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l-groups: Aut(Q)

The collection of the order preserving permutations of Q i.e.
strictly increasing invertible functions from Q to itself forms
an algebra under composition, meet, join and inverse, and we
will denote it by Aut(Q). For example:

6 =

Y

—6 Y
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l-groups: Aut(Q)

The collection of the order preserving permutations of Q i.e.
strictly increasing invertible functions from Q to itself forms
an algebra under composition, meet, join and inverse, and we
will denote it by Aut(Q). For example:

6 =

Yy

g(m) =z+2

—6 Y
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[e]e] lelelele]e]
{-groups

An (-group is an algebra (A,-,7,1, v, A) such that:
o (A,-,71,1) is a group,
o (A, v, A)is a lattice.
o multiplication preserves the order. (eqv: it distributes over join/over meet.)
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An (-group is an algebra (A,-,7,1, v, A) such that:

o (A,-,71,1) is a group,

o (A, v, A)is a lattice.

o multiplication preserves the order. (eqv: it distributes over join/over meet.)
The class of /-groups forms an equational class that we denote by LG.
Examples:

o (Z,min, max,+,—,0) , (Q, min, maz, +,—,0) , (R, min, maz, +,—,0).

o The order-preserving permutations (aka automorphisms) Aut(C, <) on a

totally-ordered set (C, <), under functional composition and pointwise order. For
example, the symmetric ¢-groups: Aut(n), Aut(N), Aut(Z), Aut(R).
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The class of £-groups forms an equational class that we denote by LG.
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o The order-preserving permutations (aka automorphisms) Aut(C, <) on a
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Fact: The lattice reduct of an ¢-group is distributive, meaning join distributes over meet.

Theorem (Cayley’s Theorem)
Every group can be embedded in a group of permutations. J
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An (-group is an algebra (A,-,7,1, v, A) such that:

o (A,-,71,1) is a group,

o (A, v, A)is a lattice.

o multiplication preserves the order. (eqv: it distributes over join/over meet.)
The class of /-groups forms an equational class that we denote by LG.
Examples:

o (Z,min, max,+,—,0) , (Q, min, maz, +,—,0) , (R, min, maz, +,—,0).

o The order-preserving permutations (aka automorphisms) Aut(C, <) on a

totally-ordered set (C, <), under functional composition and pointwise order. For
example, the symmetric (-groups: Aut(n), Aut(N), Aut(Z), Aut(R).

Fact: The lattice reduct of an ¢-group is distributive, meaning join distributes over meet.

Theorem (Cayley’s Theorem)
Every group can be embedded in a group of permutations. J

Theorem (Holland's embedding theorem)
Every £-group can be embedded Aut(S2), for some chain 2. ‘
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[e]e]e] le]elele)
Failure in Aut(2)

Suppose ¢ is an equation in the
language of ¢-groups that fails in
some {-group.
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We can transform ¢ to an equation
of the form 1 < w1 v ... v w, where
the w's are group words.

Then, by Holland's embedding
theorem ¢ fails in Aut(£2) for some
chain €.

For example consider commutativity
Ty =y,
we can re formulate it as two
inequalities 1 < z 'y lzy and
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[e]e]e] le]elele)
Failure in Aut(2)

Suppose ¢ is an equation in the
language of ¢-groups that fails in
some {-group.

We can transform ¢ to an equation
of the form 1 < w1 v ... v w, where
the w's are group words.

