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Some notation

For each number field K, denote:
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For each number field K, denote:

o O as the ring of integers of K.
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For each number field K, denote:
e Ok as the ring of integers of K.
@ Qi as the set of all places of K.
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For each number field K, denote:
@ Ok as the ring of integers of K.
@ Qi as the set of all places of K.

o Q> as the set of finite (i.e. non-archimedean) places of K, which we
identify with prime ideals of Ok.
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For each number field K, denote:

Ok as the ring of integers of K.
Qk as the set of all places of K.

Q> as the set of finite (i.e. non-archimedean) places of K, which we
identify with prime ideals of O.

Q% as the set of infinite (i.e. archimedean) places of K, which we
identify with real field embeddings o : K — R and pairs of complex
conjugate embeddings K — C.
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For each number field K, denote:

Ok as the ring of integers of K.
Qx as the set of all places of K.

Q™ as the set of finite (i.e. non-archimedean) places of K, which we
identify with prime ideals of Ok.

Q% as the set of infinite (i.e. archimedean) places of K, which we
identify with real field embeddings o : K — R and pairs of complex
conjugate embeddings K — C.

For each v € Qg let K, be the completion of K with respect to v.
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For each number field K, denote:

Ok as the ring of integers of K.
Qk as the set of all places of K.

Q5™ as the set of finite (i.e. non-archimedean) places of K, which we
identify with prime ideals of Ok.

Q% as the set of infinite (i.e. archimedean) places of K, which we
identify with real field embeddings o : K — R and pairs of complex
conjugate embeddings K — C.

For each v € Qg let K, be the completion of K with respect to v.
For each p € Q5™ let Ok, be the ring of integers of K,
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For each number field K, denote:

Ok as the ring of integers of K.
Qk as the set of all places of K.

Q<> as the set of finite (i.e. non-archimedean) places of K, which we
identify with prime ideals of Ok.

Q% as the set of infinite (i.e. archimedean) places of K, which we
identify with real field embeddings o : K — R and pairs of complex
conjugate embeddings K — C.

For each v € Qg let K, be the completion of K with respect to v.

For each p € Qx™ let Ok, be the ring of integers of Kj, so that
KNOkyp = ((’)K)p is the localization of Ok at p; i.e., the set of
integers of K which are p-integral.
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For each number field K, denote:

Ok as the ring of integers of K.

Qg as the set of all places of K.

Q5> as the set of finite (i.e. non-archimedean) places of K, which we
identify with prime ideals of Ok.

Q% as the set of infinite (i.e. archimedean) places of K, which we
identify with real field embeddings o : K — R and pairs of complex
conjugate embeddings K — C.

@ For each v € Qg let K, be the completion of K with respect to v.
@ For each p € Q™ let Ok, be the ring of integers of K, so that

KN Okp = (Ok), is the localization of Ok at p; i.e., the set of
integers of K which are p-integral.

If S is a finite subset of Qx containing Q%, denote

Ok,s = m ((’)K)p the ring of S-integers of K; i.e., the elements

peEQK\S
of K which are integral outside S.
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Campana Orbifolds

In elementary arithmetics, given m € Z>1, a nonzero integer a is called
m-full if v, (a) > m for all prime divisors p of a.
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Campana Orbifolds

In elementary arithmetics, given m € Z>1, a nonzero integer a is called
m-full if v, (a) > m for all prime divisors p of a. Campana points are a

natural way to generalize these elements to more arbitrary smooth varieties
over a number field K.
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Campana Orbifolds

In elementary arithmetics, given m € Z>1, a nonzero integer a is called
m-full if v, (a) > m for all prime divisors p of a. Campana points are a
natural way to generalize these elements to more arbitrary smooth varieties
over a number field K.

Similarly, Darmon Points generalize perfect mth powers.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor
D on X.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z eaD,, where A is a finite set and, for
acA
each o € A, D, is a prime divisor, and ¢, = 1 — % with ng, € Z>o U {o0}.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition
Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z oDy, where A is a finite set and, for
acA
each a € A, D, is a prime divisor, and e, = 1 — % with ng € Z>o U {o0}.

Also assume Dyeg = Z D, is a divisor with strict normal crossings on X.
acA

.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z €aDy, where A is a finite set and, for
acA

each o € A, D, is a prime divisor, and e, = 1 — % with ng € Z>q U {o0}.

Also assume Dyeg = Z D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z €aDy, where A is a finite set and, for
acA

each o € A, D, is a prime divisor, and ¢, = 1 — % with ng, € Z>q U {o0}.

Also assume Dyeq = Z D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

N

Fix K, X, D, and A as above.

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z eaD,, where A is a finite set and, for
acA

each o € A, D, is a prime divisor, and ¢, = 1 — % with ng, € Z>g U {o0}.

Also assume Dyeq = Z D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

Fix K, X, D, and A as above. Moreover, assume further that K is a
number field and that X is proper over K.
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Campana Orbifolds

To define Campana Points and Darmon Points, we require the notion of a
Campana Orbifold.

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z eaDy, where A is a finite set and, for
acA

each a € A, D, is a prime divisor, and e, =1 — ni with ng € Z>o U {oo}.

Also assume Dyeq = Z D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

.

Fix K, X, D, and A as above. Moreover, assume further that K is a
number field and that X is proper over K. Fix a finite subset S of Qk
containing Q3.
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Campana Orbifolds

Definition
Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor
D on X. Moreover, assume D = Z eaD,, where A is a finite set and, for

acA
each a € A, D, is a prime divisor, and e, = 1 — % with ng, € Z>o U {o0}.
Also assume Dyeq = Z D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

Fix K, X, D, and A as above. Moreover, assume further that K is a
number field and that X is proper over K. Fix a finite subset S of Q
containing Q.

A model of (X, D) over Ok s is a pair (X, D),
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Campana Orbifolds

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z oDy, where A is a finite set and, for
acA

each o € A, D, is a prime divisor, and e, = 1 — 1 with n, € Z>o U {o0}.

Ne

Also assume Dyeg = E D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

Fix K, X, D, and A as above. Moreover, assume further that K is a
number field and that X is proper over K. Fix a finite subset S of Q
containing Q.

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X{g) = X

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Campana Orbifolds

Definition
Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor
D on X. Moreover, assume D = Z oDy, where A is a finite set and, for

acA
each a € A, D, is a prime divisor, and ¢, = 1 — % with ng € Z>q U {o0}.
Also assume Dyeq = Z D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

.

Fix K, X, D, and A as above. Moreover, assume further that K is a
number field and that X is proper over K. Fix a finite subset S of Q
containing Q% .

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X{g) = X and D = Z €aDe, where for each
acA

o € A we denote D, the Zariski closure of D, in X



Campana Orbifolds

Definition

Let X be a smooth variety over a field K, and fix an effective Weil Q-divisor

D on X. Moreover, assume D = Z eaDs, where A is a finite set and, for
acA

each o € A, D, is a prime divisor, and e, = 1 — L with n, € Z>o U {o0}.

Ney

Also assume Dyeg = E D, is a divisor with strict normal crossings on X.

acA
We then say that the pair (X, D) is a Campana orbifold.

.

Fix K, X, D, and A as above. Moreover, assume further that K is a
number field and that X is proper over K. Fix a finite subset S of Q
containing Q.

