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CHAPTER 2

Formulating Probability
2.1. Axioms for Probability
2.1.1. The Prehistory of Probability. While there have certainly been
individual utterances related to probability from quite early on in recorded thought,
as well as hints of at least potential organized knowledge of the field, it is difficult
to avoid the impression that logic came first. Certainly mathematical logic came
before mathematical probability.
In its medieval usage, “probability” was not a mathematical or quantitative
concept at all. Some things, collectively called scientia, could be known certainly
by “demonstration,” a precursor of modern concepts of proof. Other kinds of
propositions, collectively called opino — and it was thought a genuinely different
category — were the subject of belief, including belief based on sense perception.
To say that an opinion was probable meant exactly that some trustworthy person
believed it. There was no paradox, then, when Gibbon said of a certain opinion,
“Such a fact is probable but undoubtedly fals.”
This led to the common accusation, not unfamiliar in our times, that one’s
opponent had first settled on an opinion, and then found some learned worthy
whose words could be taken as acceptance. Such an approach, sometimes called
“probabilism,” was one that conscientious scholars would presumably take pains to
avoid.
Although various problems on the fair division of the stakes in an uncompleted
game of chance circulated in the years before it, the first accounts of probability
in anything like the modern sense appear to have arisen in the context of the nowobscure Jansenist controversey in theological circles. Pascal was a collaborator and
correspondent with several on the Jansenist side, including Antoine Arnauld and
Pierre Nicole, authors of the 1662 La Logique ou l’ard de penser, better known as
the Port Royal Logic.
The Port Royal Logic started in a relatively conventional way, treating in its
first part the problems around forming concepts; in the second part, deductive reasoning generally; in the third, syllogistic reasoning specifically. The fourth part
begins as an exposition of analysis and synthesis, the two traditional parts of geometric reasoning, but the final four chapters take up a very different kind of reasoning. The matter under examination there is the application of reason to events
“which may or may not be, when we inquire about the future, but which cannot
be otherwise when we inquire about the past” [27]. It would be foolish to think,
in probabilist fashion, that something is false in general merely because it fails in
a particular case, or to think it true merely because it is possible. These uncertain
beliefs, though, are explicitly compared to games of channce, and the frequency of
the various outcomes of these games are used to reckon the degree of probability
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of the proposition — for the first time a quantity. This analysis ends with the first
published form of Pascal’s wager.
The history of probability, or the course by which Pascal, Fermat, Leibniz,
Huygens, and finally Bernoulli extended these observations into what we now recognize as mathematical probability is not the subject of the present book. However,
it is important to note two features regarding the first emergence of mathematical
probability. First, it is important to note that it emerged as a branch of logic intended to deal with uncertain events. Second, we note that the genesis of modern
probability happens exactly with the merger of what are later called the Bayesian
and frequentist interpretations of probability.
In the frequentist interpretation, probability represents the proportion of one
outcome in a (perhaps large) class of indistinguishable trials. In the Bayesian
interpretation, the probability of a hypothesis reflects our degree of beiief in a
hypothesis. The authors of the Port Royal Logic used the frequency of truth to
address the problem of assigning a degree of belief. Of course, the philosophy of
probability, including the Bayesian/frequentist debate, has a large literature of its
own. The explanation here of the early history of the subject was heavily influenced
by [213].
The Port Royal Logic was widely circulated, but by 1847 Augustus De Morgan
still felt a need to explain the inclusion of probability in his Formal Logic:
The old doctrine of modals is made to give place to the numerical theory of probability. Many will object to this theory as
extralogical. But I cannot see on what definition, founded on
real distinction, the exclusion of it can be maintained. When I
am told that logic considers the validity of the inference, indpendently of the truth or falsehood of the matter, or supplies the
conditions under which the hypothetical truth of the matter of
the premises gives hypothetical truth to the matter of the conclusion, I see a real definitionm, which propounds for consideration
the forms and laws of inferential thought. But when it is further
added that the only hypothetical truth shall be absolute truth,
certain knowledge, I begin to see arbitrary distinction, wanting
the reality of that which preceded.... Not however to dispute
upon names, I mean that I should maintain, against those who
would exclude the theory of probability from logic, that, call it by
what name they like, it should accompany logic as a study.[347]
In any case, De Morgan described probability in the context of logic, including
arithmetical calculations and the assignment of a scale of probability, offering the
Farenheit temperature scale as an example, but exploring in more detail the interval
[−1, 1].
When Boole undertook a general mathematicization of logic, he, too, included
probability in its scope. Significantly for our investigation of algorithmic randomness in Chapter 3 and of machine learning in Chapter 7, one of his first motivating
examples is the use of the fact that “the same characters and successions of characters recur with determinate frequency” to interpret archaeological texts from
Ireland and the Near East . Boole sets out an axiomatic calculus of probabilities
that would be familiar today either to students of elementary probability or to the
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axiomatizers of the modern probability logics discussed in Section 2.2.2, as well as
a “general method for the solution of problems in the theory of probabilities” [71].
Keynes described probability in much more strictly logical terms, axiomatizing
an algebraic structure capable of serving as the possible values of probability [274].
For Keynes, too, probability was a kind of logic.
The tradition of interpreting probability as a generalization of logic continued
for some time afterward in philosophical circles in the hands of Popper, Carnap,
and others, and some of this work (in particular that of Popper) will be relevant for
algorithmic randomness. However, it is not primarily this philosophical tradition
that conerns us, but the communication of modern mathematical logic with modern
probability.
2.1.2. The Kolmogorov Axiomatization. I have broken some with the
standard scholarly delineation of the history. Most would place everything after
Pascal — and certainly everything after Bernoulli — in the history of probability, not the prehistory. There is certainly fairness in this. However, the point I
want to emphasize is that all of the probability discussed in the previous section
belongs firmly to an age of the field at least as distant from the practice of modern
probability as De Morgan’s classification of syllogistic forms is from that of modern
logic.
A fair point of delineation in logic might be the Zermelo-Frankel formulation of
set theory, or, more likely, the quick succession in the 1930s of Gődel’s completeness
and incompleteness theorems, Tarski’s undefinability theorem, and Turing’s negative solution to the Entscheidungsproblem. That which came before is certainly not
modern logic. That which came afterward will generally be accepted by modern
logicians as being in continuity with modern research in the field. The analogous
demarcation point in probability is Kolmogorov’s measure-theoretic formulation of
probability.
It is true that Kolmogorov’s measure-theoretic approach opened up significant
new vistas for the field, especially toward non-finite probability spaces, but his
motivation, it seems germane to state, was
. . . to give an axiomatic foundation for the theory of probability.
The author set himself the task of putting in their natural place,
among the general notions of modern mathematics, the basic
concepts of probability theory — concepts which until recently
were considered to be quite peculiar.[287]
Kolmogorov developed probability as a special case of Lebesgue’s measure theory.
Definition 2.1.1. A probability space is a triple (Ω, B, P ) with the following
properties:
(1) Ω is a set.
(2) B is a σ-algebra of subsets of Ω.
(3) Ω ∈ B
(4) P : B → R≥0
(5) P (Ω) = 1
(6) If A, B ∈ B are disjoint, then P (A ∪ B) = P (A) + P (B)
(7) If A1 ⊇ A2 ⊇ · · · is a decreasing sequence of elements of B with empty
intersection, we have lim P (An ) = 0.
n∈N
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It is routine to see that this last condition is equivalent to the assertion that P
is countably additive.
For any set S, an S-valued random variable is a function X : Ω → S. Typically
the set S has some measure of its own and random variables are restricted to be
the measurable functions. From this
 perspective, for a measurable subset T ⊆ S,
we write P (X ∈ T ) = P X −1 (T ) .
Using this formalism, it is possible to generalize the probability known to
Bernoulli and Boole to contacts with what might be called a “completed infinity” of possible outcomes, those Rinvolving infinite-dimensional distributions. We
express the expectation E(X) = X dP .
In this world, a large range of applications opens up. For instance, let G be a
graph, and equip G with a sequence of functions ηt : V → {0, 1} on its vertices, as
t ranges over N.
Example 2.1.2. Each vertex represents an individual in a population susceptible in principle to an infectious disease. Those vertices v with ηt (v) = 1 are
said to be infected at time t and those with ηt (v) = 0 are said to be healthy. Of
course, many models could describe the dynamics of this system over time, perhaps
prescribing ηt+1 (v) in terms of the values of ηt on the neighborhood of v. This
is called a contact process. Under specific models of the evolution of ηt , we could
ask questions about the probability that, for instance, there is some t̂ such that for
t > t̂ there is some v such that ηt (v) = 1.
There arises, of course, the question of the necessesity of this approach. In
a sense, this necessity is established by a theorem of de Finetti [130, 132, 131].
Given a measurable space (Ω, B) betting system is a function b : B 0 × Ω → R, where
B 0 ⊆ B is countable, such that for each S ∈ B 0 there is a qS ∈ R such that

1 − qS if x ∈ S
b(S, x) :=
−qS
otherwise
In this sense, we can interpret any function µ : B → R as a betting system bµ , by
setting qS = µ(S). A rational actor who, for each S ∈ B 0 , believes with strength
µ(S) that x ∈ S will expect value 0 from bµ (S, ·), and will accept any bet giving
µ-expectation larger than that.
If b is a betting system, a Dutch book on b is a set C ⊆ B 0 such that for any
x ∈ Ω, we have
X
b(S, x) < 0.
S∈C

A Dutch book, then, is a combination bet guaranteeing a loss for the agent who
adopts betting system b. The following result, variously attributed to [374] and
[131], shows that the axioms of probability are necessary, in the sense that a Dutch
book can be made on any betting system that violates them.
Theorem 2.1.3. Let (Ω, B) be a measurable space, and let µ be a function from
B to R≥0 . If (Ω, B, µ) is not a probability space, then there is a Dutch book on bµ .
The proof consists of an elementary truth table construction, and is described
in detail in [453].
A second result, which seems unequivocally attributed to de Finetti, suggests a
kind of uniqueness for the probability measure on particular events. It seems difficult to locate in de Finetti’s works an explicit statement of the theorem attributed
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to him — or, indeed, any proofs or many theorems — but the sentiments expressed
by the theorem certainly arise in his work. A standard modern expression of the
theorem can be found in [256]. For the statement of this theorem, we define a
sequence (Xi : i ∈ N) of random variables to be excxhangeable if and only if for
any permutation σ ∈ S∞ of the natural numbers and for any j ∈ N, the joint
distribution of (Xσ(1) , . . . , Xσ(j) ) is equal to that of (X1 , . . . , Xj ).
Theorem 2.1.4 (de Finetti’s Theorem). Let (Xi : i ∈ N) be a sequence of
random variables over a Borel measure space, taking values in S, with probability
measure P . Then the following are equivalent:
(1) (Xi : i ∈ N) is exchangeable.
(2) There is some random variable ν taking values in the set of probability
measures on S so that P is the product measure ν ∞ almost surely.
This “uniqueness” aspect of this theorem is explained, for instance, in [251]:
de Finetti did not believe in objective values of probability. However, he was able
to give meaning to probability apart from any objective value by proving that any
two observers would eventually agree upon a subjective probability measure. Dawid
explains the impact of this theorem in some detail, including the observation that
a person believing only in the exchangeability of a sequence of coin tosses would
converge on a subjective probability distribution exactly matching that given by
the usual (objective) axiomatization of Bernoulli trials [129].
If we consider the sequence (Xi : i ∈ N) to be exchangeable, then as we observe
Xi for more and more i, the subjective probability measure we would all eventually
agree on is ν ∞ . In particular, if we write P (T ) = ν ∞ (T ) and take expected values,
then we obtain
Z
P (T ) = Eν ∞ = m∞ P (ν ∈ dm),
where m in the integral ranges over all probability measures on S.