— Then, by Holland’s embedding
b \. theorem ¢ fails in Aut(£2) for some
chain €.
For example consider commutativity
Ty =y,
we can re formulate it as two
foog gt inequalities 1 < = 'y 'zy and
1<y oty
Let us focus on 1 <y 'z lya.
Suppose f, g € Aut(S2) and

Lkg 'fgf

A={g ' flgfp) <p=Ff) < f'af(p) <gf(p)}
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£-groups
0000@000

From a failure in Aut(€2) to a diagram

Given the expression ¢! f~'gf(p), we can form the
set of the final subwords
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From a failure in Aut(€2) to a diagram

Given the expression ¢! f~'gf(p), we can form the
set of the final subwords

A={g ' faf®),p, f(0), [ 9f(p),af(p)}
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From a failure in Aut(€2) to a diagram

Given the expression ¢! f~'gf(p), we can form the
set of the final subwords

. A={g ' faf®),p, f(0), [ 9f(p),af(p)}

° we have an order for |A|,
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From a failure in Aut(€2) to a diagram

Given the expression ¢! f~'gf(p), we can form the
set of the final subwords

9f(p) / 9f () A=A{g ' af0)ip f(), T 9f(P), 9 (0)}
fgf(p) « [9f(p) we have an order for |A|,
p=f(p)e—p=/(p) and given

gflfflgf(p) R . gflfflgf(p) the labels we can form

two relations (magenta and blue)
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Given the expression ¢! f~'gf(p), we can form the
set of the final subwords

af(p) A={g ' faf®),p, f(0), [ 9f(p),af(p)}

(p) o
faf(p) / f9f(p) we have an order for |A|,
p= f(p) e p=f(p) and given
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From a failure in Aut(€2) to a diagram

Given the expression ¢! f~'gf(p), we can form the
set of the final subwords

af(p) e af () A=A{g ' af0)ip f(), T 9f(P), 9 (0)}
fgf(p) " 9f(p) we have an order for |A|,
p=f(p) p=f(p) and given
gflfflgf(p) . gflfflgf(p) the labels we can form

two relations (magenta and blue) such that:

o they are order-preserving partial functions and,

o they are injective.
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£-groups
0000000

Building a diagram

Given an equation 1 < y 'z~ lyz,
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0000000

Building a diagram

Given an equation 1 < y 'z~ lyz,

1W . A={g T gf(0).p, f), £ 9f (), 9f (p)}
T Tyx ®
e Consider
y ey e Ao = {1,z yz,a yz,y~ e ya}
D

given that |A.| < |¢| we know that
|Ac] < 00
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£-groups
0000000

Building a diagram

Given an equation 1 < y 'z~ lyz,

v \ ) A={g T gf).p, F®), F af ), 9f (p)}

x yx ®
L . Consider
y laTlyx e . . . As = {1,$7y$7$_1y$7y_11’_ly$}
D 9z 9y

given that |A.| < |¢| we know that
|Ac] < 00

More formally |A.| with the order on the graphic, |A.| controlled, satisfying that g., gy
order preserving, injective, partial functions, satisfies

y_lx_lyx <1

so ¢ fails.
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£-groups
00000000

Theorem (Holland)

If an equation ¢ fails in an ¢-group, it fails in a diagram of size at most |e|. J

Theorem (Holland)
If an equation ¢ fails in a diagram, it fails in Aut(Q). J

Failure in LG

T

Failure in Aut(2) ——— Failure in a "small”(|e|) diagram ————— Failure in Aut(Q)
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£-groups
0000000@

Theorem (Holland - McCleary)

The equational class LG is decidable J

Theorem (Holland)

The equational class LG can be generated by Aut(Q). J
Failure in LG

T

Failure in Aut(2) ———— Failure in a "small”(|e|) diagram ————— Failure in Aut(Q)

Isis A. Gallardo
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{-groups and (-pregroups

—1

An (-group is an algebra (A,-,7",1, v, A) such that:
o (A,-, 7' 1)isagroup (z 'z =1 =z 1),
o (A, v, A)is a lattice.

o multiplication preserves the order.
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An (-group is an algebra (A,-, 7,1, v, A) such that:
o (A,-, 7' 1)isagroup (z 'z =1 =z 1),
o (A, v, A)is a lattice.
o multiplication preserves the order.