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X{g) = X and D = Z €aDa, Where for each

acA
o € A we denote D, the Zariski closure of D, in X Xy = X 2 Da.
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper

scheme over Ok s with Xoy =X and D = Z €aDa, where for each

acA
o € A we denote D, the Zariski closure of D, in X Xy = X 2 D,.

Given P € X (K)

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper

scheme over Ok s with Xoy =X and D = Z €aDa, where for each

acA
o € A we denote D, the Zariski closure of D, in X Xy = X 2 D,.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper

scheme over Ok s with X(o) = X and D = Z €aDa, where for each

acA
a € A we denote D, the Zariski closure of D, in X' <= X(g) = X 2 D,.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —— X
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X{g) = X and D = Z €aDw, where for each

acA
a € A we denote D, the Zariski closure of D, in X' <= X(g) = X 2 D,.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —F— X

|

Spec (Oks)
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X(o) = X and D = Z €aDa, where for each

acA
o € A we denote D, the Zariski closure of D, in X > Xy = X 2 Da.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —F— X = X0

|

Spec (Ok,s)
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X(o) = X and D = Z €aDa, where for each

acA
o € A we denote D, the Zariski closure of D, in X > Xy = X 2 Da.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —2— X = X —— X

|

Spec (Ok,s)
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X(o) = X and D = Z €aDa, where for each

acA
o € A we denote D, the Zariski closure of D, in X > Xy = X 2 Da.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —— X =X —— X

| |

Spec (Ok,s) Spec (Ok,s)
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper

scheme over Ok s with Xoy =X and D = Z oDy, where for each

acA
a € A we denote D, the Zariski closure of D, in X' <= X(g) = X 2 D,.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —F— X = Xg o X

| |

Spec (Ok s) - Spec (Ok,s)
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper

scheme over Ok s with Xoy =X and D = Z oDy, where for each

acA
a € A we denote D, the Zariski closure of D, in X' <= X(g) = X 2 D,.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec(K) —F— X = Xg 3 X

Spec (Ok s) - Spec (Ok,s)

\

]
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X{g) & X and D = Z €aDw, where for each

acA
a € A we denote D, the Zariski closure of D, in X' <= X(g) = X 2 D,.

Given P € X (K) = Homsc, (Spec (K), X), we get the following diagram:

Spec (K) —2— X=X ——=

Spec (Ok.s) —

Therefore we can write X (K) = & (Ok.s).
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Campana Orbifolds

A model of (X, D) over Ok s is a pair (X, D), where X is a flat proper
scheme over Ok s with X{g) = X and D = Z €aDa, Where for each

acA
o € A we denote D, the Zariski closure of D, in X Xy =X 2 Da.

Given P € X (K) = Homsch (Spec (K), X), we get the following diagram:
Spec (K) —F— X=Xo ——=3 X

Spec (Ok.s) - Spec (Ok.s)

h!

Therefore we can write X (K) = X (Ok_s). For each v € Qk \ S we have
Ok,s € Ok,v, so we get a point P, € X (O, ):
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Campana Orbifolds

Therefore we can write X (K) = X (Ok_s). For each v € Qk \ S we have
Ok,s € Ok,v, so we get a point P, € X (O, ):

Spec (K) LN X=X ——3 X

l 7> l

Spec (Ok.s) ’ Spec (Ok.s)

Spec (Okv)
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Campana Orbifolds

Therefore we can write X (K) = X (Ok_s). For each v € Qk \ S we have
Ok.s C Ok, so we get a point P, € X (Ok ,):

Spec(K)L)X%X(O) < — X <

Spec (Oks) - > Spec (Ok.s)
Spec (Ok,v) Py
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Campana Orbifolds

Therefore we can write X (K) = X (Ok_s). For each v € Qk \ S we have
Ok.s € Ok, so we get a point P, € X (O,):

Spec (K)

|

Spec (Ok,s)

|

Spec (Ok,v)

= A<

Py

For each o € A, define the intersection multiplicity of P and D, as

ny (Do, P) = {

Juan Pablo De Rasis (OSU)

+00,

corresponding to D, X x Spec (OKN)’

P e D,,
P, € D,.

colength of the ideal of Ok s
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Campana Orbifolds

For each o € A, define the intersection multiplicity of P and D,, as

+00, P e D,,
ny (Dou 'D) = colength of the ideal of Ok s D D
corresponding to D, X x Spec (OK,v)’ v g -

Definition

We say that P is a Campana Ok s-point if for all o € A such that e, =1
we have n, (Dy, P) =0 for all v € Qg \ S,
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Campana Orbifolds

For each o € A, define the intersection multiplicity of P and D,, as

+0o0, P e D,,
ny (Dou 'D) = colength of the ideal of Ok s P D
corresponding to D, X x Spec (OK,V)7 v g -

Definition
We say that P is a Campana Ok s-point if for all o € A such that e, =1
we have n, (D,, P) =0 for all v e Qi \ S, and for all @ € A with ¢, < 1

we have n, (Dg, P)? > 1==-1v (Da, P).
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Campana Orbifolds

For each o € A, define the intersection multiplicity of P and D, as

+00, P e Dcw
ny (Daa P) = colength of the ideal of Ok s P D
corresponding to Do X x Spec (Ok )’ v £ Da.

Definition
We say that P is a Campana Oy s-point if for all a € A such that ¢, =1
we have n, (D, P) =0 for all v e Qi \ S, and for all & € A with g, < 1
we have n, (Dg, P)? > 1==-v (Da, P).

We say that P is a Darmon Oy s-point if for all & € A such that e, =1
we have n, (Dy, P) =0 forall v € Qx\ S,
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Campana Orbifolds

For each o € A, define the intersection multiplicity of P and D,, as

+0o0, P e D,,
ny (Daa P) = colength of the ideal of Ok s D D
corresponding to Dy, X x Spec (OK,V)’ v Z -

Definition
We say that P is a Campana Ok s-point if for all o € A such that e, =1
we have n, (D,, P) =0 for all v e Qi \ 'S, and for all & € A with ¢, < 1
we have n, (Dg, P)? > 1==-1v (Da, P).

We say that P is a Darmon Ok s-point if for all o« € A such that e, =1
we have n, (D, P) =0 for all v € Qk \' S, and for all & € A with g, < 1
we have ﬁ | ny (Da, P).
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Campana Orbifolds

For each o € A, define the intersection multiplicity of P and D,, as

+OO, P S Daa
ny (Daa P) = colength of the ideal of Ok s P D
corresponding to D, X x Spec (OK”,)’ v Z a:

Definition

We say that P is a Campana Ok s-point if for all o € A such that e, =1

we have n, (Dy, P) =0 for all v € Qx \ S, and for all & € A with g, < 1
1

we have n, (Dq, P)2 > <1 . > ny (D, P).

o

Ney

We say that P is a Darmon Ok s-point if for all o € A such that e, =1
we have n, (D, P) =0 for all v € Qk \' S, and for all & € A with g, < 1

) 1 (2esP)

we have

Ne
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EXAMPLES.
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EXAMPLES. Fix n € Z>1.
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EXAMPLES. Fix n € Z>1.
o If X =P}, S=0F, and D= (1— 1) {x =0} + {x1 =0}, we get
that Campana points are those having the form (m: 1), where m is an
n-full integer.
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EXAMPLES. Fix n € Z>1.

o If X =P}, S=0F, and D= (1—1){x =0} + {x =0}, we get
that Campana points are those having the form (m: 1), where m is an
n-full integer.

o If X =P, S=0¥, and D= (1— 1) {x =0} + {x1 = 0}, we get
that Darmon points are those having the form (a" : £1), where a € Z.
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EXAMPLES. Fix n € Z>1.

o If X =Pf, S=0¥, and D= (1— 1) {xo =0} + {x1 = 0}, we get
that Campana points are those having the form (m: 1), where m is an
n-full integer.