Proof. The implication from 2 to 1 is obvious from the definitions. To show
the opposite direction, let X = (Xi : i ∈ N) be an exchangeable sequence. Let I be
the shift-invariant σ-algebra in the natural probability space of sequences on which
X is a random variable, and let IX be the pre-image of this σ-algebra under X.
For a probability measure P , a random variable A and a σ-algebra C, we define
the conditional probability P (A|C) in the standard way [255]. That is, we first
define the conditional expectation first for the case where A ∈ L2 , so that E(A|C) is
the orthogonal projection of A onto the subspace of C-measurable funcitons. This
can be extended, by continuity, to A ∈ L1 . We then define P (A|C) := E(χA |C).
Thus, P (A|C) is not a constant, but a random element of the space of probability
measures. This specializes to the elementary conditioning on a single event when
C is the smallest σ-algebra containing that event. We now define ν = P (X1 |IX ).
To verify that this ν has the properties required, we take I ∈ I and let
f1 , . . . , fm be bounded measurable functions, and with the dominated convergence
theorem (recalling that we have assumed X is exchangeable) we let n ∈ N and
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calculuate
E (χI (X))

m
Y

fi (Xi )

=

i=1

=

1
n→∞ nm

X

lim

E (χI (X))

j1 ,...,jm ≤n

lim E (χI (X))

n→∞

m
Y

fk (Xkn+jk )

k=1

m
Y

n
P

fk (Xkn+j )

j=1

n

k=1

.

We now use the definition of conditional probability, combined with the mean
m
Q
ergodic theorem, to find that this quantity converges to E (χI (X))
νfk . Now
k=1

for any product-measurable set B, we have P (X ∈ B|IX ) = ν ∞ (B) almost surely,
as required.

It is natural to ask about the effectiveness of the preceding proof: given a
sequence of random variables that is, in some appropriate sense, effective, can we
find a computable measure ν? This question has added significance in light of
Jeffrey’s interpretation. Following the reasoning of algorithmic game theory, if the
agents can’t effectively find the Nash equilibrium, then its power to predict their
behavior is limited. Similarly, if the so-called de Finetti measure is not computable,
we could not expect computable agents to agree on it.
Theorem 2.1.5 ([179]). Let FX be the distribution of a real-valued exchangeable
sequence X and Fν be the distribution of the measure whose existence is guaranteed
by Theorem 2.1.4. Then FX ≡T Fν in the sense of type-two functions.
Proof. Let X be an exchangeable sequence of real variables, and B a Borel
set. We hope to define a random variable YB by YB = Fν (B), and it suffices to
define it where B is an interval (a, b) with rational endpoints.
Now if 
β : N → B is an enumeration

 k of some
 Borel sets, by de Finetti’s theorem,
k
T
Q
we have P
{Xi ∈ β(i)} = E
Yβ(i) .
i=1

i=1

It can be shown that if R : N → B is an enumeration of finite unions of open
rectangles in Qk , then
 kfrom a degreecomputing FX , we can enumerate all rational
T
lower bounds on P
{Xi ∈ R(i)} . By noting that almost surely Fν places no
i=1

mass on boundaries, an enumeration of upper bounds can at least be simulated.
Lemma 2.1.6. Let Y be a sequence of [0, 1] random
 with distribution
 k variables
Q
Yj(i) as k ranges over N
Fη . Then Fη is Turing equivalent to the sequence E
i=1

and j ranges over Nk .

Proof. That the mixed moments E

k
Q


Yj(i)

should be computable relative

i=1

to Fη is straightforward from the computability of polynomials and of integrals.
On the other hand, let B be a k-tuple
of open intervals with rational endpoints,

and consider that Fη = E χB (Ȳ ) . We can find a sequence of polynomials converging pointwise to χB from below, completing the proof of the Lemma and the
Theorem.
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In considering Kolmogorov’s axiomatization of probability, it is also interesting
to point out the recent formalization of a proof of the Central Limit Theorem in
[35] in the Isabelle proof assistant. Much of the work in this formalization included
formalization of the appropriate objects in measure theory.
2.2. Reasoning With Probability
2.2.1. The Primacy of Probability. If you want to compute a conjunction,
you could think of
P (A ∧ B) = P (A|B) · P (B).
Even under some additional hypotheses, you could reckon
P (A ∧ B|H) = P (A|B ∧ H) · P (B|H).
Similarly, you could compute a disjunction by
P (A ∨ B|H) = P (A|H) + P (B|H) − P (A ∧ B|H),
and negation by P (¬A|H) = 1 − P (A|H), and from there you’re off to all propositional logic.
Now probability is a natural enough way for us, as mathematicians to think
about this sort of thing, and in fact it’s hard to think of a reason we would do
anything else. In fact, there’s a proof, due to Cox [125] that probability is enough.
There’s a bit of setup for it.
Let’s use L(A|B) to denote some “likelihood,” some credibility that we assign
to A under the assumption of B. Probability is certainly the key example, but you
could certainly think of others. For cheap ones, just take some function f and take
L(A|B) = f (P (A|B)). You could get something not unreasonable, for instance, by
taking f (x) = 100x, or by thinking of “rareness” and mapping
 1
if x > 10−100
x
f (x) =
100
10
otherwise.
And those are just the cheap ones.
A good start is to restrict what sorts of factors can be considered. One reasonable restriction arises from an accounting of the things that “should be” relevant,
and restricting L to only considering those. Take the upcoming election. You can
certainly figure out the likelihood that Mitt Romney will win the electoral votes
of both Ohio and Florida if you know his likelihood of winning Florida and his
likelihood of winning Ohio given that he wins Florida. There may be other ways
to calculate it, but if you know those two, then everything else has either been
accounted for or is irrelevant. So we have the first axiom: There is some function
F such that
(1)

L(C ∧ B|A)

= F (L(C|B ∧ A), L(B|A)) .

If L is probability, then we even know what this function is: it’s multiplication.
If we also believe that ∧ is associative, we get some restriction on F . If we start
with L(D ∧ C ∧ B|A), then by our axiom, it must equal
F (F (L(D|C ∧ B ∧ A), L(C|B ∧ A)) , L(B|A)) .
On the other hand, it must also equal
F (L(D|C ∧ B ∧ A), F (L(C|B ∧ A), L(B|A))) .

10

2. FORMULATING PROBABILITY

Consequently, we have
F (F (x, y), z) = F (x, F (y, z)) .
Lemma 2.2.1. For any solution F to the functional equation above, having
second derivatives, there must exist a unary function f and a constant C such that
Cf (x, y) = f (x)f (y).
Proof. We start with the given equation,
F [F (x, y), z] = F [x, F (y, z)],
and let F (x, y) = u and F (y, z) = v. Then our equation is
F (u, z) = F (x, v).
We differentiate with respect to x and get
∂u
= F1 (x, v).
∂x
Differentiating this with respect to x gives
F1 (u, z)

F11 (u, z)

∂2u
∂v
∂u ∂u
+ F1 (u, z)
= F12 (x, v) .
∂x ∂y
∂x∂y
∂y

If we differentiate each time with each of the three variables, we get a big mess,
which simplifies to
∂ 2 v/∂y∂z
∂ 2 v/∂y 2
∂ 2 u/∂x∂y ∂ 2 u/∂y 2
−
=
∂z −
.
∂u/∂x
∂u/∂y
∂v
∂v/∂y
Now we remember our logarithmic differentiation, and get




∂
∂u/∂x
∂v/∂y
∂
ln
ln
=−
.
∂y
∂u/∂y
∂y
∂v/∂z
By the definitions of u and v, we have




∂
F1 (x, y)
∂
F1 (y, z)
ln
=−
ln
.
∂y
F2 (x, y)
∂y
F2 (y, z)
Since the x’s only appear on one side and the z’s on the other, each side of the
equation must be determined entirely by y, so we set the left side equal to
d
ln Φ(y),
dy
and the right hand side equal to its negative. By renaming variables in the equation
for the right hand side, we can have


∂
F1 (x, y)
d
ln
= − ln Φ(x).
∂x
F2 (x, y)
dx
We can now combine these to get




∂
F1 (x, y)
∂
F1 (x, y)
ln
dx +
ln
dy = −d ln Φ(x) + d ln Φ(y).
∂x
F2 (x, y)
∂y
F2 (x, y)
We can integrate this, and get
F1 (x, y)
Φ(y)
= C0
.
F2 (x, y)
Φ(x)
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When we combine this with all the first derivatives, we get
∂F (x, y)
Φ(F (x, y))
=
.
∂·
Φ(·)
Now the equation comes up to be
dF
dx
dy
=
+
,
Φ(F )
Φ(x) Φ(y)
and we can integrate that to get C1 f (F ) = f (x)f (y), as was to be shown.



As we already said, any f will do, so we’ll choose the identity. Then we have
C1 F (p, q) = pq,
so that
F (p, q) =

1
pq,
C1

and, in particular,
L(C ∧ B|A) =

1
(L(C|B ∧ A)) · (L(B|A)) .
C1

This looks familiar.
We can also specify C1 based on convention and first principles. Let C = B.
Then this last equation is equivalent to
1
L(B|A) =
(L(B|B ∧ A)) · (L(B|A)) .
C1
If we clear the denominator and divide both sides by L(B|A), we get
C = L(B|B ∧ A).
So we have to pick what the likelihood of certainty is.
We’re ready for the second assumption: There is some function S such that
(2)

L(¬B|A)

= S(L(B|A)).

Intuitively, the likelihood of B failing is determined by that of B holding. Since we
probably want L(¬¬B|A) = L(B|A), we have S(S(x)) = x. Then by De Morgan’s
law (which we presumably also want),
S(L(C ∨ B|A)) = L(¬C ∧ ¬B|A).
But then using the previous part, we have
S(L(C ∨ B|A)) = S(C|¬B ∧ A)S(B|A).
With another application of S and a little more work, we get


S(L(C ∨ B|A))
S(L(B|C ∧ A))L(C|A)
=S
.
S(L(B|A))
S(L(B|A))
We can rewrite this to have the same given in all cases.




S(L(C ∨ B|A))
L(C ∧ B|A)
L(C|A) = S
S(L(B|A)).
S
L(C|A)
S(L(B|A))
Now let B = C ∧ D, so that




L(C ∧ D|A
S(L(C|A))
S
L(C|A) = S
S(L(C ∧ D|A)).
L(C|A)
S(L(C ∧ D|A))
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Now we have another functional equation, this time for S:




S(y)
S(x)
xS
= yS
.
x
y
Lemma 2.2.2. Let S be twice differentiable, and let it satisfy the previous equation. Then S(p) = (1 − pm )1/m .
Proof. Write u :=

S(y)
x

and v :=

S(x)
y .