An (-pregroup is an algebra (4,-,°,",1, v, A) such that:

o (A,-,1) is a monoid,
o (A, v, A)is a lattice.
o multiplication preserves the order and

sr<i<artandzz” <1< 2"
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An (-group is an algebra (A,-, 7,1, v, A) such that:
o (A,-, 7' 1)isagroup (z 'z =1 =z 1),
o (A, v, A)is a lattice.
o multiplication preserves the order.

An (-pregroup is an algebra (4,-,°,",1, v, A) such that:

o (A,-,1) is a monoid,
o (A, v, A)is a lattice.
o multiplication preserves the order and
sr<i<artandzz” <1< 2"

Introduced by Lambek in mathematical linguistics.
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An (-group is an algebra (A,-, 7,1, v, A) such that:
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o (A, v, A)is a lattice.
o multiplication preserves the order.

An (-pregroup is an algebra (4,-,°,",1, v, A) such that:

o (A,-,1) is a monoid,

o (A, v, A)is a lattice.

o multiplication preserves the order and
sr<i<artandzz” <1< 2"
Introduced by Lambek in mathematical linguistics.

We denote the equational class of ¢-pregroups by LP.

Open problem: Are all {-pregroups distributive (join distributes over meet)?
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{-groups and (-pregroups

An (-group is an algebra (A,-, 7,1, v, A) such that:
o (A,-, 7' 1)isagroup (z 'z =1 =z 1),
o (A, v, A)is a lattice.
o multiplication preserves the order.

An (-pregroup is an algebra (4,-,°,",1, v, A) such that:

o (A,-,1) is a monoid,

o (A, v, A)is a lattice.

o multiplication preserves the order and
sr<i<artandzz” <1< 2"
Introduced by Lambek in mathematical linguistics.

We denote the equational class of ¢-pregroups by LP.

Open problem: Are all {-pregroups distributive (join distributes over meet)?
Conjecture: No.
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{-groups and (-pregroups

An (-group is an algebra (A,-, 7,1, v, A) such that:
o (A,-, 7' 1)isagroup (z 'z =1 =z 1),
o (A, v, A)is a lattice.
o multiplication preserves the order.

An (-pregroup is an algebra (4,-,°,",1, v, A) such that:

o (A,-,1) is a monoid,

o (A, v, A)is a lattice.

o multiplication preserves the order and
sr<i<artandzz” <1< 2"

Introduced by Lambek in mathematical linguistics.

We denote the equational class of ¢-pregroups by LP.

Open problem: Are all {-pregroups distributive (join distributes over meet)?
Conjecture: No.

We will focus for now on distributive ¢-pregroups, the equational class they form is
denoted by DLP.
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{-pregroups
F(Z) denotes the {-pregroup of the finite-to-one order

preserving funtions from Z to itself together with composition,
meet and join and the operations ¢ and "given by:
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meet and join and the operations ¢ and "given by:
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{-pregroups

F(Z) denotes the {-pregroup of the finite-to-one order
preserving funtions from Z to itself together with composition,
meet and join and the operations ¢ and "given by:

f*(a) = min{z | a < f(2)}

=N W e

SCAVAS
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{-pregroups

F(Z) denotes the {-pregroup of the finite-to-one order
preserving funtions from Z to itself together with composition,
meet and join and the operations ¢ and "given by:

f*(a) = min{z | a < f(2)}
/(@) = max{z | f(z) < a}

=N W e

N
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{-pregroups
F(Z) denotes the {-pregroup of the finite-to-one order

preserving funtions from Z to itself together with composition,
meet and join and the operations ¢ and "given by:

f*(a) = min{z | a < f(2)}

4 e 4

3 ,/: 3 /(@) = max{z | f(z) < a}

2 2 In general, given a chain 2, we denote by F(2), the collection

! ! of all orderpreserving functions f from € to itself such that

0 0 0 pll plLl T err eTTT .

and exist

N I IS
—2 —2

, . Notation: f* = "), f% = & = ¥®  and
o i (=1) prr _ p(—=2) prrr _ p(=3)
N e e e N A

f

March 13, 2025 11/26
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{-pregroups

F(Z) denotes the {-pregroup of the finite-to-one order
preserving funtions from Z to itself together with composition,
meet and join and the operations ¢ and "given by:

i f*(a) = min{z | a < f ()}
3 ,/: 3 /(@) = max{z | f(z) < a}
2 2 In general, given a chain 2, we denote by F(2), the collection
1 >~
0 /-
f

of all orderpreserving functions f from €2 to itself such that
0 FE P e and fTLfTT TN L exist.