° IfX:JP’(b, S=0Q%, and D= (1-1) {xo =0} + {x1 = 0}, we get
that Darmon points are those having the form (a"” : £1), where a € Z.

o If X =P}, S=0QF and D= (1— 1) {x0 =0} + (1 — ) {xa = 0},
we get that Darmon points are those having the form (a" : £1), where

acQ.
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EXAMPLES. Fix n € Zs;.
o If X =P, S=0¥, and D= (1— 1) {xo = 0} + {x1 = 0}, we get
that Campana points are those having the form (m : 1), where m is an
n-full integer.

° IfX:IP’}@, S=0QF, and D= (1—-1) {xo =0} + {x1 = 0}, we get
that Darmon points are those having the form (a"” : £1), where a € Z.
o If X=Pf, S=0¥, and D= (1— 1) {x0=0}+ (1— ) {xx = 0},
we get that Darmon points are those having the form (a" : £1), where
acQ.
All these examples are analogous to the case we will workout in detail right
now:
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EXAMPLES. Fix n € Z>1.

° IfX:}P’(b, S=Q%, and D= (1-1) {x0 =0} + {x1 = 0}, we get
that Campana points are those having the form (m: 1), where m is an
n-full integer.

° IfX:JP’(l@, S=0Q%, and D= (1—-1) {x0 =0} + {x1 = 0}, we get
that Darmon points are those having the form (a" : £1), where a € Z.

o If X =P} S=0¥, and D= (1— %) {x0=0}+ (1— ) {xx = 0},
we get that Darmon points are those having the form (a" : £1), where
acQ.

All these examples are analogous to the case we will workout in detail right

now: we will consider a number field K, X = P}, an arbitrary finite subset
S of Qk containing Q%, and we will take D = (1 — %) {x1 =0},
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EXAMPLES. Fix n € Z>1.

o If X =P}, S=0¥, and D= (1— 1) {x =0} + {x1 = 0}, we get
that Campana points are those having the form (m: 1), where m is an
n-full integer.

o If X =Pf, S=0¥, and D= (1— 1) {xo =0} + {x1 = 0}, we get
that Darmon points are those having the form (a" : £1), where a € Z.

o If X =P}, S=0% and D= (1— %) {x0 =0} + (1 — ) {xx = 0},
we get that Darmon points are those having the form (a" : £1), where
aeqQ.

All these examples are analogous to the case we will workout in detail right
now: we will consider a number field K, X = P}(, an arbitrary finite subset
S of Q containing Q%¢, and we will take D = (1 — 1) {x; = 0}, allowing
the possibility n = oc.
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SETNTIES

Of course we will take IF’}QK . asour model.
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Of course we will take IP’}QKS as our model. Given P € P (K), we may
write P = (a: b) with a, b € Ok s.

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Of course we will take IP’}QKS as our model. Given P € P (K), we may
write P = (a: b) with a, b € Ok s. Assume b # 0.
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Of course we will take IP’%,)KS as our model. Given P € P} (K), we may
write P = (a: b) with a,b € Ok s. Assume b # 0.

Assume first n < oo.
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Of course we will take IP’}QKS as our model. Given P € P (K), we may
write P = (a: b) with a, b € Ok s. Assume b # 0.

Assume first n < co. Since D = (1 — 1) {x; = 0}, then P is:
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Of course we will take IP’%,)KS as our model. Given P € P} (K), we may
write P = (a: b) with a,b € Ok s. Assume b # 0.

Assume first n < co. Since D = (1 — 1) {x; =0}, then P is:

2 2
e Campana, iff 1, (b (a, b)_1> >n-y (b(a, b)_l) for all
peQx\S,
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Of course we will take IP’}QKS as our model. Given P € P (K), we may
write P = (a: b) with a, b € Ok s. Assume b # 0.

Assume first n < oo. Since D = (1 — 1) {x; = 0}, then P is:

2 2
e Campana, iff v, (b (a, b)_1> >n-y <b(a, b)_1> for all
peQx\S, and

o Darmon, iff n | 1, (b(a, b)—l) for all p € Qk \ S.
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Of course we will take }P%KS as our model. Given P € P} (K), we may
write P = (a: b) with a,b € Ok s. Assume b # 0.

Assume first n < co. Since D = (1 — 1) {x; =0}, then P is:

2 2

e Campana, iff v, (b (a, b)*1> >n-y (b(a, b)*l) for all
peQx\S, and

o Darmon, iff n | 1, (b(a, b)*l) for all p € Qk \ S.

Therefore, intersecting with the affine line, we get:
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Of course we will take IP’%,)KS as our model. Given P € P} (K), we may
write P = (a: b) with a,b € Ok s. Assume b # 0.

Assume first n < co. Since D = (1 — 1) {x; =0}, then P is:
_ 1\2 1\2
o Campana, iff v, (b(a, b) ) >, <b(a, b) ) for all
peQx\S, and
o Darmon, iff n | 1, (b(a, b)’l) for all p € Qk \ S.
Therefore, intersecting with the affine line, we get:

Affine
Campana points

—~ =
CK757,7 = {)\ cK*: Vp ()\) S ZZO UZS,,, for all pe QK\S}U{O},
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Of course we will take }P’%,)KS as our model. Given P € P} (K), we may
write P = (a: b) with a,b € Ok s. Assume b # 0.

Assume first n < co. Since D = (1 — 1) {x; =0}, then P is:
_ 1\2 1\2
e Campana, iff v, (b(a7 b) ) >n-y (b(a, b) ) for all
p e Qg \ S, and
e Darmon, iff n | v, (b (a, b)_1> forall p e Qx\ S.
Therefore, intersecting with the affine line, we get:

Affine
Campana points

—~

CK757,, = {)\ e K~ “p ()\) S ZonZS,n for all p e QK\S}U{O},
Dksn ={X€K*:1y(X)€Z>oUnZforallpecQg\S}u{o}.
~——

Affine
Darmon points

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



2 2
e Campana, iff v, (b (a, b)_1> >n-y (b(a, b)_l) for all
peQx\S, and

e Darmon, iff n | v, (b (a, b)_1> forallp e Qi \ S.
Therefore, intersecting with the affine line, we get:

Affine
Campana points

—~

Ck,sn = {)\ e K*: Vp (A) €Z>oUZ<_p forall p e QK\S}U{O},
Dksn ={Xe€K*:1y(X)€Z>UnZforallpeQx\S}u{o}.
——

Affine
Darmon points

If n = oo then in both cases we need v, (b(a, b)_l) =0forallpeQx\S,
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2 2
o Campana, iff v, (b(a, b)’l) >n-v, (b(a, b)’l) for all
peQx\S, and

e Darmon, iff n| v, (b (a, b)_1> forall p e Qx\ S.
Therefore, intersecting with the affine line, we get:

Affine
Campana points

—

Ck.sn = {)\ e K*: Vp (N € Z>oUZ<_p forallp € QK\S}U{O},
Dkisn ={XeK*:y(N) €ZzoUnZforallpeQx\S}uU{o}.
Affi )

ine

Darmon points

If n = oo then in both cases we need v, (b(a, b)_1> =0forallpeQx\S,
hence in both cases we get Ok s, the set of S-integers.
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Affine
Campana points

—
CK757,, = {)\ e K*: Vp ()\) S ZZO UZS_,, forall p € QK\S}U{O},

DK75’,, :{)\G K* ZVp()\)EZZ()UnZ for allpEQK\S}U{O}
——

Affine
Darmon points

These are the sets we will try to characterize with first-order language.
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as

(2, b) 1, ax? + by? = 22 has a nontrivial solution in K,
a =
K —1, otherwise.
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as

(2, b) 1, ax? + by? = 22 has a nontrivial solution in K,
a =
K —1, otherwise.