Then the equation is

xS(u) = yS(v).
If we differentiate by x and then y, we get
vS 00 (v)S 0 (x)
uS 00 (u)S 0 (y)
=
.
x
y
Multiplying by the previous version, we get
uS 00 (u)S(u)S 0 (y) = vS 00 (v)S(v)S 0 (x).
With the first derivatives, we can get
uS 00 (u)S(u)
vS 00 (v)S(v)
=
.
0
0
0
(uS (u) − S(u))S (u)
(vS (v) − S(v))S 0 (v)
Again, we have separated variables, so that the right hand side is equal to a constant
k. Then
uS 00 (u)S(u) = k(uS 0 (u) − S(u))S 0 (u),
so that


dS
du
dS 0
=
k
−
.
S0
S
u
We can integrate to get


S k
0
) .
S = A0
u
We can integrate again to get
S 1−k = A0 u1−k + A1 .
For this to actually satisfy the equation, A0 = −1 and A1 = 1.
m



m

Now, in particular, L(B|A) + L(¬B|A) = 1. We make another conventional
assumption and assume m = 1. If B = A, then we find that the likelihood of
impossibility is 0.
Now we also can get the usual inclusion-exclusion formula.
Lemma 2.2.3. The following hold:
(1) L(C ∧ B|A) + L(¬C ∧ B|A) = L(B|A)
(2) L(C ∨ B|A) = L(C|A) + L(B|A) − L(C ∧ B|A).
Definition 2.2.4 ([219]). A conditional probability measure is a binary function µ : E × E → [0, 1] such that
(1) µ(U |U ) = 1 for any U
(2) If V1 and V2 are disjoint, then µ(V1 ∪ V2 ) = µ(V1 ) + µ(V2 )
(3) µ(V |U ) = µ(V ∩ U |U )
(4) µ(U1 |U3 ) = µ(U1 |U2 ) × µ(U2 |U3 ) whenever Ui ⊆ Ui+1 .
The function L given above is a conditional probability measure.
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Theorem 2.2.5 (Cox, 1946). Let L(·|·) be a binary function on events such
that
(1)
(2)
(3)
(4)

∧ is associative in the second argument,
¬ is a reflection in the first argument,
De Morgan’s law ¬(C ∨ B) ⇔ ¬C ∧ ¬B holds in the first argument.
There is a twice-differentiable function F such that
L(C ∧ B|A) = F (L(C|B ∧ A), L(B|A)),

(5) There is a twice-differentiable function S such that
L(¬B|A) = S(L(B|A)).
Then L is a conditional probability measure.
Halpern noted some issues with this proof. The big one is that the functional
equations are assumed to hold for all possible values. We could use continuity and
deal with only a dense set of values. This means, among other things, that for any
U and any x ∈ [0, 1], there is some V such that L(V |U ) = x.
Also, it assumes that L is real-valued. This means that every event is comparable in likelihood to every other event — even under any (different) conditions on
either of them.
Theorem 2.2.6 (Halpern 1999 [217]). There is a function L0 , a finite domain
W , and functions S, F , and G such that
(1) L0 (¬V |U ) = S(L0 (V |U ))
(2) L0 (V1 ∧ V2 |U ) = F (L0 (V2 |V1 ∧ U ), L0 (V1 |U )
(3) L0 (V |U ) ∈ [0, 1]
(4) S(x) = 1 − x
(5) G(x, y) = x + y
(6) F is infinitely differentiable, strictly increasing in each argument, commutative, F (x, 0) = 0 and F (x, 1) = x.
(7) L0 (V1 ∨ V2 |U ) = G(L0 (V1 |U ), L0 (V2 |U )).
(8) There is no function f making L a conditional probability measure.
Proof. Let W = {w1 , . . . , w12 }, and weight each point as follows:
f (w1 )

=

3

f (w2 )

=

2

f (w3 )

=

6

f (w4 )

=

5 × 104

f (w5 )

=

6 × 104

f (w6 )

=

8 × 104

f (w7 )

=

3 × 108

f (w8 )

=

8 × 108

f (w9 )

=

8 × 108

f (w10 )

=

3 × 1018

f (w11 )

=

2 × 1018

f (w12 )

=

14 × 1018
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Define f (U ) =

P

f (w), and define P (U ) = f (U )/f (W ).

w∈U

We will pick a certain δ, and define

 (3 − δ) × 1018
0
(2 + δ) × 1018
f (w) =

f (w)

if w = w10
if w = w11 ll ,
otherwise

and set W 0 = {w10 , w11 , w12 }. For any nonempty U , define
 0
f (V ∩ U )/f (U ) if W 0 ⊆ U
L0 (V |U ) =
.
f (V ∩ U )/f (U ) otherwise
Now pick ∆ > 0 so that whenever P (V1 |U1 ) > P (V2 |U2 ) we have L0 (V1 |U1 ) >
L0 (V2 |U |2)
The remainder of the proof of the counterexample can be found in [217]. Further discussion of the conditions under which Cox’s theorem does hold is found in
[218].

Note that given an unconditional real-valued likelihood measure L, we can
always define a conditional version with
L(A|B) =

L(A ∧ ¬B) − L(¬B)
.
1 − L(¬B)

Similarly, given a conditional likelihood measure, we can always define an unconditional version by conditioning on the entire sample space.
2.2.2. Probability Logic. In the most straightforward connection of probability to logic, and the one suggested by the preceding sections, we understand
classical logic to have truth values at the two ends of the spectrum: certainty and
impossibility. We then extend the possible truth values by assigning probabilities
to sentences. There are several systems of syntax and semantics for this task in
the literature. Although this interpretation goes back, as we have seen, deep in
the history of probability, the root of current work in the area seems to be in the
1960’s. At that time, Gaifman proposed assigning a measure to sentences.
Throughout, we let L be a first-order signature, and L(U ) be an expansion of
L by constants U .
Definition 2.2.7. If G is a set of sentences of L(U ), then we say that µ : G →
R≥0 , not everywhere zero, is a syntactic measure if and only if its domain is closed
under boolean combinations and for all ϕ, ψ ∈ G, we have
(1) If ` ϕ and ` ψ then µ(ϕ) = µ(ψ), and
(2) If ` ¬(ϕ ∧ ψ) then µ(ϕ ∨ ψ) = µ(ϕ) + µ(ψ).
We say that µ is a syntactic probability measure if and only if µ(ϕ) = 1 whenever
` ϕ.
Gaifmain notes that a first-order theory gives a syntactic measure mapping the
true sentences to 1 and the false ones to 0. It is natural to ask about the connection
to Kolmogorov’s continuity axiom (axiom 7 of the definition).
Lemma 2.2.8. Let µ be a syntactic measure on the quantifier-free sentences
of L(U ). Let (ϕi : i ∈ N) be a sequence of quantifier-free sentences such that
ϕi+1 → ϕi for every i, with {ϕi : i ∈ N} inconsistent. Then lim µ(ϕi ) = 0.
i→∞
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Proof. By compactness, there must either be an n for which {ϕi : i ≤ n} is
inconsistent, or else {ϕi : i ∈ N} is consistent. Consequently, there must be some n
such that for m > n we have µ(ϕm ) = 0.

For the semantics of this approach, Gaifman proposed probability models of the
following form.
Definition 2.2.9. A probability model for L is a pair (U, µ) where U is a set of
constants and µ is a syntactic probability measure on the quantifier-free formulas
of L(U ).
There is, of course the problem of extending µ to sentences which are not
quantifier-free. Gaifman gave the following characterization
Theorem 2.2.10 (Gaifman1964). Let (U, µ) be a probability model. Then there
is a unique syntactic probability measure µ∗ on the full set of sentences of L(U )
which extends µ and satisfies
(
!)
n
_
∗
∗
µ (∃xϕ(x)) = sup µ
ϕ(ai )
.
ā⊆U

i=1

Proof. We show how to construct µ∗ in the countable case. Let K be the
set of all L-structures with universe U . We take K0 to be the Boolean algebra of
subsets Bϕ of K defined by their satisfaction of a quantifer-free formula ϕ. We use
µ to define a measure µ1 on K0 .
Since µ1 is continuous (as per Lemma 2.2.8), it can be extended to a countably
additive probability measure on the σ-algebra generated by K0 . Since, for any
quantifier-free ϕ, the set of structures satisfying ∃xϕ(x) is a countable union of
elements of K0 , we can define µ∗ by induction on the quantifier depth.

An important class of probability measures that we will explore at length in
Chapter 6 consists of the exchangeable measures — that is, those invariant under
permutation of the domain.
Theorem 2.2.11 (Gaifman1964). Let µ be a syntactic probability measure on
L(U ). Then there is a set V ⊇ U and a probability model (V, m) agreeing with µ
which is invariant under permutations of V − U .
Proof. Let V be a nontrivial superset of U , and SD the set of permutations
of V − U . We denote by SD,0 the finitely supported elements of SD . For each
σ ∈ SD,0 we define [σ] to be the set of functions τ ∈ SD such that τ dom(σ) = σ.
We now construct a measure on SD under which the σ-algebra generated by
the sets [σ] is measurable. Let {ai : i ∈ N} be the distinct elements of V − U , and
let ν be a countably additive probability measure on V − U that gives each element
positive measure. We can now interpret the product measure on (V − U )ω as a
measure on SD by identifying σ ∈ F by σ(~a).
Let m be a syntactic probability measure on L(V ). We define a syntactic
measure mν on a sentence ϕ(b̄), with b̄ representing all members of V − U occuring
in it, by
X


mν (ϕ(b̄)) =
m ϕ σ(b̄) ν[σ] .
σ∈SD,0

This “averaging” method achieves the necessary invariance, and also represents a
strategy that we will see several times in Chapter 6.
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Since Gaifman, many others have approached this topic. Indeed, Williamson
complains, “The problem is that the literature contains a plethora of new axiomatisations of probability on sentences, few of which bear a close resemblance [to] the
mathematical formulation of probability” [459]. One approach that does follow
mathematical probability closely is that of Adams, who requires the following for
all sentences:
(1)
(2)
(3)
(4)

0 ≤ P (ϕ) ≤ 1
If ϕ is logically true, then P (ϕ) = 1.
If ϕ logically implies ψ, then P (ϕ) ≤ P (ψ).
If ϕ and ψ are logically inconsistent, then P (ϕ ∨ ψ) = P (ϕ) + P (ψ).

For obvious reasons, although carefully distinguishing his instantiation of the axioms by sentences, instead of sets, Adams calls these the Kolmogorov axioms. Frequently, Adams treats the uncertainty of a sentence ϕ, defined as 1 − P (ϕ), as the
more fundamental concept, and demonstrates the following
Theorem 2.2.12 ([10]). Let {ϕ1 , . . . , ϕn } ` ψ.
n
P
(1) 1 − P (ψ) ≤
(1 − P (ϕi ))
i=1

(2) Let u1 , . . . , un be nonnegative numbers with

n
P

ui ≤ 1. Assume also

i=1

(a) {ϕ1 , . . . , ϕn } is consistent, and
(b) For any T ( {ϕ1 , . . . , ϕn } we have T 0 ψ.
Then there is a probability measure P such that for all i we have 1 −
n
P
P (ϕi ) = u1 and 1 − P (ψ) =
ui .
i=1

Adams develops the theory in some detail, including a theory to recognize a
change in probability assigned in the face of new informaiton. Hailperin proposed
another probability logic similar in some ways to Gaifman’s, and others have given a
definition of probabilistic logic sufficient to interpret many of these attempts. In the
framework of [215], we consider premises and conclusions of the form P (ϕ) ∈ X,
where X ⊆ [0, 1]. Then in the logic of Gaifman, for instance, or in the logic
proposed in [216], if S is a set of sentences and ψ is a sentence, then the entailment
relation S |= P (ψ) ∈ Y holds if every probability measure P satisfying S, we have
P (ψ) ∈ Y . The key enhancement in Hailperin’s treatment is that the probabilities
need not have sharp values.
Definition 2.2.13 ([215]). A probabilistic argumentation system is a triple
A = (V, W, Φ, P ), where
(1) V is a set of propositional atoms, with W ⊆ V
(2) Φ is a set of sentences in V
(3) P is a probability measure defined on subsets of the space 2W of joint
values for the elements of W .
In this context, for each propositional formula ψ, we define the set AA (ψ) to
be the set of σ ∈ 2V such that if the values of σ are instantiated for the atoms V ,
then the formula ψ is satisfied. We further define the degree of support for ψ by
ds,A (ψ) =

P (AA (ψ)) − P (AA (⊥))
,
1 − P (AA (⊥))
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and the degree of possibility for ψ by
1 − P (AA (¬ψ))
.
1 − P (AA (⊥))
This approach is equivalent to the belief functions of Dempster and Shafer.
dp,A (ψ) =