Notation: f¢ = f(1), ¢ — f(@ rett _ ) and
fr — f(71)7 fr'r — f(72),f'r'r'r — f(73) o
Theorem (Representation: Galatos-Horcik)

Every distributive {-pregroup can be embedded in F(Q2) for
some chain 2.
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£-pregroups
[e]e] JeYoloTe]e]eleYe)

Example of an /-pregroup diagram

The equation 1 < 2%z fails in F(Z),
because f*f(7) = 4 < 7 = idz(T7).

Isis A. Gallardo Distributive £-pregroups: decidability and generation March 13, 2025 12 /26



£-pregroups
[e]e] JeYoloTe]e]eleYe)

Example of an /-pregroup diagram

The equation 1 < 2%z fails in F(Z),
because f*f(7) = 4 < 7 = idz(T7).

We restrict f and f* to partial functions
g and gm on the chain

T 7 T, 0(7) =5, ff(7) =4

6 6 .- by g(7) = 5 and ¢!)(5) = 4.
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Example of an /-pregroup diagram

The equation 1 < 2%z fails in F(Z),
because f*f(7) = 4 < 7 = idz(T7).

We restrict f and f* to partial functions
g and gm on the chain

T 7 T, 0(7) =5, ff(7) =4

6 6 .- by g(7) = 5 and ¢!)(5) = 4.

5 5 o5 To translate gl (5) = 4 into information
about g, we need a formal definition of gl¥)
for a partial function g on a finite chain.
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[e]e] JeYoloTe]e]eleYe)

Example of an /-pregroup diagram

The equation 1 < 2%z fails in F(Z),
because f*f(7) = 4 < 7 = idz(T7).

We restrict f and f* to partial functions
g and gm on the chain
7. 0(7) =5, f(7) =4
by g(7) = 5 and ¢l(5) = 4.

To translate gl (5) = 4 into information
about g, we need a formal definition of gt
for a partial function g on a finite chain.

Also, to make sure that ¢l//(5) = 4 is
computed correctly, we need to

¢
I 9 o include more elements in the chain
o define g on some of these elements

o mark some covers: 3 < 4.
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Example of an /-pregroup diagram

To ensure g(7) = 5 we include the
elements

Afo = {7, f(T)} = {7,5}
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£-pregroups
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Example of an /-pregroup diagram

To ensure g(7) = 5 we include the

elements
Afo = {7, f(1)} = {7,5}
s s s , :8 To ensure gl1(5) = 4 we need to include

9(4) = f(4) =5and g(3) = f(3) =2,
together with the covering relation 3 < 4.
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Example of an /-pregroup diagram

To ensure g(7) = 5 we include the
elements

Afo = {7, f(T)} = {7,5}

To ensure gl1(5) = 4 we need to include

g(4) = f(4) =5 and g(3) = £(3) = 2,

*T  together with the covering relation 3 < 4.

So, in terms of the original point 7, g
5 needs to be defined on 4 = f*f(7) and on
o4 3= —f¢f(7), and it yields the values
5= f1f(7) and 2 = f — (7).

o3

Notation: if a has a lower cover, we denote it by(—1)a; la denotes the upper cover of a,
when it exists. Also, we write Oa for a.
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Example of an /-pregroup diagram

To ensure g(7) = 5 we include the
elements

Afo = {7, f(T)} = {7,5}

To ensure gl1(5) = 4 we need to include

9(4) = f(4) =5and g(3) = f(3) =2,
*T  together with the covering relation 3 < 4.