If K is a number field and v € Q, denote (—, —), = (=, —), -
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as

1, ax? + by? = z° has a nontrivial solution in K,
(av b)K = .
—1, otherwise.

If K is a number field and v € Q, denote (—,—), == (—, =), In that
case, for a, b € K* denote

A,pk ={veQk:(ab), =—1}.
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as

_ 1, ax? + by? = z° has a nontrivial solution in K,
(av b)K = .
—1, otherwise.

If K is a number field and v € Q, denote (—, —), = (—, =), . In that
case, for a, b € K* denote

A,pk ={veQk:(ab), =—-1}.

If X e KX P (N) = {peQg™:21u, (N},
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as

(2, b) 1, ax? + by? = 22 has a nontrivial solution in K,
a =
K —1, otherwise.

If K is a number field and v € Q, denote (—,—), == (—, =), . In that
case, for a, b € K* denote
A,pk ={veQk:(ab), =—1}.

Ifxe KX Px(A\)={peQg™:2fv,(\)},
APDK — Aa,b,K N (]PK (a) U Pk (b)) .
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Quadratic Hilbert Symbol

Given a field K, define (—, =), : K* x K* — {£1} as

(2, b) 1, ax? + by? = 22 has a nontrivial solution in K,
a, = _
K —1, otherwise.

If K is a number field and v € Q, denote (—,—), = (—, =), In that
case, for a, b € K™ denote

Aa,b,K = {V € Q : (a, b)v = —1} .
IF A e KX Pr(A) = {p € Qe 2} 15 (W),

ABDK A, pk N (Pk (a) UPK (b)) .

Finally, given a, b, c,d € K*, denote

Qa,b,c,d,K = Aa’b’K N Ac’d’K.
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, 5 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q> is finite, then there
exist a,b,c,d € K* such that S = Q, p ¢ g k-
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, 4 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q;"o is finite, then there
exist a, b, c,d € K* such that S = Q,p ¢ d.k.

Given a, b,c,d € K*, define:
® S,k = {2x1 L (x1, X0, X3,x4) € K* A X2 — ax3 — bxg + abx? = 1}.
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, p, c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q3> is finite, then there
exist a, b, c,d € K* such that S = Q, p ¢ d.k.

Given a, b,c,d € K*, define:
° S,pK = {2X1 s (x1,x0,x3,x4) € K* /\X12 - ax22 - bX32 + abxf = 1}.

® Tobk = Sabk + Sabk-
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, 4 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Qx> is finite, then there
exist a, b, c,d € K* such that S = Q, 5 c g,k

Given a, b, c,d € K*, define:
® Sipk = {2x1: (x1,%,x3,x8) € K* Ax? — ax3 — bx3 + abx} = 1}.
© Topbk = Sapk+ Sapbk.
° TaX,b,K ={u € Tpk:3ve Tpk(uv=1)}
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, 5 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q> is finite, then there
exist a,b,c,d € K* such that S = Q, p ¢ g k-

Given a, b,c,d € K%, define:

® Sipk = {2x1: (x1, %2, %3, %) € K* Axf — ax3 — bx3 + abxZ = 1}.
o TabK-:SabK+SabK.
o TXbK ={ue Tapk :3ve TabK(UV—l)}

O ISpu = K2 Ty (1= K2 T, ).
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, , c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q;"O is finite, then there
exist a, b, c,d € K* such that S = Q, 5 ¢ d.k.

Given a, b, c,d € K*, define:

° S,pK = {2X1 (x1,%2,X3,x4) € K* A x? — ax3 — bx3 + abx = 1}
® Tobk = Sabk + Sabk-

] TXbK —{UE TabK Jv € TabK( V:].)}.

O ISy = K2 Ty (1= K2 T, ).

° Jopk = (I:,b,K + Ij,b,K) N (Iab,b,K + If,b,K)-
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Quadratic Hilbert Symbol

For every a, b, c,d € K*, the set Q, , c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q3> is finite, then there
exist a, b, c,d € K* such that S = Q, ¢ d.k.

Given a, b,c,d € K*, define:
° S,pK = {2X1: (x1,%2,X3,%4) € K* A x? — ax3 — bX3 + abx? :1}
® Tabk = Sabk + Sapk-
e T abk ={u€ Tapk:3ve Topk(uv =1)}

O ISy im e K2 Ty (1= K2 T ).

a,b,

— a a b b
® Jobk = (Ia,b,K + Ia,b,K) n (Ia,b,K + Ia,b,K)-
® JibedK = Japk + Jedk-

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Quadratic Hilbert Symbol

Given a, b, c,d € K*, define:
SabK = {2x1 (x1,x2,Xx3,%3) € K4/\x1 — ax2 bx3 —i—abx4 = 1}

Tabk = Sabk + Sabk-
TX b.K —{UE TabK dv € TabK(UV—l)}.

a

_ b b
Japk = (I:,b,K + Iaa,b,K) N (Ia,b,K + la,b,K)'
Jabcd Kk = Jabk + JedK-

ok =€ K2 T N (1= K2 Ty ).

Theorem (Park, 2012)

If a,b € K* then Ja,b,K = ﬂ pOk.
peAa,b,K
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Quadratic Hilbert Symbol

Given a, b, c,d € K*, define:

0 Sopk = {2x1: (x1,%,x3,xa) € K*Ax@ — a3 — bxd + abx} = 1}.
o Tpk = Sa,b,K + Sa,b,K-

e Ta>,<b,K ={ue Tpk:3ve Typk(uv=1)}

O ISy i=c K2 T N (1 - K2. T;b’K>,

_ b b
Jabk = (/;,b,K + Iaa,b,K) N (Ia,b,K + Ia,b,K)-
Jabcd Kk = Jabk + JedK-

Theorem (Park, 2012)

Ifa,be KX then o= [ pOk.

peAa,b,K

Jabecdk = Japk + Jedk =
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Quadratic Hilbert Symbol

Given a, b, c,d € K*, define:

SabK = {2X1 (x1, X2, X3, x4) € K* /\X1 — ax2 bx3 + abx4 = 1}
® Tobk = Sabk + Sabk-

TX bK —{UE TabK Jv € TabK(UV—l)}

Son =€ K2 TN (1= K2 Ty ).

a,b,

Japk = (’ib,K + /;,b,K) N (/a,b,K + /a,b,K>-
Jabcdk = Jabk + JedK-

Theorem (Park, 2012)

Ifa,be KX then oy = [ pOk.
peAa,b,K

Ja,b,C,d,K = Ja,b,K + Jc’d’K = m pOK
peAa,b,KmAc,d,K
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Quadratic Hilbert Symbol

Given a, b,c,d € K*, define:

® S.bk —{2x1 (X1,X2,X3,X4)€K4/\X1—3X2 bxZ + abxi = 1}.
© Tabk = Sabk+ Sabk-

o TX bK —{UE TabK dv € TabK(UV—l)}.