Definition 2.2.14 ([136, 398]). Let Ω be a set. Consider a partial function
B : P(Ω) → [0, 1]. We say that B is a belief function if and only if the following
conditions hold:
(1) B(∅) = 0
(2) B(Ω) = 1
!
 n 
n
S
P
P
T
(3) B
≥
(−1)i+1
B
Uj .
i=1

i=1

|I|=i

j∈I

The connection arises from the following result.
Theorem 2.2.15 ([214, 215]). For any probabilistic argumentation system A
there exists an equivalent Dempster-Shafer belief function B such that ds,A = B,
and conversely.
It is worth repeating: there are many probability logics in the literature, many
of them with similar names and many with very similar (but seldom identical
formulations. Much of the work around them appears to happen in the literature
of philosophical logic and artificial intelligence, and somewhat less, to date, in the
literature of mathematical logic. While these boundaries are, of course, imprecise,
a notable exception in recent years has been Paris and Vencovská’s recent volume
merging the more recent probability logics with the work on first-order predicate
logic by Gaifman, with which this section started [359].
2.3. Axiomatizing and Computing Conditionality
2.3.1. Independence and Bayesian Networks. Kolmogorov identified independence as the central feature to distinguish probability in particular from measure theory in general, pointing out that the major theorems of probability known
at his time generally either assumed independence as a hypothesis or introduced
some weaker condition similar to it. In practical terms, too, dependence and independence have a special place. Much of the applicability of probability turns on
the question of predicting one event with greater certainty than would otherwise
be possible, using information about another event. For this reason, there has been
substantial work in the artificial intelligence community to formalize this notion.
A major direction of this work has been Pearl’s concept of Bayesian networks,
thich are intended to simplify conditional probability computations by representing
the dependence relations efficiently [361]. A full table of the joint distribution even
of n binary variables would be rather alrge for computation, and even with that
distribution represented, the computation of even a simple conditional probability
would be slow.
The first thing to typically do, then, is to compute whether things are independent, and ignore irrelevant information. Since computing the full joint distribution,
and then computing from it the conditional and unconditional probabilities, as
in the traditional definitions of independence, is computationally unfeasible (for
instance, the full joint distribution table for n Boolean variables would have 2n
entries), there must, Pearl reasoned, be some other approach.
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Definition 2.3.1. We say that a ternary relation I(X, Y, Z) on sets is an
independence relation if and only if the following conditions hold:
(1)
(2)
(3)
(4)
(5)

I(X, Z, Y ) if and only if I(Y, Z, X).
If I(X, Z, Y ∪ W ), then I(X, Z, Y ) and I(X, Z, W ).
If I(X, Z ∪ W, Y ) and I(X, Z ∪ Y, W ), then I(X, Z, Y ∪ W ).
If I(X, Z, Y ∪ W ), then I(X, Z ∪ W, Y ).
If I(X, Z, Y ) and I(X, Z ∪ Y, W ), then I(X, Z, Y ∪ W ).

It is routine to verify that for any probability measure P , the relation IP (X, Y, Z)
defined by P (X|Y, Z) = P (X|Z) is an idependence relation. It should be noted
that this differs from the definition of independence relation in model theory; in addition to the concepts like invariance that would require additional context even to
formulate, transitivity is lacking. The first critical issue is the question of whether
this characterization precisely captures the notion of conditional independence.
The following “Completeness Conjecture” was initially put forward, and would
settle the matter were it true.
Conjecture 2.3.2 ([362]). Let I be an independence relation. Then there is
a probability space (Ω, B, P ) such that I is a relation on B 3 and coincides exactly
with probabilistic independence on (Ω, B, P ).
As we will see, this conjecture is not quite true, but some important
of
 n variants

V
it are true. A basic Horn formula is a first-order formula of the form
θi → ψ,
i=0

where each θi is atomic and ψ is atomic. A Horn formula is a basic Horn formula,
perhaps bound by some global quantifiers. All of the clauses in Definition 2.3.1 are
(or can be expressed by) universal Horn formulas in the language with one ternary
relation I.
Theorem 2.3.3 ([427]). There is no finite Horn axiomatization satisfied exactly by the ternary relations arising as the conditional independence relation of
some probability space.
Proof. Let N ∈ N, and 3 ≤ k < N . Let

j + 1 if j ∈ {1, . . . , n − 1}
S(j) :=
,
n
if j = n
and Iµ the conditional independence relation given by probability measure µ on
{0, . . . , N }. Then we can show that the following conditions are equivalent:
(1) For all j ∈ {1, . . . , k}, we have Iµ ({0}, {j}, {S(j)}).
(2) For all j ∈ {1, . . . , k}, we have Iµ ({0}, {S(j)}, {j}).
Now let ϕ1 , . . . , ϕ` be Horn formulas. Then we will find some independence
relation I∗ satisfying ϕ̄ but not arising as Iµ for any µ. Pick n large enough to exceed
the number of θi conjuncts in the antecedents of all ϕj . We define I∗ (A, B, C) to
hold of a trible (A, B, C) of subsets of {1, . . . , n} in exactly the following cases:
(1) (A, B, C) = ({0}, {S(j)}, {j}) for some j ∈ {1, . . . , n}.
(2) (A, B, C) = ({j}, {S(j)}, {0}) for some j ∈ {1, . . . , n}.
(3) A, B, and C are pairwise disjoint and nonempty.
This I∗ does not satisfy the conditions above, but most satisfy ϕ1 , . . . , ϕ` .
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There are some partial recoveries froom this obstruction, however. The following two results constitute a sort of completeness theorem with respect to a slightly
exotic logic based on graphs.
Definition 2.3.4. Let G = (V, E) be an undirected graph, and I : B 3 → {0, 1}
an independence relation on a measurable space (Ω, B).
(1) We say that G is a dependency map of I if and only if there is a bijection
f : Ω → V such that if I(X, Z, Y ) then all paths in G from elements of
f (X) to elements of f (Y ) pass through elements of f (Z).
(2) We say that G is an independency map of I if and only if there is a
bijection f : Ω → V such that if all paths in G from elements of f (X) to
elements of f (Y ) pass through elements of f (Z), then I(X, Y, Z).
(3) We say that G is a perfect map of I if and only if it is both a dependency
map and an independency map.
In this sense, a graph which is a perfect map of I constitutes a syntactic representation of the independence relation I. The completeness result for this logic is
as follows.
Theorem 2.3.5 ([362]). Let (Ω, B) be a measurable space, and let I : B 3 →
{0, 1}. Then the following are equivalent:
(1) There is an undericted graph that is a perfect map of I.
(2) I satisfies the following conditions:
(a) I(X, Z, Y ) if and only if I(Y, Z, X)
(b) If I(X, Z, Y ∪ W ), then I(X, Z, Y ) and I(X, Z, W ).
(c) If I(X, Z ∪ W, Y ) and I(X, Z ∪ Y, W ), then I(X, Z, Y ∪ W ).
(d) If I(X, Z, Y ), then I(X, Z ∪ W, Y ).
(e) If I(X, Z, Y ) then either I(X, Z, W ) or I(W, Z, Y )
Proof. Vertex separation in any graph satisfies the stated condition, so one
direction of implication is clear. In the other direction, we construct a graph. To
do this, we start with a complete graph with a vertex for each element of B, and
delete each edge (X, Y ) where there is some Z ∈ B with I(X, Z, Y ).

This gives rise to a representation of independence relations as graphs, and even
a notion of maximal parsimony — avoiding the computational complexity explosion
inherent in working with a full joint distribution table.
Definition 2.3.6. A Markov Network for I is an independency map G of I
with the property that deleting any edge would result in a graph which is not an
independency map.
Theorem 2.3.7 ([362]). Every function I satisfying the equivalent conditions
of Theorm 2.3.5 has a unique Markov network.
Proof. For each element x ∈ Ω, a Markov blanket of x is a subset S ⊆ Ω
such that I ({x}, S, U − (S ∪ {x})). A Markov boundary of x is a minimal Markov
blanket. We can show that the Markov boundary of an element is unique. We then
set exactly the elements of the Markov boundary of x adjacent to x.

The difficulty with Markov netwoks is that the transitivity condition is too
strong. Of course, Theorem 2.3.7 does not assume transitivity, but a form of it
comes back in when a graph is a perfect map of I. If A occurs exactly when
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unconditionally independent events B1 and B2 occur, then an independence map
will require an edge between B1 and B2 , introducing a spurious dependency. This
issue can be addressed by replacing undirected graphs by directed acyclic graphs.
Definition 2.3.8. Let G = (V, E) be a directed acyclic graph.
(1) We say that G to be an independency map of an independence relation I
if and only if there is a bijection f : Ω → V such that for any disjoint sets
X, Y, Z, if all paths in G from elements of f (X) to elements of f (Y ) pass
through elements of f (Z), then I(X, Y, Z).
(2) We say that G to be a dependency map of an independence relation I
if and only if there is a bijection f : Ω → V such that for any disjoint
sets X, Y, Z, if I(X, Y, Z) then all paths in G from elements of f (X) to
elements of f (Y ) pass through elements of f (Z).
(3) We say that G is a perfect map of I, if and only if it is both a dependency
map and in independency map.
(4) We say that G is a minimal independency map of I if and only if it is
an independency map and no edge can be deleted without losing this
property.
(5) We say that G is a Bayesian network of a probability measure P if and
only if it is a minimal independency map of the conditional independence
relation IP .
Theorem 2.3.9. Let (Ω, B, P ) be a probability space. Then the following conditions on a directed acyclic graph G are equivalent:
(1) G is a Bayesian network of P .
(2) Each measurable set X ∈ B is conditionally independent of its non-descendents
given its parents, and no proper subset of the parent relation satisfies this
property.
We now arrive at the canonical completeness result for Bayesian networks.
Theorem 2.3.10 ([194]). For any directed acyclic graph G = (V, E) there exists
a probability space (Ω, B, P ) such that D is a perfect map of P .
Proof. For any particular sets X, Y, Z of vertices of G, with some path from
X to Y not passing through Z. Then there is a probability measure on the vertices
of G such that IP (X, Z, Y ) fails. We describe how to do this in the case of a
finite graph. We associate with each element of V a binary random variable, and
partition V as V1 ∪ V2 where V1 contains exactly the n1 vertices on the path from
X to Y avoiding Z and V2 has cardinality n2 . Preliminary to describing the full
joint distribution we construct, set
 1
if x = y = 0
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if x = y = 1
4
.
f (x, y) =
1
if x = 1 and y = 0
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if x = 0 and y = 1
2
We now set
P (x̄) =