So, in terms of the original point 7, g
5 needs to be defined on 4 = f*f(7) and on
o4 3= —f¢f(7), and it yields the values
5= f1f(7) and 2 = f — (7).

o3

f D AND = {£(7), £ £, = F(), 1 (D),
=1} =1{5,4,3,5,2}

Notation: if a has a lower cover, we denote it by(—1)a; la denotes the upper cover of a,
when it exists. Also, we write Oa for a.

Isis A. Gallardo Distributive £-pregroups: decidability and generation March 13, 2025 13 /26



0000000000
Definitions

A c-chain is a triple (A, <, <), consisting of a finite chain (A, <) and a subset < € < of
the covering relation, i.e. if a < b, then a is covered by b.
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Definitions

A c-chain is a triple (A, <, <), consisting of a finite chain (A, <) and a subset < € < of
the covering relation, i.e. if a < b, then a is covered by b.

A diagram (A, g1, ..., gn), consists of a finite c-chain A and order-preserving partial
functions gi1,...,9» on A, where n € N.
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Definitions

A c-chain is a triple (A, <, <), consisting of a finite chain (A, <) and a subset < € < of
the covering relation, i.e. if a < b, then a is covered by b.

A diagram (A, g1, ..., gn), consists of a finite c-chain A and order-preserving partial
functions gi1,...,g9» on A, where n € N.  Given a partial function g over a c-chain A,
g"(b) = a iff g(c) < a < g(b) and ¢ <b. gl is defined dually.
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Definitions

A c-chain is a triple (A, <, <), consisting of a finite chain (A, <) and a subset < € < of
the covering relation, i.e. if a < b, then a is covered by b.

A diagram (A, g1, ..., gn), consists of a finite c-chain A and order-preserving partial
functions gi1,...,g9» on A, where n € N.  Given a partial function g over a c-chain A,
g"(b) = a iff g(c) < a < g(b) and ¢ <b. gl is defined dually.

Given an integral chain Q, f € F(R2), a € Q and m € N, we define the sets:

m

Gmi={a}u U{U‘,-f(j) . ..U,,,,f(m)(a) 205,y 0m € {=1,0},00 = 0}
=0

A= {orfV . omf™(a): o1,...,0m € {—1,0}}
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Definitions

A c-chain is a triple (A, <, <), consisting of a finite chain (A, <) and a subset < € < of
the covering relation, i.e. if a < b, then a is covered by b.

A diagram (A, g1, ..., gn), consists of a finite c-chain A and order-preserving partial
functions gi1,...,g9» on A, where n € N.  Given a partial function g over a c-chain A,
g"(b) = a iff g(c) < a < g(b) and ¢ <b. gl is defined dually.

Given an integral chain Q, f € F(R2), a € Q and m € N, we define the sets:

m

Gmi={a}u U{U‘,-f(j) . ..U,,,,f(m)(a) 205,y 0m € {=1,0},00 = 0}
=0

A= {orfV . omf™(a): o1,...,0m € {—1,0}}

Lemma: If Q is an integral chain, f € F(2), a € Q, m€ Z, A is a sub c-chain of (€2, <)
containing A% .., and g is an order-preserving partial function over A such that

g|A§‘L',m = f|A‘;7m, then g[m] (a) — f(m)(a).
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the covering relation, i.e. if a < b, then a is covered by b.

A diagram (A, g1, ..., gn), consists of a finite c-chain A and order-preserving partial
functions gi1,...,g9» on A, where n € N.  Given a partial function g over a c-chain A,
g"(b) = a iff g(c) < a < g(b) and ¢ <b. gl is defined dually.