°IabK::C'I{2 TXme(].—K2 TaXbK>

_ b
° Jopk = (I;,b,K + Iaa,b,K) N (Ia,b,K + Ia,b,K)-
Jabedk = Jabk + Jed K-

Theorem (Park, 2012)

If a,be K* then Ja,b,K = ﬂ pOK.
peAa,b,K

JabedKkK = Japk + Jedk = ﬂ pOk = ﬂ pOk.

peAHbKNACD K PEQa b,c,d,K
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Quadratic Hilbert Symbol

JabedK = ﬂ pOk.

PEQa bc,d,K
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Quadratic Hilbert Symbol

Given n € ZZL

Juan Pablo De Rasis (OSU)

JabedK = ﬂ pOk.

PEQa byc,d, K

Jabe,dnK = H JabedK =

n times
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Quadratic Hilbert Symbol

JabedK = ﬂ pOk.

PEQa bc,d, K

Given n € ZZL

- _ n
JabednK = H JabedK = ﬂ p"Ok.

n times PEQa b,c,d K
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Quadratic Hilbert Symbol

Ja,b,c,d,K = ﬂ ]JOK

PEQa bc,d,K

Given n € Z>1,

JabednK = H JabedK = ﬂ p"Ok.

n times peQa,b,c,d,K

Given a,b,c,d,a', b, c’,d € K*, the statement
Qabedk Ny p o a.k =0 is existential.
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Quadratic Hilbert Symbol

Ja,b,c,d,K = ﬂ pOk.

PEQa bc,d, K

Given n € Z>1,

- _ n
JabednK = H JabedK = ﬂ p"Ok.

n times PEQa bc,d K

Given a,b,c,d,a’,b',c’,d € K*, the statement
Qabcdk Ny pcr.ar.k =0 is existential.

Proof. Qa,b,c,d,K N Qa’,b’,c/,d’,K = () if and only if
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Quadratic Hilbert Symbol

Jabed K = ﬂ pOk.

PEQa b c,d,k

Given n € Z>1,

JabednK = H JabedK = ﬂ p"Ok.

n times pEQa,b,C,dyK

Given a,b,c,d,a’,b',c’,d € K*, the statement
Qabcdk Ny cr.ark =0 is existential.

Proof. Qa,b,c,d,K N Qa’,b’,c/,d’,K = () if and only if

1e ﬂ pOk

PEQa b,c,d, KNyt bt ot K
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Quadratic Hilbert Symbol

Jabed K = ﬂ pOk.

PEQa b c,d,k

Given n € Z>1,

JabednK = H JabedK = ﬂ p"Ok.

n times pEQa,b,c,d,K

Given a,b,c,d,a’,b',c’,d € K*, the statement
Qabcdk Ny cr.ark =0 is existential.

Proof. Qa,b,c,d,K N Qa’,b’,c/,d’,K = () if and only if

le m POk = Lapcdk + Ja b cta k- B

PEQa b,c,d, KNyt bt ot 4 K
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Summary

Let us summarize what we have.
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Let us summarize what we have.

For every a, b, c,d € K*, the set Q, 5 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q> is finite, then there
exist a,b,c,d € K* such that S = Q, p ¢ g k-
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Let us summarize what we have.

For every a, b, c,d € K*, the set Q, 5 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q> is finite, then there
exist a,b,c,d € K* such that S = Q, p ¢ g k-

Theorem (Park, 2012)

For every a,b,c,d € K*, Jopcdk = ﬂ pOk.
PEQa b.c,d Kk
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Let us summarize what we have.

For every a, b, c,d € K*, the set Q, 4 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q3> is finite, then there
exist a, b, c,d € K* such that S = Q.5 c g,k

Theorem (Park, 2012)

For every a,b,c,d € K*, Jypcd Kk = ﬂ pOk.
PEQa bc,d, Kk

Given a,b,c,d,a', b, c’,d € K*, the statement
Qa,b,c,d,K N Qa’,b’,c’,d’,K = () is existential.
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Campana points

Now let us describe

CK,S,n = {)\ e K* C Y ()\) GZZOUZS_n for all pe QK\S} U{O}
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Campana points

Now let us describe
CK,S,n = {)\ e K™ Vp ()\) € ZZO UZS_,, for all p e Qg \5} U {0}

Pick a, b,c,d € K* such that SN Q™ = Q,pc.d k-
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Campana points

Now let us describe

CK,S,n = {)\ e K* S Up ()\) EZZ()UZS_,, for all pe QK\S} U{O}.

Pick a, b,c,d € K* such that SN Qx> = Q, pcd,k. Then given r € K,
we have r € Cx s, if and only if
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Campana points

Now let us describe

CK,S,n = {)\ € K* SV ()\) EZZ()UZS,,, for all p e QK\S} U{O}.

Pick a, b,c,d € K* such that SN Q> =

Qabc,d k- Then given r € K,
we have r € Ck s p if and only if

abcda'b'c’d’ # 0
Va'veveVd | | Qabedk NQu b o d Kk Zl@
re (Jopeax\{0})"
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Campana points

Now let us describe

Ck,s.n = {)\ e K*: Vp (A) € ZsoUZ<_p forall p e QK\S} U {0}.
Pick a, b, c,d € K* such that SN Qg™ = Q, 4 cq.k. Then given r € K,
we have r € Ck s if and only if

abcda'b'c’d’" # 0
Va'vb've'Vd' | | Qabe,d,k N Qo b o dr K =1®
re (Jap.cak \{0})"

= rc (Ja’,b’,c’,d’,n,K \ {0})71] .
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What about Darmon points?

DK75’,,:{)\€KX :Vp()\)EZZOUanoraIIpeQK\S}U{O}.
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What about Darmon points?

Di.sn={X€ K* 11 (X) € Z=oUnZ for all p € Qg \ S} U{0}.

In this case we need a stronger version of:

For every a, b, c,d € K*, the set Q, 5 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q3> is finite, then there
exist a, b, c,d € K* such that S = Q, p ¢ d.k.
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What about Darmon points?

Di.sn={X € K* 11 (X) € Z=oUnZ for all p € Qg \ S} U{0}.

In this case we need a stronger version of:

For every a, b, c,d € K*, the set Q, 5 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q> is finite, then there
exist a,b,c,d € K* such that S = Q, p ¢ g,k

For each a, b € K* define the set

K;fb ={reK:Vpe A (jy,(r)] <1}
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What about Darmon points?

DK75’,,:{)\€KX :Vp()\)EZZOUanoraIIpEQK\S}U{O}.

In this case we need a stronger version of:

For every a, b, c,d € K*, the set Q, 4 c 4.k is a finite set of
non-archimedean places of K. Conversely, if S C Q;oo is finite, then there
exist a, b, c,d € K* such that S = Q, ¢ d.k.

For each a, b € K* define the set
Ksy = {re K:Vpe A*PK(jy, ()] < 1)}

Recall that A, , k was the set of places v for which (a, b), = —1, and
A?bK was the set of places of A, p k having odd valuation at a or b.
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For each a, b € K* define the set
Kl = {re K:vpe AP (jy (n)] < 1))

Recall that A, p, k was the set of places v for which (a, b), = —1, and
A?b:K \was the set of places of A, bk having odd valuation at a or b.