 n2 +1 nY
1 −1
1
f (xi , xi+1 ).
2
i=1

We take the product of all such probability spaces (V, F, P ) to obtain a single
probability space satisfying exactly the desired independence relation.
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A Bayesian network does not require computation or storage of the full joint
distribution, but only of the conditional distribution of each vertex conditioned on
its parents. There are standard algorithms for constructing Bayesian networks, but
their results depend on the ordering of the variables. Informally, it appears that
the most compact (i.e. sparse) representations are achieved when causes precede
effects.
To generate a Bayesian network for a finite system of variables, we first order the
variables X1 , . . . , Xn . Then at each stage s, choose, from X1 , . . . , Xs−1 a minimal
set Πs of variables such that Xs is conditionally independent of X1 , . . . , Xs−1 given
Πs . For each j with Xj ∈ Πs , we make an edge from Xj to Xs , and no other edges
to Xs . While the traditional applications involve finite sets of variables [386],
this algorithm would still produce a computable Bayesian network on a countably
infinite set of variables, provided the necessary conditional probability computations
could be made — which, as we will see, is not always the case, even for finite sets
of variables.
Pearl observed that the method of Bayesian networks could be extended to
systems involving continuous random variables. His system, treated only in outline
in [361] does not seem to have attracted as much further study as the similar models arising from contemporary work on conditional Gaussian distributions [298].
Instead of Boolean-valued random variables with distribution conditioned on the
parent vertices, each vertex has a continuous (in Pearl’s early examples, normal)
distribution conditioned on a linear combination of the parent vertices.
There is, in fact, a difficulty in computing conditional probabilities. To express
this difficulty, we introduce some terminology. If Ω and X are computable Polish
spaces (in the sense that there is a computably enumerable dense subset, called the
ideal points, on which the distance function produces uniformly computable real
numbers), then f : Ω → X is said to be computable on a set S ⊆ Ω exactly when
there is a compuable sequence (Un : n ∈ N) of computably enumerable open sets in
X such that for any ideal point q of X, any rational r > 0, and any n ∈ N, we have
f −1 (Br (q)) ∩ S = Un ∩ S. We say that a function is almost computable if and only
if it is computable on a set of full measure in Ω, and almost continuous if and only
if it is continuous on such a set. In that sense, the following result demonstrates
in a fairly strong sense that having all information we might wish about random
variables does not allow us to compute the conditional distribution.
Theorem 2.3.11 ([8]). There are P -almost computable [0, 1]-random variables
X and Z such that the conditional distribution map z 7→ P (X|Z = z) is PZ -almost
continuous but not PZ -almost computable.
Proof. Let N, C, X, U , and V be independent computable random variables
with the following distributions:
N : geometric distribution with parameter p = 15
C: Bernoulli distribution with parameter p = 13
X, U, V : each with uniform distribution taking values in [0, 1].
We produce the random variable Y as follows. Define
2b2k V c + C + U
,
2k+1
and note that lim Yk = V almost surely. Call this limit Y∞ . We compose the
Yk =

k→∞

variable Y as a random mixture (depending on the random variable N ) of the
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variables {Yi : i ∈ N ∪ {∞}} by setting hn to be the time by which the nth Turing
machine halts on input 0, or ∞ if it does not halt, and setting Y = Yh(N ) . Now we
can show that this Y is almost continuous.
As usual, we can simulate a geometric random variable M with parameter 21
by
$
%
log X
 .
M :=
log 1 − 12
We define Z by P (Z|Y )(x) = P (X|N = M (x)).
Now P X ∈ (2−n−1 , 2−n )|Z = x = P (N = n|Y = x). From computing this,
even on a set of full measure, we could compute ∅0 .

Finally, we observe a connection of Bayesian networks with the probabilistic
argumentation systems of Section 2.2.2. To determine P (ψ) from assumptions on
the values of P (ϕi ) for each i, we construct a Bayesian network whose vertices
are the propositional atoms V of the probabilistic argumentation system. It is
customary to assume that the independence relation on the propositional atoms is
known a priori.
To compute the conditional probabilities represented by the network from the
assumptions
on P (ϕi ), we rewrite each ϕi in disjunctive normal form as ϕi =
WV ±
Asi (n) , where si (n) enumerates propositional atoms of increasing rank (taking,
m n

as usual, the vertices with no edges in to have rank zero, and each other vertex to
have the least rank strictly greater than that of any of its parents).
Now we have
XY
γn,m ,
P (ϕi ) =
m

n

where γn,m is the probability of A±
si (n) given its parents in the networks. These
equations, as i ranges over the set of assumptions, give constraints on the variables
γn,m . By reversing the procedure, these constraints can be used to give constraints
on P (ψ). The full computation can be laborious, and is explained in full detail in
[215].
2.3.2. Nonmonotonic Logic and Conditionality. It is perhaps not surprising that conditional probability can interpret certain nonmonotonic reasoning,
since the standard examples generally refer to probabilistic judgments. Most people are willing, in general, given that x is a bird, to deduce that x can fly. On the
other hand, if afterward informed that x is one of the critically endangered kakapo,
they would (perhaps after looking the matter up) not make that deduction. Such
reasoning is called “nonmonotonic” because an increase in the information available
may cause a recision of deductions that were valid from a smaller set of information.
There are well-documented logics to describe such reasoning. The subject in
general is beyond the scope of the present book, but is treated in some detail in
[320]. What will concern us here is Pearl’s development of default logic through a
semantics of conditional probability, and some exposition of the background theory
of nonmonotonic reasoning and default logic will be given in service of that goal.
The syntax of (propositional) default logic has two types. One type consists
of the well-formed formulas of the propositional language. The other consists of
defaults. A default is a triple hα, J, γi, where α and γ are formulas and J is a finite
set of formulas. We then define the appropriate proof system.
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Definition 2.3.12. Let T be a classical propositional theory, W a set of propositional sentences, and D be a set of defaults. A proof of ϕ from W relative to T
consists of a finite sequence ϕ1 , . . . , ϕn such that ϕn = ϕ and such that for every i,
one of the following holds:
(1) ϕi ∈ W
(2) ϕi follows from {ϕ1 , . . . , ϕi−1 } by the usual rules of propositional logic
(3) There is a default hα, J, ϕi i ∈ D such that α ∈ {ϕ1 , . . . , ϕi−1 } and J ∩T =
∅.
Of course, the semantics for such a system will be a good deal more subtle than
for classical propositional logic itself. In the example of the bird, we might express
the “default” by saying that “Typically, birds are able to fly, unless they are either
of a flightless species or wounded.” (The problems of expressing these assertions
exactly in propositional, as opposed to predicate, logic are well-understood, and
need not detain us here; in any case, the example is standard.) This expresses
the matter well enough in the sense that as the contextual theory T changes we
might go from concluding that x can fly to not drawing that conclusion if T grows
to include the statement “x is a kakapo.” But to put semantics on this deductive
system, we have to put a more concrete meaning to “Typically.”
Since the goal for Marek and Truszczyński was logic programming, semantics
were not an essential feature of their treatment. In Reiter’s seminal paper on default
logic, he also devotes primary place to the syntactical realm [376], although in a
later survey he does explicitly warn against an exclusively “statistical” reading of
defaults [377]. Indeed, it is not fair to interpret “Typically A” unequivocally as a
mere statement that the probability of A is high.
Pearl nevertheless gives a semantics for defaults in terms of limiting conditional
probabilities. We introduce formulas of the form P (A|B) ≥ r, where A, B are
sentences and r ∈ [0, 1]. For default set D whose defaults are all of the form
hA, ∅, Bi, we compose the set
D := {P (B|A) ≥ 1 −  : hA, ∅, Bi ∈ D} .
The semantic notion of entailment is then given by writing (T, D) |= ϕ if and
only if for every probability measure P satisfying all conditions in D also satisfies
P (ϕ|T ) ≥ 1 − O(). We likewise say that a probability measure P is a model of
(T, D) if and only if P (ϕ) = 1 for all ϕ ∈ T and P satisfies D for every  ≥ 0.
The calculation including our kakapo now goes in the following way. We will
make reference to a bird named “Lisa” by researchers, who has played a pivotal
role in the conservation of her species. We set
D := {hbird, ∅, flyi, hkakapo, ∅, ¬flyi} ,
and
T := {kakapo → bird} .
Now from the axiom “Lisa is a bird,” we can certainly write a proof in default logic
of “Lisa can fly.” We will denote “Lisa can fly” by “fly,” and similarly for other
properties. For any model P |= (T, D), we have P (fly|bird) ≥ 1 −  for each  > 0.
On the other hand,
P (fly|bird, kakapo) =

P (fly|kakapo)
≤ .
P (bird|kakapo)
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The system of derivations proposed here by Geffner and Pearl is not transparently identical to that of Reiter, Marek, and Truszczyński. Nevertheless, he
does state a derivation system which is sound and complete with respect to this
semantics, and which has some similarities to theirs.
Theorem 2.3.13 ([193]). Let (T, D) be a default theory, where every element
of D is of the form ha, ∅, b, i. Then for any sentence ϕ, we have (T, D) |= ϕ if and
only if ϕ is derivable from (T, D) using the following rules of inference:
(1) If p → q, then from p we can derive q.
(2) For each default hp, ∅, qi, from p, we can derive q.
(3) If from p we can derive each of q, r, then from p ∧ q we can derive r.
(4) If from p we can derive q and from p ∧ q we can derive r, then from p we
can derive r.
(5) If from each of p,q we can derive r, then from p ∨ q we can derive r.
The default rule of this system certainly matches the appropriate special case
of that from Definition 2.3.12, and the remaining rules are all sound derivations of
propositional calculus. Conversely, by clause 1, all propositional calculus derivations are valid here. Thus, the Geffner-Pearl system coincides with the special case
of Definition 2.3.12 in which D consists of elements of the form ha, ∅, b, i. The
connection to Pearl’s graph semantics for conditional probability is made by the
following result.
Theorem 2.3.14 ([9, 360]). Let D be a set of defaults of the form ha, ∅, bi with
a and b atomic or negation atomic propositions. Then the following are equivalent.
(1) For each , the set of P such that P |= D is non-empty.
(2) For every nonempty subset D0 ⊆ D, there is a truth assignment σ such
that for some ha, ∅, b, i ∈ D0 we have σ |= a → b, and for no such element
do we have σ |= a ∧ ¬b.
(3) For every pair ha1 , ∅, bi, ha2 , ∅, ¬bi, the following hold:
(a) a1 6= a2
(b) There is no cycle of the form hk1 , ∅, k2 i, hk2 , ∅, k3 i · · · hkn ∅k1 i in which
both a1 and a2 are among the ki .
The final clause of this last result justifies the representation of D as a directed
graph that forbids certain kinds of cycles.
2.4. Adapted Spaces and Distributions
We now begin to consider a different logical approach to probability. It represents a significant departure from classical syntax, in exchange for modeling random
variables and stochastic processes in a way that it much more tightly connected to
the modern view of probability. In addition to being interesting in its own right,
it is also an important precurser to the continuous first-order logic of Seciton 2.6.
Fajardo and Keisler considered stochastic processes, with a focus on results that
can be established in nonstandard analysis. Their process considers stochastic processes in an appropriate structure, and then passes to a saturated structure. Much
of this work is accumulated in [166].
Exactly what sort of structure is appropriate is perhaps a natural logical question, but depends, of course, on the objects under study.
Definition 2.4.1. Let (Ω, F, P ) be a probability space.
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(1) An X-valued stochastic process is a function x : Ω × [0, 1] → X, where for
each t, the function x(·, t) : Ω → X is measurable.
(2) We say that a stochastic process x is measurable if it is measurable with
respect to the product σ-algebra (using the Borel σ-algebra on [0, 1]).
It is also standard in modern investigations of stochastic processes to consider
the probability space with a sequence of σ-algebras, (Ft : t ∈ [0, 1]) with Ft1 ⊆ Ft2
whenever t1 < t2 . This is often said to capture the notion of added information over
time, in the sense that the conditional distribution P (x|Ft2 ) caries more information
than P (x|Ft1 ).
Definition 2.4.2. An adapted space is a triple (Ω, (Ft : t ∈ [0, 1]) , P ), where
T
(1) For each t < 1, we have Ft =
Fs ,
s>t

(2) F0 contains all subsets of measure-zero sets.
It is these structures that constitute the structures of the logic to be described.
The next step is to describe the formulas of the appropriate logic. The definition
arises from the observation that two random variables x, y are equidistributed if
and only if for every bounded continuous function ϕ, we have E(ϕ(x)) = E(ϕ(y)).
Definition 2.4.3. Let x be a stochastic process defined on an adapted space
(Ω, (Ft : t ∈ [0, 1]) , P ). We define the set of adapted functions by induction as
follows.
(1) Every bounded continuous function ϕ from Rn to R, in conjunction with
an n-tuple of check-points t̄ ∈ [0, 1]n , gives rise to an adapted function
ϕt̄ . We evaluate ϕt̄ on x by the random variable ϕt̄ (x) which arises from
evaluating x at each of the check-points, and then evaluating ϕ on that
n-tuple.
(2) If ψ is a bounded continuous function from Rn to R, and f1 , . . . , fn are
adapted functions, then ψ(f¯) is an adapted function, evaluated in the
obvious way.
(3) If f is an adapted function and t ∈ [0, 1], then the expression E(f |t) is an
adapted function, defined (up to almost everywhere equivalence) by
E(f |t)(x)(ω) = E(f (x)|Ft )(ω)
.
Now we define a fundamental equivalence relation.
Definition 2.4.4. Let xi be a stochastic process on an adpated space Ωi . We
say that (Ω1 , x1 ) ≡ (Ω2 , x2 ) if and only if for each adapted function f , we have
E(f (x1 )) = E(f (x2 )). Where the context is obvious, we sometimes write x1 ≡ x2 .
As the notation suggests, this relation will serve in the place of elementary
equivalence. It does, indeed, preserve many important properties.
A martingale, which we will see in a few contexts over the course of the present
volume, is a stochastic process x with the following two additional properties:
(1) For any fixed t ∈ [0, 1], we have E(x((t)) < ∞, and
(2) For any t ∈ [0, 1] and any s < t, we have E (x(t)|Fs ) = x(s).
Proposition 2.4.5. If x is a martingale and x ≡ y, then y is a martingale.
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Proof. Note that the truncated absolute value function

|x| if |x| ≤ n
|x|n =
n
otherwise
gives rise to an adapted function | · |n,t . Thus,
Z
Z
lim
|x|n,t dP = lim
|yn,t |dP
n→∞

n→∞

since x ≡ y, making the individual terms in the limit equal. By the dominated
convergence theorem, E(y(t)) < ∞ for every t.
Using a similar truncation strategy, we can reason from
Z
|E (x(t)|Fs ) − x(s)| dP = 0
to the corresponding equation for y.