Given an integral chain Q, f € F(R2), a € Q and m € N, we define the sets:

m

Gmi={a}u U{U‘,-f(j) omf ™ (a) : Gjy...yom € {—1,0},00 = 0}
3=0

A3 i= {0} U | {0,/ omf T (@) ¢ 0y, om € (1,0}, 00 = 0}
3=0

$om = {alf(l) . ..Umf(m)(a) D 01,...,0m € {—1,0}}
Af = {1 f TV omfT™(a): o1,...,0m € {1,0}}

Lemma: If Q is an integral chain, f € F(), a € Q, m€ Z, A is a sub c-chain of (€2, <)
containing A% .., and g is an order-preserving partial function over A such that

g|A§‘L',m = f|A‘;7m, then g[m] (a) — f(m)(a).
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Example: How to build a diagram

Given the equation 1 < z’z

7 o7

5 5

4 o4

3 .3

2 :\\\\\\\\*% 2
g
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Example: How to build a diagram

7 o7

5 5

4 o4

3 .3

2 :\\\\\\\\*% 2
g

Given the equation 1 < z’z

Afo = {7, f(7)} = {7,5}
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Example: How to build a diagram

7 °7
5 e 5
4 o4
’ \: 3
2 2
g
Isis A. Gallardo

Given the equation 1 < 2z

Afo = {7, f(7)} = {7,5}

AP ={5,4,3,5,2} =
LFCD) F L), = £ £ (), FFEF (D), F= £ (D)}
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Example: How to build a diagram

Given the equation 1 < 2z

Afo = {7, f(7)} = {7,5}

’ o7 ! . AP ={5,4,3,5,2} =

.. . .. i @) FF@) = F @) FFF @) =1 1)

4 v le ouly More formally we get the diagram with set
Ag:

3 *3 —zfz e —zle
1
\ \‘ Am,o = {l’w}
2 2 z —zlx z — 2tz
AT — ¢ ‘ ¢ ¢
w1 ={z, 'z, —c'x,zx ,x — 2}

1 x
Ac = Az,O Y Az,l

Isis A. Gallardo Distributive £-pregroups: decidability and generation March 13, 2025 15 /26



£-pregroups

0O0000e00000

Example: How to build a diagram

7 7 1 o1

5 e 5 T e x

4 o4 xtx cxtla

3 *3 —zlz o zlx

2:\'2 zfz['z:\‘zfzez
g g

Isis A. Gallardo

Distributive £-pregroups: decidability and generation

Given the equation 1 < 2z

Afo = {7, f(7)} = {7,5}

AP ={5,4,3,5,2} =
LFCD) F L), = £ £ (), FFEF (D), F= £ (D)}

More formally we get the diagram with set
Ag:
1
Amp = {1,$}
A7 = {=, a'z, —z'e, zatz, x — 2z}
Ac = Ai,O v Ai,l
with the ordering on the left, |A|

controlled, satisfying a set of compatibility
conditions z‘z < 1, so the equation fails.
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Embedding F(£2) into F(Q)

be be
(—1,a) e

(—2,a) o

(1,7) 4

Yoo Yo
(=1,7) e

Q Q
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Embedding F(£2) into F(Q)

: . f(c)
be be / ‘

f(a)
(—1,a) e / ¢

(—2,a) o
1,
Yoo Yo
(=1,7) e
B B e
9) Q S f
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Embedding F(£2) into F(Q)

o . : (—1, f(a))
(~2,a) » : (-1,0) '/( 2, f(a))
. oo /~ ,

) “
v e v e ;
(—1,7) o (1,7)
X vy
: (=1,7) e
. Be :
s . ’ F(v)
: B :
Q Q Cof i
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Embedding F(£2) into F(Q)

Observe that €2 is locally isomorphic to Z so, there exists a chain J such that Q =~ JXZ.
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Embedding F(£2) into F(Q)

Observe that €2 is locally isomorphic to Z so, there exists a chain J such that Q =~ JXZ.

