε � ∆1
x,0 Y∆x

x,1

with the ordering on the left, |∆ε|
controlled, satisfying a set of compatibility
conditions xℓx   1, so the equation fails.
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ℓ-groups ℓ-pregroups Periodic ℓ-pregroups

Embedding FpΩq into FpΩq
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Embedding FpΩq into FpΩq

Observe that Ω is locally isomorphic to Z so, there exists a chain J such that Ω � JÝÑ�Z.

Lemma

If Ω is a chain and f P F pΩq, then f P F pΩq.

Theorem (Galatos - G.)

For every chain Ω, the assignment � : F pΩq Ñ F pΩq is an ℓ-pregroup embedding.

The proof that � : F pΩq Ñ F pΩq is a lattice homomorphism complicated and requires a
good understanding of the behavior of functions at limit points.

Corollary

Every distributive ℓ-pregroup can be embedded in FpJÝÑ�Zq, for some chain J.

Corollary

If an equation fails in DLP, then it fails in FpZq.
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Every distributive ℓ-pregroup can be embedded in FpJÝÑ�Zq, for some chain J.

Corollary

If an equation fails in DLP, then it fails in FpZq.
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From a failure to FpZq
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Theorem (Galatos - G.)

If an equation ε fails in an ℓ-pregroup, it fails in a diagram of size at most 2|ε||ε|4.

Theorem (Galatos - G.)

If an equation ε fails in a diagram, it fails in FpZq, in FfspZq, and in FnpZq for some
n P Z.

Failure in FpΩq

Failure in DLP

Failure in a diagram size at most 2|ε||ε|4 Failure in FpZq
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Theorem (Galatos - G.)

The equational class DLP is decidable.

Theorem (Galatos - G.)

The equational class DLP can be generated by FpZq, FfspZq, or tFnpZq | n P Nu.

Failure in FpΩq

Failure in DLP

Failure in a 2|ε||ε|4 bounded diagram Failure in FpZq
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Periodic ℓ-pregroups

An n-periodic ℓ-pregroup is an ℓ-pregroup that satisfies the equation xℓ2n � x.

The equational class of n-periodic ℓ-pregroups will be denoted by LPn.
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Set of all n-perdiodic fuctions of FpΩq forms a
subalgebra that we denote by FnpΩq.

Theorem (Galatos - Jipsen)

All periodic ℓ-pregroups are distributive.

Theorem (Galatos - G.)

Every n-periodic ℓ-pregroup embeds in FnpΩq, for
Ω � JÝÑ�Z, for some chain J.

Theorem (Galatos - G.)

For any n P Z, the equational class LPn is not generated by FnpZq.
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Periodic ℓ-pregroups

Theorem (Galatos - G.)

For every chain J and n P Z�, FnpJ
ÝÑ�Zq � AutpJq ≀FnpZq. Therefore, every n-periodic

ℓ-pregroup can be embedded in a wreath product of an ℓ-group and the simple n-periodic
ℓ-pregroup FnpZq.
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Theorem (Galatos - G.)

If an equation ε fails in an n-periodic ℓ-pregroup, it fails in a n-short n-periodic partition
diagram.

Theorem (Galatos - G.)

If an equation ε fails in a n-short n-periodic partition diagram, it fails in FnpQÝÑ�Zq.

Failure in FnpJ
ÝÑ�Zq

Failure in LPn

Failure in a n-short n-periodic
partition diagram over ∆ε

Failure in FnpQÝÑ�Zq
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Theorem (Galatos - G.)

The equational class LPn is decidable.

Theorem (Galatos - G.)

The equational class LPn is generated by FnpQÝÑ�Zq.

Failure in FnpJ
ÝÑ�Zq

Failure in LPn

Failure in a n-short n-periodic
partition diagram over ∆ε

Failure in FnpQÝÑ�Zq
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Thank you for your attention!!
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