If S C Q;OO is finite and of even cardinality, there exist a, b € K* such that
S=ApK = A?bK and a,b € Kjfb.
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For each a, b € K* define the set
Ky = {r e K:¥p e AP (Jy ()] < 1)}

Recall that A, p, k was the set of places v for which (a, b), = —1, and
A?b:K \was the set of places of A, bk having odd valuation at a or b.

If S C Qx> is finite and of even cardinality, there exist a, b € K* such that
S=20,pk =A0%"Kand a,be K,

If S C Q is finite, of even cardinality, and does not contain any complex
infinite place, there exist a, b € K* such that S = A,k and a,b € Kjfb
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Darmon points

If S C Q;"O is finite and of even cardinality, there exist a, b € K* such that
S=N0,px=A0%Kand a,b e K,

If S C Qg is finite, of even cardinality, and does not contain any complex
infinite place, there exist a, b € K* such that S = A, p k and a,b € Kjfb.
J

The set K5, := {r € K : Vp € A*PK (| (r)| < 1)} is uniformly
V3-definable,
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Darmon points

If S C Q5™ is finite and of even cardinality, there exist a, b € K* such that
S=20pk =A%Kand a,be K,

If S C Qg is finite, of even cardinality, and does not contain any complex
infinite place, there exist a, b € K* such that S = A,k and a, b € K,
I

The set KS‘c = {re K:Vpe A*>K (i, (r)| < 1)} is uniformly
v3- deflnable by the formula

va/vb’VCVd {(Aa,bﬁfé(g;f;fjd#w) —

r¢ ( ' boe,d2k U (o pedok \ {0})71)] :
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The set KSf = {re K:vpeA»>K(|y, (r)| < 1)} is uniformly
V3- deflnable by the formula

abcda’ b’ #0
VAVBYCYd | (pntngy e ikt) =
_1
r¢ ( b ed2k U (Japedok \ {0}) )] :
If for each real o € Q% we define

(Ok), =01 ([-4,4])

we get:
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The set Ksb = {re K:vpeA*>K(|y, (r)| < 1)} is uniformly
V3-definable, by the formula

abcda’ b’ #0
VAVBYCEYd | (patkngy e ikt) =
~1
r¢ ( b end2k U (Japcd 2k \ {0}) )] :
If for each real o € Q% we define

(Ok) =01 ([-4,4])

we get:

Theorem (Park)

For all a,b € K* we get T, px = ﬂ (Ok),-

VEAa,b,K
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If for each real o € Q% we define

(Ok), =01 ([-4,4])

we get:

Theorem (Park)

Forall a,b e K* we get T, px = m (Ok),-

VEAa,b,K

In particular, T, k is a semi-local ring when A, p x N QF = 0.
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If for each real o € Q% we define

(Ok)y =o' ([-4,4])

we get:

Theorem (Park)

Forall a,b € K* we get T, px = ﬂ (Ok),-

VEAa,b’K

In particular, T, i is a semi-local ring when A, , k N1 Q% = (). Using the
local-to-global aspects of the theory of quadratic forms, it can be shown that
if A € K then o (A) > 0 for all real o € Q% if and only if X is the sum of
four squares in K.
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If for each real o € Q% we define

(Ok), =01 ([-4,4])

we get:

Theorem (Park)

Forall a,b € K* we get T, px = ﬂ (Ok),-
VEAaybyK

In particular, T, i is a semi-local ring when A, , k N Q% = (). Using the
local-to-global aspects of the theory of quadratic forms, it can be shown that
if A € K then o (X) > 0 for all real o € Q% if and only if X is the sum of
four squares in K. Combining this with weak approximation, we get:

The condition A, , k N Q% = 0 is uniformly diophantine.
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Theorem (Park)

Forall a,b € K* we get T,px = ﬂ (Ok),-

VEAa’b’K

The condition A, » k N Q% = 0 is uniformly diophantine.

If A,pk NQY =0 then T,k is a semi-local ring.
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Theorem (Park)

For all a,b € K* we get T, pk = ﬂ (Ok),-
VEAQ,ILK

The condition A, » k N Q% = 0 is uniformly diophantine.

If Ay bk NQE =0 then T,k is a semi-local ring. It's also the localization
of a Dedekind domain, therefore it is a PID.
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Theorem (Park)

For all a,b € K* we get T, pk = ﬂ (Ok),-
VEAQ,ILK

The condition A, » k N Q% = 0 is uniformly diophantine.

If Ay bk NQE =0 then T,k is a semi-local ring. It's also the localization
of a Dedekind domain, therefore it is a PID. In particular, it admits unique
factorization, thus saying that x € K satisfies that v, (x) € Zx>o U nZ for all
p € A, p K amounts to writing x as & where y,z € T, k are relatively
prime.
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Theorem (Park)

Forall a,b € K* we get T, px = ﬂ (Ok),-

VEA; b Kk

The condition A, » k N Q% = 0 is uniformly diophantine.

If Aypk NQE =0 then T,k is a semi-local ring. It's also the localization
of a Dedekind domain, therefore it is a PID. In particular, it admits unique
factorization, thus saying that x € K satisfies that 1, (x) € Z>o U nZ for all
p € A, p K amounts to writing x as % where y,z € T, k are relatively
prime. This being a PID, y,z € T, k being relatively prime is existentially
defined as the existence of s,t € T, p  such that sy 4+ tz = 1.
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The formula
v (x,a,b) = TJy3z (z € Topk Ny € Tapk Ngedr,,  (v,2) =1Ay = xz”)

diophantinely defines v, (x) € Z>q U nZ for all p € A, p k.
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The formula
v (x,a,b) = 3Jy3z (z € Tapk Ny € Tapk ANgedr,, (y,z)=1Ay= xz”)
diophantinely defines v, (x) € Z>o U nZ for all p € A, p k.

Now we can define Darmon points: Given S C Q finite containing Q5°,
pick a, b,c,d € K* such that Q, p cax = SN Q™.
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The formula

v (x,a,b) = 3Jy3z (z € Tapk Ny € Tapk Ngedr,, (y,z)=1Ay= xz”)
diophantinely defines v, (x) € Z>o U nZ for all p € A, p k.

Now we can define Darmon points: Given S C Qk finite containing Q%°,

pick a, b, c,d € K™ such that Q,p cax = SN QK. Buy our stronger
parametrization results, the following formula defines Darmon points:
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The formula
v (x,a,b) = 3Jy3z (z € Tapk Ny € Tapk ANgedr,, (y,z)=1Ay= xz”)
diophantinely defines v, (x) € Z>o U nZ for all p € A, p k.

Now we can define Darmon points: Given S C Qk finite containing Q%°,
pick a, b,c,d € K* such that Q, p gk = SN Q;OO. Buy our stronger
parametrization results, the following formula defines Darmon points:

abcda'b’ # 0
va'vb Qapearx NATYK =0 | Ad b e K, | = p(x.d,b)
Aa’,b’,K NQY =10

The conditions Ay xk N =0 and &', b € K, ensure that
Lo ’ a’,b
Aa’ b.K = Aal’b/’K.
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The formula
v (x,a,b) = 3Jy3z (z € Tapk Ny € Tapk ANgedr,, (y,z)=1Ay= xz”)
diophantinely defines v, (x) € Z>o U nZ for all p € A, p k.