Lemma

If Q is a chain and f € F(2), then f € F(£2). J
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Embedding F(£2) into F(Q)

Observe that €2 is locally isomorphic to Z so, there exists a chain J such that Q =~ JXZ.

Lemma

If Q is a chain and f € F(2), then f € F(£2). J

Theorem (Galatos - G.)
For every chain 2, the assignment = : F(2) — F(Q) is an {-pregroup embedding. J
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Embedding F(£2) into F(Q)

Observe that €2 is locally isomorphic to Z so, there exists a chain J such that Q =~ JXZ.

Lemma

If Q is a chain and f € F(2), then f € F(£2).

Theorem (Galatos - G.) |

For every chain 2, the assignment - : F(Q2) — F(S2) is an {-pregroup embedding.

The proof that = : F/(2) — F () is a lattice homomorphism complicated and requires a
good understanding of the behavior of functions at limit points.
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Embedding F(£2) into F(Q)

Observe that €2 is locally isomorphic to Z so, there exists a chain J such that Q =~ JXZ.

Lemma |

If Q is a chain and f € F(2), then f € F(£2).

Theorem (Galatos - G.)

For every chain 2, the assignment - : F(Q2) — F(S2) is an {-pregroup embedding.

The proof that = : F/(2) — F () is a lattice homomorphism complicated and requires a
good understanding of the behavior of functions at limit points.

Corollary

Every distributive £-pregroup can be embedded in F(J?Z), for some chain J.
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Embedding F(£2) into F(Q)

Observe that €2 is locally isomorphic to Z so, there exists a chain J such that Q =~ JXZ.

Lemma

If Q is a chain and f € F(2), then f € F(£2).

Theorem (Galatos - G.)

For every chain 2, the assignment - : F(Q2) — F(S2) is an {-pregroup embedding.

The proof that = : F/(2) — F () is a lattice homomorphism complicated and requires a
good understanding of the behavior of functions at limit points.

Corollary

Every distributive £-pregroup can be embedded in F(J?Z), for some chain J.

Corollary

If an equation fails in DLP, then it fails in F(Z).
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From a failure to F(Z)
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From a failure to F(Z)
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Theorem (Galatos - G.)

If an equation ¢ fails in an ¢-pregroup, it fails in a diagram of size at most 2lel |€|4.
y
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Theorem (Galatos - G.)

If an equation ¢ fails in an ¢-pregroup, it fails in a diagram of size at most 2lel |€|4.

)
Theorem (Galatos - G.)
If an equation e fails in a diagram, it fails in ¥(Z), in ¥ ¢s(Z), and in ¥,,(Z) for some
n € 7.
J
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Theorem (Galatos - G.)

If an equation ¢ fails in an ¢-pregroup, it fails in a diagram of size at most 2lel |€|4.

)
Theorem (Galatos - G.)
If an equation e fails in a diagram, it fails in ¥(Z), in ¥ ¢s(Z), and in ¥,,(Z) for some
n € 7.
J

Failure in DLP

T

Failure in F(Q) — Failure in a diagram size at most 2‘E|\5|4 ——— Failure in F(Z)
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Theorem (Galatos - G.)
The equational class DLP is decidable.

Failure in DLP

T

Failure in F(Q) — > Failureina 2‘5||5\4 bounded diagram —— > Failure in F(Z)
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Theorem (Galatos - G.)

The equational class DLP is decidable. J

Theorem (Galatos - G.)

The equational class DLP can be generated by ¥ (Z), ¥ ¢s(Z), or {F»(Z) | n € N}. J
Failure in DLP

T

Failure in F(Q) — Failureina 2‘5||5\4 bounded diagram —— > Failure in F(Z)
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Periodic /-pregroups

An n-periodic /-pregroup is an ¢-pregroup that satisfies the equation L~
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Periodic /-pregroups

An n-periodic /-pregroup is an ¢-pregroup that satisfies the equation 2" = g,

The equational class of n-periodic ¢-pregroups will be denoted by LP,,.
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Periodic /-pregroups
An n-periodic /-pregroup is an ¢-pregroup that satisfies the equation 2" = g,

The equational class of n-periodic ¢-pregroups will be denoted by LP,,.