This shows that ≡ preserves at least some of the important properties. Similarly, we have the following.
Proposition 2.4.6. If, for all t and almost all ω, we have x(ω, t) = y(ω, t),
then x ≡ y.
The definition of equivalence can be adapted to consider pairs of stochastic
processes. If x1 , x2 both take values in X, then we can consider the pair (x1 , x2 )
as a stochastic process taking values in X 2 . If X is a Polish space, then X 2 is, as
well, so that the formulation of adapted functions in terms of continuous bounded
functions still makes sense.
Definition 2.4.7. An adapted space Ω is said to be saturated if for any adapted
space Λ and any pair of stochastic processes x1 , x2 on Λ, the following holds:
• For every y1 on Ω with y1 ≡ x1 , there is a process y2 on Ω such that
(x1 , x2 ) ≡ (y1 , y2 ).
A notion of homogeneity can be defined in a similar way (with almost sure
bijections which preserve measure and Ft for all t taking the role of automorphisms),
as well as a back-and-forth relation and an appropriate version of EhrenfeuchtFraı̈ssé games. Saturated adapted spaces exist, but the most obvious adapted
spaces are not saturated.
Proposition 2.4.8. Let (Ω, (Ft : t ∈ [0, 1]), P ) be an adapted space with Ω a
Polish space and P the completion of a probability measure on the family of Borel
sets. Then Ω is not saturated.
It will be noticed that the set of adapted functions is unusually large for the
set of formulas of a logic. Fortunately, it is not always necessary to consider the
full set of such functions.
Definition 2.4.9. We say that a set F of adapted functions is dense if for any
stochastic processes x and sequence (xn : n ∈ N) of stochastic processes, then if
E(f (xn )) → E(x) for every f ∈ F , then the convergence holds for every adapted
function f .
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We can always take a countable set of bounded continuous functions that generate a dense set of adapted functions.
In considerations of definability, the base notion in classical model is the definable set. It is probably less natural to think of definable subsets of an adapted
space, and, in any event, farther from the motivating examples of stochastic processes. Instead, we say what it means for one stochastic process to be definable
from another.
Definition 2.4.10. Let (Ω, (Ft : t ∈ [0, 1]) , P ) be an adapted space and x a
stochastic process on x.
(1) The intrinsic σ-algebra of x on Ω, denoted Ix is the σ-algebra generated
by the null sets and the sets of the form f (x) where f ranges over all
adapted functions.
(2) We say that y is definable from x if and only if Iy ⊆ Ix .
An important property of definable stochastic processes is the following argument that facilitates some back-and-forth arguments.
Theorem 2.4.11. Let xi be a stochastic process on Ωi . If x1 ≡ x2 and y1 is a
stochastic process on Ω1 definable from x1 , then there is a stochastic process y2 on
Ω2 , definable from x2 , such that (x1 , y1 ) ≡ (x2 , y2 ).
2.5. Approximate Measure Logic
Motivated by several disparate attempts to incorporate measure and probability into model theory, including the work of [273, 243], Goldbring and Towsner
proposed a logic that extended first-order logic to accommodate measure as a logical
primitive.
Definition 2.5.1 ([203]).
AML—seeapproximate measure logic
approximate measure logic—textbfLet L be a first-order signature. Then the AML
L-formulas are defined by induction:
(1) Every atomic L-formula is an AML L-formula.
(2) If ϕ, ψ are AML L-formulas, then the following are AML L-formulas:
(a) ¬ϕ
(b) ϕ ∧ ψ
(c) ϕ ∨ ψ
(d) ∃xϕ
(e) ∀xϕ
(3) If x̄ is a sequence of distinct variables, q is a non-negative rational, and ϕ
is an AML L-formula, then the following are AML L-formulas:
(a) mx̄ ≤ q.ϕ
(b) mx̄ < q.ϕ
It is clear how to interpret the formulas generated by most clauses of this
definition, but the final clause requires some comment. First, a variable of x̄ that
is free in ϕ is bound in mx̄ ≤ q.ϕ or mx̄ < q.ϕ, making this clause something like
a quantifier. We interpret mx̄ < q.ϕ (for instance) as the statement that the set
defined by ϕ has measure less than q.
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Toward formalizing this semantic ideology, we inductively define a rank on the
formulas. A classical L-formula has rank 0, and for any ϕ, we have
rk(ϕ) = rk(¬ϕ) = rk(∀ϕ) = rk(∃ϕ).
Further, we set
rk(ϕ ∧ ψ) = rk(ϕ ∨ ψ) = max(rk(ϕ), rk(ψ).
On the other hand, we let
rk (mx̄ ≤ q.ϕ) = rk (mx̄ < q.ϕ) = rk(ϕ) + 1.
Definition 2.5.2. Let L be a first-order signature.
(1) An AML L-quasistructure is a first-order L-structure M, with the following additional data:
(a) For each n ≥ 1, an algebra Bn of subsets of M n , and a finitely
additive measure µn on Bn , with the property that for any n, m,
the measure space (M n+m , Bn+m , µn+m ) extends the product space
(M n , Bn , µn ) × (M m , Bm , µm ).
(b) For each n ≥ 1, a function vn : Bn → {⊕, , } such that vn (X) =
whenever µn (X) ∈
/ Q.
(2) An AML L-structure is an AML L-quasistructure satisfying, for each n ≥
1, the condition that for any formula ϕ(x̄, ȳ) of rank n, and for all ȳ, we
have ϕ(M, b̄) ∈ B|x̄| .
Again, most clauses are intuitive. The assignments vn will designate when
the structure determines the measure of a set exactly. In particular, we will say
that M |= mx̄ < r.ϕ(x̄, b̄) if and only if either µ(ϕ(M ), b̄) < r or µ(ϕ(M ), b̄) = r
and v(ϕ(M ), b̄) = , and we say that M |= mx̄ ≤ r.ϕ(x̄, b̄) if and only if either
µ(ϕ(M ), b̄) ≤ r or µ(ϕ(M ), b̄) = r and v(ϕ(M ), b̄) = ⊕.
We can define much of the usual model-theoretic apparatus (e.g. substructures,
definable sets, types) in the usual way. Indeed, Goldbring and Towsner were able
to prove the following compactness theorem for AML.
Theorem 2.5.3 ([203]). Let T be an AML theory. If every finite subset of T
has a model, then T has a model.
Proof. Let I be the set of all finite subsets of T , and for
Q each Ti ∈ I, let
Mi |= Ti . We will construct an ultrafilter D over I such that Mi |= T .
D

To this end, for each ϕ ∈ T , we define Jϕ ⊆ I to be the set of all members
of I containing ϕ. The set {Jϕ : ϕ ∈ T } is closed under finite intersection. Thus,
it can be extended to a set D ∈
/ {∅, I} which is closed upwards, closed under
finite intersection, and cannot be properly extended to another set having these
properties (that is, D is an ultrafilter).
Q
We now construct a new structure in the following way. We let M0 =
Mi ,
i∈I

and let M be the quotient of M0 by the relation identifying two functions f, g ∈ M0
if and only if the set on which they agree is an element of D, and define a measure
µM
n on M as the product measure of the measures on the Mi , modulo D. We
claim that M |= T .
Observe that, by definition, for each ϕ ∈ T , the set Jϕ is in D. We will show
that M |= ϕ if and only if Jϕ ∈ D, which would complete the proof. This would
be quite true in classical first-order logic by the so-called Loś Theorem, a standard
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result, whose proof proceeds by induction on the formation of formulas. If the
result holds for ϕ(x̄, ȳ), we consider mx̄ < q.ϕ(x̄, ȳ).
If µMi (ϕ(Mi , ȳ)) < r on an element of D, then it follows that µM (ϕ(Mi , ȳ)) <
r, so that M |= mx̄ < q.ϕ(x̄, ȳ). The other cases are similar.

It is important to note that this result includes a proof of the Loś theorem for
AML: a sentence is true in the ultraproduct if it is true on an element of the corresponding ultrafilter. Significant results from classical first-order model theory are
possible here; the Tarski-Vaught test and the downward Löwenheim-Skolem theorem both hold. In the context of approximate measure logic, a substructure should,
in addition to preserving the first-order signature, also preserves the algebras Bn .
A substructure is said to be elementary in the usual case, except that satisfaction
of all AML formulas must be preserved.
Theorem 2.5.4 ([203]). Suppose that M is an AML substructure of N . Then
M is an AML-elementary substructure if and only if the following conditions hold:
(1) For all formulas ϕ(x̄, y) and all ā ∈ M, if N |= ϕ(ā, b), then there is
b0 ∈ M with M |= ϕ(ā, b0 ), and
(2) For all formulas ϕ(x, ȳ) and all ā ∈ M, measure is preserved in the sense
that µ (ϕ(N, ā) ∩ M ) = µ (ϕ(N, ā)) and v (ϕ(N, ā) ∩ M ) = v (ϕ(N, ā))
Proof. If M is an elemtnary substructure of N . Then both conditions follow.
The opposite implication follows by the usual induction.

Theorem 2.5.5 ([203]). Let M be an L structure, with X ⊆ N . Then there
is an elementary substructure of M of cardinality at most max (|X|, |L|, ℵ0 ).
Proof. We start with X and iteratively close under the functions of L, as
usual. The set Xω obtained in this way respects the cardinality bound. We define
M0 on Xω by defining the measurable sets according to intersection with Xω . By
the Tarski-Vaught test (Theorem 2.5.4), this is an elementary substructure.