Now we can define Darmon points: Given S C Qk finite containing Q%°,
pick a, b,c,d € K* such that Q, p gk = SN Q;OO. Buy our stronger
parametrization results, the following formula defines Darmon points:

abcda'b’ # 0
va'vb Qapearx NATYK =0 | Ad b e K, | = p(x.d,b)
Aa’,b’,K NQY =10

The conditions Ay p xk NQE =0 and &', b € Kj,f , ensure that
Ay ok = A7 K Once analyzed, this reveals to be a V3V-formula.

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



The formula
¢ (x,a,b) :=3y3z (z € Tapk Ny € Tapk Ngedr,, (v, 2) =1y = xz”)
diophantinely defines v, (x) € Z>o U nZ for all p € A, p k.

Now we can define Darmon points: Given S C Qg finite containing Q5°,
pick a, b, c,d € K* such that Q, p c.q.x = SN QK. Buy our stronger
parametrization results, the following formula defines Darmon points:

abcda'b’ # 0
va'vb Qabedk N A;’,b',K @: 0|~ b ek, | =0(xd,b)
Doy k NS =

The conditions Ay x N =0 and &', b € K, ensure that

Ay p k= AZP K Once analyzed, this reveals to be a V3aV-formula. When
S = QR it can be improved to a V3-formula.
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Kollar's Conjecture

Let us now switch to another base field: C(z).
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
Pz (C)
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PE (C) =Cu {5}
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C) =CU {3} and n € Z>1 U {cc}
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL (C) =CU {5} and n € Z>1 U {oo} define

Csni={f €C(z):Ya € PL(C)\'S (va (f) € ZoUZ< 1)},

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C)=CuU {5} and n € Z>1 U {oo} define

Csni={f€C(z):Ya e P (C)\'S (Va(f) € ZxoUZ<_p)},

Ds={f € C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}

(we assume coZ = ().
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C)=CU {5} and n € Z>1 U {oo} define

Csni={f€C(z):Ya e PL(C)\'S (Va(f) € ZxoUZ<_pn)},

Ds={f € C(z) :Ya € PL(C)\'S (va (f) € Z>o U nZ)}

(we assume coZ = ). We have Cs o, = Ds o, = S-integers if 50 € S.
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C)=CU {5} and n € Z>1 U {oo} define

Csn={f€C(z):Ya e PL(C)\'S (Va(f) € Zxo0UZ<_p)},

Ds,={f € C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}

(we assume coZ = ). We have Cs o, = Ds o, = S-integers if o0 € S.

Observe that Cs 1 = Ds; = C(z).
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C)=CU {5} and n € Z>1 U {oo} define

Csni={f€C(z):YaePL(C)\'S (Va(f) € ZxoUZ<_p)},

Ds={f € C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}

(we assume coZ = ). We have Cs o, = Ds o, = S-integers if 50 € S.
Observe that Cs 1 = Ds; = C(z).

Let us characterize Cp o, = Dy oo
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C)=CU {5} and n € Z>1 U {oo} define

Csni={f€C(z):YaePL(C)\'S (Va(f) € ZxoUZ<_p)},

Ds={f € C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}

(we assume coZ = ). We have Cs o, = Ds o, = S-integers if 50 € S.
Observe that Cs 1 = Ds; = C(z).

Let us characterize Cp o, = Dy .. We want to be integral everywhere.
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL (C) =CuU {5} and n € Z>1 U {oo} define

Csp={f€C(z):YaePL(C)\'S (Va(f) € ZxoUZ<_p)},

Ds={f € C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}

(we assume coZ = ). We have Cs o, = Ds o, = S-integers if a0 € S.
Observe that Cs 1 = Ds 1 = C(z).

Let us characterize Cy o, = Dy .. We want to be integral everywhere.
Being integral outside G is belonging to C [z].
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C) = CU {5} and n € Z>1 U {co} define

Csni={f €C(2):Ya e PE(C)\'S (va (f) € Zzo UZ<_p)},

Dsn={f €C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}
(we assume coZ = (). We have Cs o = Ds o, = S-integers if 50 € S.
Observe that Cs 1 = Ds 1 = C(z).
Let us characterize Cp o, = Dy .. We want to be integral everywhere.

Being integral outside o0 is belonging to C[z]. Adding integrality with
respect to 50 means reducing us further to C,
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Kollar's Conjecture

Let us now switch to another base field: C(z). Given a finite set S of
PL(C)=CU{cS} and n € Z>1 U {co} define

Csn={f€C(z):Ya e PL(C)\'S (Va(f) € Z50UZ<_p)},

Ds={f € C(z):Ya € PL(C)\'S (va (f) € Z>o U nZ)}
(we assume coZ = ). We have Cs o, = Ds o, = S-integers if o0 € S.
Observe that Cs 1 = Ds; = C(z).
Let us characterize Cp o, = Dy .. We want to be integral everywhere.

Being integral outside o0 is belonging to C[z]. Adding integrality with
respect to 50 means reducing us further to C, so (o, = Dy, = C.
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Kollar's Conjecture

Let D C C(z) be any subset.
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>q we can consider DN C|z],
as a subset of C"*1,
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>o we can consider DN C|z],
as a subset of C"*1. We will consider the Zariski topology here.
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>q we can consider DN C|z],
as a subset of C™1. We will consider the Zariski topology here.

Kollar's Conjecture

Let D C C(z) be a diophantine set such that, for infinitely many n € Zx>g
the set D contains a Zariski open subset of C[z],. Then D is cofinite.
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>q we can consider DN C|z],
as a subset of C™. We will consider the Zariski topology here.

Kollar's Conjecture

Let D C C(z) be a diophantine set such that, for infinitely many n € Z>g
the set D contains a Zariski open subset of C[z],. Then D is cofinite.

Clearly Cs1 = Ds 1 = C(z) is diophantine.
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>( we can consider DN C|z],
as a subset of C"™1. We will consider the Zariski topology here.

Kollar's Conjecture

Let D C C(z) be a diophantine set such that, for infinitely many n € Z>g
the set D contains a Zariski open subset of C[z],. Then D is cofinite.

Clearly Cs; = Ds; = C(z) is diophantine. Moreover, Cj o, = D o = C'is
also diophantine,
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>q we can consider DN C|z],
as a subset of C™1. We will consider the Zariski topology here.

Kollar's Conjecture

Let D C C(z) be a diophantine set such that, for infinitely many n € Z>g
the set D contains a Zariski open subset of C[z],. Then D is cofinite.

Clearly Cs; = Ds; = C(z) is diophantine. Moreover, Cj o, = D o = C'is
also diophantine, because every large field L is diophantine in L (z) (a field L
is large if every curve over L has either infinitely many or none L-rational
points).
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>q we can consider DN C|z],
as a subset of C™1. We will consider the Zariski topology here.

Kollar's Conjecture

Let D C C(z) be a diophantine set such that, for infinitely many n € Z>g
the set D contains a Zariski open subset of C[z],. Then D is cofinite.

Clearly Cs; = Ds; = C(z) is diophantine. Moreover, Cj o, = D o = C'is
also diophantine, because every large field L is diophantine in L (z) (a field L
is large if every curve over L has either infinitely many or none L-rational
points). Are there other diophantine instances?
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Kollar's Conjecture

Let D C C(z) be any subset. For each n € Z>q we can consider DN C|z],
as a subset of C™. We will consider the Zariski topology here.