Set of all n-perdiodic fuctions of F(€2) forms a
subalgebra that we denote by F,,(€2).

7. 7 7.
6 6 6
5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
0 0 0 0
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The equational class of n-periodic ¢-pregroups will be denoted by LP,,.

Set of all n-perdiodic fuctions of F(€2) forms a
subalgebra that we denote by F,,(€2).
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Periodic /-pregroups
An n-periodic /-pregroup is an ¢-pregroup that satisfies the equation 2" = g,

The equational class of n-periodic ¢-pregroups will be denoted by LP,,.

Set of all n-perdiodic fuctions of F(€2) forms a
subalgebra that we denote by F,,(€2).

7. T,

6 6 6

5 s s Theorem (Galatos - Jipsen)

4 4 4 All periodic ¢-pregroups are distributive. J
3 3 3

2 2 2

1 11

0 o0 0
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Periodic /-pregroups
An n-periodic /-pregroup is an ¢-pregroup that satisfies the equation 2" = g,

The equational class of n-periodic ¢-pregroups will be denoted by LP,,.

Set of all n-perdiodic fuctions of F(€2) forms a
subalgebra that we denote by F,,(€2).

7. a1 1]

6 6 6

5 s s Theorem (Galatos - Jipsen)

4 4 4 All periodic ¢-pregroups are distributive.

3 3 3

? 22 Theorem (Galatos - G.)

1 1 1

o o 0. .0 Every n-periodic {-pregroup embeds in F,,(2), for
g - Q= J?Z, for some chain J.
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Periodic /-pregroups
An n-periodic /-pregroup is an ¢-pregroup that satisfies the equation 2" = g,

The equational class of n-periodic ¢-pregroups will be denoted by LP,,.

Set of all n-perdiodic fuctions of F(€2) forms a
subalgebra that we denote by F,,(€2).

7. 77

6 6 6

5 s s Theorem (Galatos - Jipsen)

4 4 4 All periodic ¢-pregroups are distributive.

3 3 3

? 22 Theorem (Galatos - G.)

1 1 1

o o 0. .0 Every Ti;periodic L-pregroup embeds in F,,(Q2), for
I g - Q) = J XZ, for some chain J.

Theorem (Galatos - G.)
For any n € Z, the equational class LP,, is not generated by ¥.,(Z).
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Periodic /-pregroups

Theorem (Galatos - G.) |

For every chain J and n € Z*, F,,(JXZ) = Aut(J) 1 F,,(Z). Therefore, every n-periodic
{-pregroup can be embedded in a wreath product of an ¢-group and the simple n-periodic

L-pregroup F,(Z). )

o = N W

S I |

* o o o
O = N Wk GO N
O H N Wk oo

(RS CRNEFN
I
.

joooden i
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Theorem (Galatos - G.)

If an equation e fails in an n-periodic {-pregroup, it fails in a n-short n-periodic partition
diagram.

Theorem (Galatos - G.)

If an equation ¢ fails in a n-short n-periodic partition diagram, it fails in F,,(QXZ).

Failure in LP,,

T

Failure in Fp, (JXZ) ————— Failure in a n-short n-periodic ———— Failure in F, (QX %)
partition diagram over A,

Isis A. Gallardo Distributive £-pregroups: decidability and generation March 13, 2025 23/26



Periodic £-pregroups
[e]e]e] lele)

Theorem (Galatos - G.)
The equational class LP,, is decidable. J

Theorem (Galatos - G.)
The equational class LP,, is generated by F,,(QXZ).

Failure in LP,,

Failure in Fp, (JXZ)

Failure in a n-short n-periodic —— > Failure in Fn(Q7Z)
partition diagram over Ao
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Thank you for your attention!!
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