Goldbring and Towsner develop a significant theory of types in approximate
measure logic. One significant additional observation is the notion of approximation
by definable stable sets. A set S is said to be approximated by definable stable sets
if for every  > 0 there is a definable stable set whose symmetric difference from S
is less than . Here, as in the previous section on adapted spaces, approximation
of formulas has its place.
2.6. Continuous First-Order Logic and Metric Structures
2.6.1. Continuous First-Order Logic. Perhaps the great counterexample
in applications of stability theory is the Hilbert space L2 (C). This structure has
a well-behaved (and important) independence theory. On the other hand, the
norm guarantees the interpretability of an infinite linear ordering, guaranteeing
instability. While we could, of course, pursue the matter from the perspective of
thorn forking, another approach has proved productive.
The idea of this approach is that for many structures, collectively called metric
structures, there is a metric (expressed or implied) that could import instability,
even when the combinatorics of the structure otherwise act like a stable structure.
A seminal 2008 paper of Ben Yaacov, Berenstein, Henson, and Usvyatsov
merged several approaches current at the time, including compact abstract theories.
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The approach here is to absorb the metric into the logic, so that the definable sets
of stable theories work like those in first-order stable theories, without interference
from the metric.
A metric structure is a many-sorted structure in which each sort is a complete metric space of finite diameter. Key examples include Hilbert spaces, Banach
spaces, probability spaces, and probability spaces with a distinguished automorphism. Those which do not natively have finite diameter may be treated as increasing sequences of balls. Probability spaces lend themselves naturally to this
treatment, as we will see shortly, as do several more involved random structures,
as we will see in Chapter 6.
The logic for metric structures, called continuous first-order logic, an extension
of Lukasiewicz propositoinal logic, takes truth values in [0, 1]. Indeed, it is sometimes more conventional to shy away from calling these “truth” values at all; many
authors would interpret the values in a geometrical sense, and not a credal one —
an interesting contrast with the humble Jansenist origins of probability.
To the extent that the values do represent truth, they follow the slightly unusual
convention of using 0 as a numerical value for True (or acceptance) and 1 as a
numerical value for False (or rejection). The authors of [61] chose this convention
to emphasize the metric nature of their logic.
Continuous first-order logic is propositional logic, which builds on work of
Keisler and Henson (see [58] for a more detailed history). The following definitions are from [60].
Definition 2.6.1. A continuous signature is an object of the form L = (R, F, G, n, d)
where
(1) R (which we will call the set of predicate symbols) and F (which we will
call the function symbols) are disjoint and R is nonempty, and
(2) n is a function associating to each member of R ∪ F its arity
(3) G has the form {δs,i : (0, 1] → (0, 1] : s ∈ R ∪ F and i < ns }, and
(4) d is a special symbol.
Because of the context, we will use the notation nS = n(S) for the arity function. We now define the class of structures. The similarity to the AML structures
of the previous section will be evident.
Definition 2.6.2. Let L = (R, F, G, n, d) be a continuous signature. A continuous L-pre-structure is an ordered pair M = (M, ρ), where M is a non-empty
set, and ρ is a function on R ∪ F ∪ {d} taking values in sets of maps defined on
Cartesian powers of M , such that
(1) To each function symbol f , the function ρ assigns a mapping f M : M nf →
M
(2) To each predicate symbol P , the function ρ assigns a mapping P M :
M nP → [0, 1].
(3) The function ρ assigns d to a pseudo-metric dM : M ×M → [0, 1]. (Note: a
pseudo-metric is a symmetric nonnegative function into the reals satisfying
the triangle inequality.)
(4) For each f ∈ F for each i < nf , the element δf,i ∈ G is a modulus of
continuity for f in the ith argument; that is, for each  ∈ (0, 1], we have



∀ā, b̄, c, e dM (c, e) < δf,i () ⇒ dM f M (ā, c, b̄), f M (ā, e, b̄) < 
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where lh(ā) = i and lh(ā) + lh(b̄) = nf − 1.
(5) For each P ∈ R for each i < nP , the element δP,i ∈ G is a modulus of
continuity for P in the ith argument; that is, for each  ∈ (0, 1], we have


∀ā, b̄, c, e dM (c, e) < δf,i () ⇒ |P M (ā, c, b̄) − P M (ā, e, b̄)| < 
where lh(ā) = i and lh(ā) + lh(b̄) = nP − 1.
Definition 2.6.3. A continuous weak L-structure is a continuous L-pre-structure
such that ρ assigns to d a metric.
Since we are concerned here with countable structures, we will not use the
stronger notion of a continuous L-structure common in the literature, which requires
that d be assigned to a complete metric. However, it is possible, given a continuous
weak structure (even a pre-structure), to pass to a completion [60].
We now proceed to define formulas and their evaluation. The following definition may be found in [58], and is, in some ways similar to the adapted functions of
Section 2.4.
Definition 2.6.4. Let L be a continuous signature.
(1) The L-terms are defined inductively as follows:
(a) Every variable is a term.
(b) If t1 , . . . , tn are terms and f is an n-ary function symbol, then f (t1 , . . . , tn )
is a term.
(2) The atomic L-formulas are the expressions P (t1 , . . . , tn ), where P is an
n-ary predicate symbol, and the expressions d(t1 , t2 ), where ti are terms.
(3) The quantifier-free L-formulas are the smallest class containing all atomic
L-formulas and satisfying the following closure condition:
• If u : [0, 1]n → [0, 1] is continuous and ϕi are formulas, then u(ϕ1 , . . . , ϕn )
is a formula.
(4) The L-formulas are the smallest class containing all the atomic L-formulas
and closed under both the previous condition and the following one:
• If ϕ is an L-formula and x is a variable, then supx ϕ and inf x ϕ are
both L-formulas.
In practice, a much smaller set of formulas is entirely adequate — exactly as
we saw for adapted spaces and approximate measure logic. Any L-formula may be
approximated to arbitrary accuracy, for instance, by a formula where u is taken from
. x 7→ 1 − x, and x 7→ 1 x. This result, and many others like it, are documented in
−,
2
[58]. Throughout the rest of the present paper, then, we will work only with this
reduced set of formulas.
Definition 2.6.5. Let V denote the set of variables, and let σ : V → M . Let
ϕ be a formula.
(1) The interpretation under σ of a term t (written tM,σ ) is defined by replacing each variable x in t by σ(x).
(2) Let ϕ be a formula. We then define the value of ϕ in M under σ (written
M(ϕ, σ)) as follows:
(a) M(P (t̄), σ) := P M (tM,σ )
. β, σ) := max (M(α, σ) − M(β, σ), 0)
(b) M(α −
(c) M(¬α, σ) := 1 − M(α, σ)
(d) M( 12 α, σ) := 21 M(α, σ)
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(e) M(supx α, σ) := sup M(α, σxa ), where σxa is equal to σ except that
a∈M

σxa (x) = a.
(3) We write (M, σ) |= ϕ exactly when M(ϕ, σ) = 0.
Of course, if ϕ has no free variables, then the value of M(ϕ, σ) is independent
of σ.
A sound and complete proof system has been described for continous first-order
logic. Of course, it is only complete up to approximation. The following axiom
system was given in [60], and soundness and completeness results were proved
there. The axioms are stated here for completeness, since they are not well-known.
. ψ) −
. ϕ
(A1) (ϕ −
.
. (χ −
. ψ)) −
. (ψ −
. ϕ)
(A2) ((χ − ϕ) −
.
.
.
.
.
(A3) (ϕ − (ϕ − ψ)) − (ψ − (ψ − ϕ))
. ψ) −
. (¬ψ −
. ¬ϕ)
(A4) (ϕ −
.
.
1
1
(A5) 2 ϕ − (ϕ − 2 ϕ)
. 1 ϕ) −
. 1 ϕ.
(A6) (ϕ −
2
2
.
. sup (ψ −
. ϕ)
(A7) (supx ψ − supx ϕ) −
x
.
(A8) ϕ[t/x] − supx ϕ where no variable in t is bound by a quantifier in ϕ.
. ϕ, wherever x is not free in ϕ.
(A9) supx ϕ −
(A10) d(x, x)
. d(y, x)
(A11) d(x, y) −
. d(x, y)) −
. d(y, z)
(A12) (d(x, z) −
(A13) For each f ∈ F, each  ∈ (0, 1], and each r, q ∈ D with r >  and
. d(z, w)) ∧ (d (f (x̄, z, ȳ), f (x̄, w, ȳ)) −
. r), where
q < δf,i (), the axiom (q −
lh(x̄) + lh(ȳ) = nf − 1.
(A14) For each P ∈ R, each  ∈ (0, 1], and each r, q ∈ D with r >  and
. d(z, w))∧((P (x̄, z, ȳ) −
. P (x̄, w, ȳ)) −
. r), where
q < δP,i (), the axiom (q −
lh(x̄) + lh(ȳ) = nP − 1.
Axioms A1–A4 are those of Lukasiewicz propositional logic, and axioms A5–
A6 complete the propositional part of continuous logic (primarily prescribing the
behavior of 21 . Axioms A7–A9 describe the role of the quantifiers. Axioms A10–
A12 guarantee that d is a pseudo-metric, and axioms A13–A14 guarantee uniform
continuity of functions and predicates. We write Γ `Q ϕ whenever ϕ is provable
from Γ in continuous first-order logic, as axiomatized above. Where no confusion
is likely, we will write Γ ` ϕ.
Theorem 2.6.6 ([60]). Let L be a continuous signature, and Γ a set of Lfumrulas.
(1) For every formula ϕ, if Γ ` ϕ then Γ |= ϕ.
(2) If Γ is satisfiable, then Γ is consistent.
(3) If Γ is consistent, then Γ is satisfiable.
Every classical first-order structure can be considered as a metric structure. We
take the discrete metric on the elements of the structure, and modulus of continuity
D() = . As usual, it is very easy to be continuous in a discrete topology. As a
technicality, we consider the natural continuous versions of first-order formulas.
Definition 2.6.7. Let L be a classical first-order signature, and ϕ(x̄) an Lformula. We define a continuous first-order formula ϕ̃ by induction on the form of
ϕ.
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(1) If P is a relation symbol of L and ϕ(x̄) is of the form P (t1 (x̄), t2 (x̄), . . . , tn (x̄)),
for L-terms ti , then ϕ̃(x) is ϕ(x).
(2) If ϕ(x̄) is of the form t1 (x̄) = t2 (x̄), then ϕ̃(x̄) is d (t1 (x̄), t2 (x̄)).
. ψ̃(x̄).
(3) If ϕ(x̄) is of the form ¬ψ(x̄), then ϕ̃(x̄) is 1 −
n
o
(4) If ϕ(x̄) is of the form (ψ1 ∧ ψ2 )(x̄), then ϕ̃(x̄) is max ψ̃1 (x̄), ψ̃2 (x̄) .
(5) If ϕ(x̄) is of the form ∃yψ(x̄, y), then ϕ̃(x̄) is inf ψ̃(x̄, y).
y

This transformation preserves truth values in the following sense.
Lemma 2.6.8. Let M be a classical first-order L-structure, with ā ∈ M, and
ϕ(x̄) an L-formula. Then if M |= ϕ(ā), then ϕ̃(ā)M = 0.
The truth preservation also works at the scale of structures.
Proposition 2.6.9 ([202]). Let M, N be a classical first-order structure. Then
if M ≡ N as classical first-order structures, then M ≡ N as discrete metric
structures.
Proof. We may assume without loss of generality that N  M as classical
structures. Now we may show by induction on a CFO formula ϕ that there is only
a finite set R ⊆ [0, 1] of values it may have on the classical structure M. Moreover,
for any r ∈ R, there is a classical formula ψr such that ϕ(ā) has value r on a classical
structure A if and only if A |= ψ(ā). From this, the result follows.