Kollar's Conjecture

Let D C C(z) be a diophantine set such that, for infinitely many n € Z>g
the set D contains a Zariski open subset of C[z],. Then D is cofinite.

Clearly Cs; = Ds 1 = C(z) is diophantine. Moreover, Cy ., = Dy o, = C is
also diophantine, because every large field L is diophantine in L (z) (a field L
is large if every curve over L has either infinitely many or none L-rational
points). Are there other diophantine instances?

Theorem (Garcia-Fritz, Pasten, Pheidas; 2022)

Let S be a finite subset of PL (C) and let n € Z>1 U {oo}. If Kollar's
Conjecture is true, then Cs , is NOT diophantine, except for the cases
C571 = (C(Z) and Cq)po =C.
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of PL (C) and let n € Z>1 U {oo}. If Kollar's

Conjecture is true, then Ds , is NOT diophantine, except for the cases
Dg,l = (C(Z) and D(Z),oo =C.
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of PL (C) and let n € Z>1 U {oo}. If Kollar's
Conjecture is true, then Ds , is NOT diophantine, except for the cases
D571 = (C(Z) and D(Z),oo =C.

Assume Ds , is diophantine.
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of P (C) and let n € Z>1 U {oc}. If Kollar's
Conjecture is true, then Ds , is NOT diophantine, except for the cases
Ds1=C(z) and Dy o, = C.

Assume Ds , is diophantine.

CASE 1: n = 0.
We want to show that S = 0.
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of P (C) and let n € Z>1 U {oc}. If Kollar's
Conjecture is true, then Ds , is NOT diophantine, except for the cases
Ds; =C(z) and Dy o, = C.

Assume Ds ,, is diophantine.

CASE 1: n = oo.
We want to show that S = (). If not, up to a linear change of variables we
may assume o0 € S,

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of P (C) and let n € Z>1 U {oc}. If Kollar's
Conjecture is true, then Ds , is NOT diophantine, except for the cases
Ds1 =C(z) and Dy o, = C.

Assume Ds ,, is diophantine.

CASE 1: n = cc.
We want to show that S = (). If not, up to a linear change of variables we
may assume o0 € S, so that Ds , = (C|[z])¢
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of P (C) and let n € Z>1 U {oc}. If Kollar's
Conjecture is true, then Ds , is NOT diophantine, except for the cases
Ds1 =C(z) and Dy o, = C.

Assume Ds ,, is diophantine.

CASE 1: n = cc.
We want to show that S = (). If not, up to a linear change of variables we
may assume o0 € S, so that Ds , = (C[z])s 2 C[z], for all £ € Z>o.
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of PL (C) and let n € Z>1 U {oo}. If Kollar's
Conjecture is true, then Ds , = (C[z])s is NOT diophantine, except for the
cases Ds; = C(z) and Dy, = C.

Assume Ds , is diophantine.

CASE 1: n = o0.

We want to show that S = (). If not, up to a linear change of variables we

may assume o0 € S, so that Ds , = (C[z])s 2 C[z], for all £ € Z>¢. By
——

(CZ+1
Kollar's Conjecture, Ds , = (C[z])s is cofinite.
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Kollar's Conjecture

The proof can be adapted to get a slightly more complicated proof of:

Proposition

Let S be a finite subset of PL (C) and let n € Z>1 U {oo}. If Kollar's
Conjecture is true, then Ds , = (C[z])s is NOT diophantine, except for the
cases Ds; = C(z) and Dy o, = C.

Assume Ds , is diophantine.

CASE 1: n = o0.

We want to show that S = (). If not, up to a linear change of variables we

may assume o0 € S, so that Ds , = (C[z])s 2 C[z], for all £ € Z>o. By
N—— -

Ct+1
Kollar's Conjecture, Ds , = (C[z])s is cofinite. This is obviously false (we
have % & Ds , forall A &€ S).
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Kollar's Conjecture

Proposition

Let S be a finite subset of PL (C) and let n € Z>1 U {oo}. If Kollar's
Conjecture is true, then Ds , = (C[z])s is NOT diophantine, except for the
cases Ds; = C(z) and Dy o, = C.

Assume Ds , is diophantine.

CASE 1: n = o0.
We want to show that S = (). If not, up to a linear change of variables we
may assume o0 € S, so that Ds , = (C[z])s 2 C[z], for all £ € Z>¢. By
+1
Ct+

Kollar's Conjecture, Ds , = (C[z])g is cofinite. This is obviously false (we
have 5 & Ds , forall A &€ S).

CASE 2: n # .
We want to show that n = 1.
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If a € nZ>1, let us show that

Ds, 2 {f € Cle] : deg () = a}.

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, D {f € Clz] : deg (f) = a},

the latter set being identified with C* x C%, which is a Zariski open subset
of CotL.
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, D {f € Clz] : deg(f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of Cot1L,

Fix f in the latter set.

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, 2 {f € C[z] : deg(f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of CotL,

Fix f in the latter set. Since f € C[z] then vy (f) > 0 forall A € C
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, D {f € C[z] : deg (f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of Co+L,

Fix f in the latter set. Since f € C|[z] then vy (f) > 0 for all A € C (in
particular, for all A € C\ S).
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, D {f € C[z] : deg (f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of Co+L,

Fix f in the latter set. Since f € C|[z] then vy (f) > 0 for all A € C (in
particular, for all A € C\ S). Moreover, v55 (f) = —deg (f) = —a € nZ,

Juan Pablo De Rasis (OSU) Campana & Darmon points March 6th, 2025



Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, 2 {f € C[z] : deg(f) = a},

the latter set being identified with C* x C%, which is a Zariski open subset
of Co+L,

Fix f in the latter set. Since f € C|[z] then vy (f) > 0 for all A € C (in
particular, for all A € C\ S). Moreover, v5 (f) = —deg (f) = —a € nZ,
thus f € Ds p,, as desired.
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If & € nZ>1, let us show that

Ds, D {f € Clz] : deg (f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of CotL,

Fix f in the latter set. Since f € C|[z] then vy (f) > 0 for all A € C (in
particular, for all A € C\ S). Moreover, v55 (f) = —deg(f) = —a € nZ,
thus f € Ds p, as desired.

By Kollar's Conjecture Ds , is cofinite.
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If a € nZ>1, let us show that

Ds, 2 {f € C[z] : deg (f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of CoH+1L

Fix f in the latter set. Since f € C|[z] then vy (f) > 0 for all A € C (in
particular, for all A € C\ S). Moreover, vs5 (f) = —deg (f) = —a € nZ,
thus f € Ds p, as desired.

By Kollar's Conjecture Ds , is cofinite. If n > 1 then i & Ds p, for all
AeC\ (Su{a}),
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Kollar's Conjecture

CASE 2: n # .
We want to show that n = 1. If a € nZ>1, let us show that

Ds, 2 {f € C[z] : deg (f) = o},

the latter set being identified with C* x C%, which is a Zariski open subset
of CoH+1L

Fix f in the latter set. Since f € C|[z] then vy (f) > 0 for all A € C (in
particular, for all A € C\ S). Moreover, vs5 (f) = —deg (f) = —a € nZ,
thus f € Ds p, as desired.

By Kollar's Conjecture Ds , is cofinite. If n > 1 then i & Ds p, for all
A e C\ (SuU{cc}), so we must have n = 1.
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