Definability of elements is understood in metric structures in the sense of approximation.
Definition 2.6.10. Let M be a metric structure, A ⊆ M, and b ∈ M. We
say that b is definable over A if and only if there is a sequence (ān : n ∈ N) and
a sequence of CFO formulas ϕn such that the sequence (M (ϕn (x, ān )) : n ∈ N)
converges to d(x, b).
2.6.2. Some Metric Structures. Now let H be a Hilbert space with inner
product h·, ·i. We treat H as a many-sorted structure where the sorts are balls of increasing radius, and where the signature includes function symbolsfor the inclusions
among these balls, scaling, addition, subtraction, and the inner product.
In this signature, we can formulate continuous first-order formulas which have
value zero if and only if the structure satisfies the axioms (other than completeness)
of a Hilbert space. For instance, the axiom that
∀x∀y hx, yi = hy, xi
can be written as
. hy, xi
sup suphx, yi −
x

y

. hx, yi.
sup suphy, xi −
x

y

p
We interpret distance on this structure in the usual way, by d(x, y) = hx − y, x − yi.
At this point, a CFO structure in which all of the relevant axioms evaluate to zero
will also be a complete metric space, and so will be a Hilbert space. We could also
axiomatize infinite dimension by requiring, for each n, the condition
inf

max |ixi , xj i − δij | .

x1 ,...,xn 1≤i,j≤n
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The CFO theory of infinite-dimensional Hilbert spaces is κ-categorical for every
infinite cardinal κ.
Returning to the original quesiton, we sketch the stability theory on Hilbert
spaces. A (complete) n-type p over a set A is a set of CFO formulas in free variables
x1 , . . . , xn , with parameters from A, such that there is some structure M and some
n-tuple b̄ such that p is the set of all formulas whose value in M on b̄ is zero. The
set of all such types we denote by Sn (A).
For a theory T and set A, let MS be a model of T realizing every type in
Sn (A) for every n. Now the metric d on MS induces a natural metric on Sn (A)
in the following way. For any p, q ∈ Sn (A), and for tuples b̄, c̄ realizing p and q
respectively, we set d(p, q, b̄, c̄) to be the maximum of d(bi , ci ) as i ranges from 1 to
n. We define d(p, q) = inf d(p, q, b̄, c̄).
b̄,c̄

Definition 2.6.11. Let T be a CFO theory. We say that T is λ-stable if for any
M |= T and any set A with cardinality at most λ, there is a d-dense set D ⊆ S1 (A)
with cardinality at most λ.
From this perspective, the following result shows that the transition to continuous logic has resolved the difficulty with which the present section started.
Proposition 2.6.12 ([58]). The CFO theory of infinite-dimensional Hilbert
spaces is ω-stable.
One can also observe that the notion of stability here does generalize stability
for classical first-order structures. As we have seen, any first-order theory can be
viewed as a continuous first-order theory, and its models viewed as metric structures, by giving the structures the discrete metric.
Theorem 2.6.13. If T is a classical theory, then T is stable iff T is stable as
a discrete metric theory.
Up to this point in the exposition, the connection of continuous first-order logic
and metric structures to probability may seem distant, or, at most, contrived. The
next example, however, will begin to show the applicability. Let (Ω, B, P ) be a
probability space. We say that S ∈ B is an atom if it has positive measure and no
subset has properly smaller nonzero measure. Further assume that (Ω, B, P ) has
no atoms (that is, it is atomless).
Let B̂ be the quotient of B by the equivalence relation that makes A1 and A2
equivalent if and only if they have symmetric difference of measure zero. We can
then consider a metric structure with universe B̂, with metric given by d(A1 , A2 ) =
P (A1 4A2 ), and with functions ∩, ∪, complement, and a predicate for P . This
structure satisfies the axioms of Boolean algebras, the Kolmogorov axioms for P ,
and the additional axiom
sup sup |d(x, y) − P (x4y)| .
x

y

Moreover, because Ω is atomless, the structure also satisfies the axiom
sup inf |P (x ∩ y) − P (x ∩ y c )| .
x

y

Conversely, any metric structure satisfying all of these axioms arises from an atomless probability space in this way.
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Proposition 2.6.14 ([58]). Let M1 , M2 be separable models of the axioms of
atomless probability algebras as above. Then M1 ∼
= M2 .
This result is proved by a routine back-and-forth argument. Ben Yaacov [55]
proved that in a sufficiently saturated, sufficiently homogeneous atomless probability algebra, tp(ā/C) = tp(b̄/C) if and only if for every function u : B̂ n→ B̂ mapping
x̄ to an intersection of literals of x̄, we have P (u(ā)|C) = P u(b̄)|C .
With this in mind, we can show the following.
Theorem 2.6.15 ([58]). The CFO theory of atomless probability algebras is
ω-stable.
Proof. Let U be a large saturated model, and let (X M , B M , P M ) be the
corresponding probability space. Let C ⊆ M be a countable set, closed under
Boolean combinations, and let C be a countable Boolean algebra of subsets of X M
corresponding to C.
We describe a dense set of 1-types over C. Let F be the set of types of form
tp(a/C) where P (a|hCi) is an integrable step function on (X, C, P ).

An important element in modern probability is the theory of measure-preserving
functions on probability spaces. We formalize this in the following way. An automorphism of the probability space (X, B, P ) consists of an invertible measurepreserving transformation Φ : C1 → C2 , where Ci ∈ B with P (Ci ) = 1. Such a map
induces a map Φ̂ : B̂ → B̂ preserving both the measure and the algebra structure.
For any atomless probability algebra A and any automorphism τ induced by
an automorphism of the probability space, the following formulas will have value 0.
(1) sup |P (x) − P (τ (x))|
x

(2) sup inf |P (x4y)|
x

y

(3) sup sup |P (τ (x ∪ y)4 (τ (x) ∪ τ (y)))|
x

y

(4) sup sup |P (τ (x ∩ y)4 (τ (x) ∩ τ (y)))|
x

y

We add the following condition: an automorphism τ of probability spaces is
said to be aperiodic if and only if for every n ∈ N and every y ∈ B, we have
P (y ∩ τ n (y)) = 0. Rokhlin’s lemma allows this to be translated to a condition
on automorphisms of a probability algebra. This condition, as a CFO formula, is
written



1
− P (y) , P y ∩ τ i (y) : i ≤ n
inf max
y
n
for each n ≥ 1. The theory of atomless probability algebras with an aperiodic
automorphism is complete.
Theorem 2.6.16 ([58]). The CFO theory of atomless probability algebras with
a generic automorphism is stable, but not ω-stable.
2.7. CFO as a generalization
To a great extent, many of the systems described here can be expressed in
continuous first-order logic. We have already seen that the ω-stable theory of
atomless probability algebras includes the Kolmogorov axioms as CFO formulas.
Toward formulating Gaifman’s measure models, let (U, µ) be a measure model
in signature L. We will construct a metric structure in a metric signature L0 ,
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using a technique that will be developed further in Section 6.2. The structure will
have one sort, and B. For each first-order L-sentence ϕ, we will have an constant
symbol JϕK ∈ B. We will also have a unary predicate P , and function symbols for
the classical Boolean connectives on B, and Boolean operations on B, and a metric
on B.
We arrange that for all quantifier-free ϕ, we have P (JϕK) = µ(ϕ). We will also
axiomatize (hopefully the formalism is familiar by now) that every element x ∈ B
has some ϕx such that P (x4Jϕx K) = 0 and that the Boolean connectives in B
correspond to Boolean connectives in L. Further, we require that
(
!)
n
^
P (∃xϕ(x)) = sup P
ϕ(ai )
.
ā⊆U

i=1

We define a metric on B, as usual, by the P -measure of the symmetric difference.
Gaifman does not seem to have defined a notion of morphism of measure models, but it seems reasonable that a homomorphism f : (U1 , µ1 ) → (U2 , µ2 ) would
be a function f : U1 → U2 that respects the measure of quantifier-free formulas.
Under this definition, the morphisms of measure models would exactly correspond
to the morphisms of the metric structures representing them.
It seems difficulty to believe that the reverse interpretability could be true: that
there is a uniform transformation from metric structures to measure models such
that the morphisms of the metric structures correspond exactly to the morphisms
of the measure models. Probabilistic argumentation systems could be encoded as
metric structures in much the same way, with the prospects of a reverse encoding
even more daunting.
The same technique used to create metric structures to encode measure models
also give metric structures for structures in approximate measure logic. This pair
is interesting, because a significant fragment of type theory and stability has been
worked out in both approximate measure logic and continuous first order logic. It
seems unknown at present to what extent these agree: Do the types of the CFO
theory correspond to those of the AML theory? Are forking, dividing, and stability
conserved?
The challenge to incorporate Bayesian networks into metric structures arises
from their hybrid nature — the underlying probability space and the events on it are
continuous, while the graph structure is discrete. To address this, let (Ω, B, P ) be a
probability space, and let G be a Bayesian network of P . Let A be the probability
algebra (atomless or not) corresponding to (Ω, B, P ). We add another sort V of
vertices with a discrete metric, along with a function ν : B̂ → V , which we will
prescribe to be a bijection, and a symmetric irreflexive binary relation on V . In
this signature, we can, excepting
 probability zero events, write CFO specifications
for P ν −1 (x)|ν−1(y1 , . . . , yn ) . In this way, all necessary data about a Bayesian
network is encoded in a metric structure.
In the other direction, we recall the use of Bayesian networks to compute inference in probabilistic argumentation systems, so that Bayesian networks can encode
at least any metric structure arising as a representation of a probabilistic argumentation system.
Despite the obvious similarities, continuous first-order logic does not appear to
generalize the logic of adapted spaces in an immediately meaningful way. Certainly
there are bounded continuous functions which are not uniformly continuous. Likely
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some interesting cases on bounded adapted spaces can be formalized in continous
first-order logic, but this does not seem to have been explored in the literature.
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Journal of Symbolic Logic 76 (2011), 66–93.
127. R. W. R. Darling and J. R. Norris, Structure of large random hypergraphs, The Annals of
Applied Probability 15 (2005), 125–152.
128. S. Ben David, P. Hrubes, S. Moran, A. Shpilka, and A. Yehudayoff, Learnability can be
undecidable, Nature Machine Intellignece 1 (2019), 44–48.
129. A. P. Dawid, Probability, causality, and the empirical world: a Bayes-de Finetti-PopperBorel synthesis, Statistical Science 10 (2004), 44–57.
130. B. de Finetti, Funzione caratteristica di un fenomeno aleatorio, Memorie della R. Accademia
dei Lincei 4 (1930), 86–133.
, Foresight: its logical laws, its subjective sources, Breakthroughs in Statisitcs,
131.
Springer, 1992, Translated by H. E. Kyberg, Jr.; Original published 1937, pp. 134–174.
, A translation of ’The characteristic function of a random phenomenon’ by Bruno
132.
de Finetti, D. Alvarez-Melis and T. Broderick, translators. arXiv:1512.01229, 2015.
133. K. de Leeuw, E. F. Moore, C. E. Shannon, and N. Shapiro, Computability by probabilistic machines, Automata Studies, Annals of Mathematics Studies, no. 34, Princeton, 1956,
pp. 183–212.
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177. J. N. Y. Franklin, N. Greenberg, J. S. Miller, and K. M. Ng, Martin-Löf random points
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(1937), 65–113.
291. M. H. Kutner, C. J. Nachtsheim, J. Neter, and W. Li, Applied linear statistical models, fifth
ed., McGraw-Hill Irwin Series: Operations and Decision Sciences, McGraw-Hill, 2005.
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293. H. Lädesmäki, S. Hautaniemi, I. Shmulevich, and O. Yli-Harja, Relationships between probabilistic Boolean networks and dynamic Bayesian networks as models of gene regulatory
networks, Signal Processing 86 (2006), 814–834.
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320. V. W. Marek and M. Truszczyński, Nonmonotonic logic, Artificial Intelligence, Springer,
1993.
321. G. A. Margulis, Discrete subgroups of semisimple Lie groups, Ergebnisse der Mathematik
un ihrer Grenzgebiete, 3. Folge, no. 17, Springer, 1991.
322. D. Marker, Model theory, Graduate Texts in Mathematics, no. 217, Springer, 2002.
323. A. Marks and S. Unger, Baire measurable paradoxical decompositions via matchings, Advances in Mathematics 289 (2016), 397–410.
324. R. Marshall, Robust classes of finite structures, Ph.D. thesis, University of Leeds, 2008.
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