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Consider a regression model where Y|z ~ D(h(x),0) for some real valued function
such as h(z) = 7B where D is a parametric distribution that depends on x only through
h(zx). Several important generalized linear models, generalized additive models, and sur-
vival regression models have this form. To obtain a prediction interval for a future value of
the response variable Yy given a vector of predictors s, apply the nonparametric shorth
prediction interval to Y, ..., Y5 where the Y* are independent and identically distributed
from the distribution D(h(z ) 6). These prediction intervals can also work after variable
or model selection.

This thesis also presents a method for bootstrapping some generalized linear models

and survival regression models after variable selection with AIC or BIC. Hypothesis testing

is done using three confidence regions.
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INTRODUCTION

In a 1D regression model, the response variable Y is conditionally independent of the

p %X 1 vector of predictors & given the sufficient predictor SP = h(x), written
YLx|SP or Y Lz|h(x), (1)

where the real valued function h : RP — R. The estimated sufficient predictor ESP =
fL(:I;) An important special case is a model with a linear predictor h(x) = =3 where
ESP = 2T3. This class of models includes the generalized linear model (GLM) and some
survival regression models.

Chapter 1 deals with Prediction Intervals for some GLMS, GAMS, and Survival Re-
gression Models. Section 1.5 describes some parametric regression models where the new
prediction intervals are useful.

Chapter 2 deals with Bootstrapping some GLMS and Survival Regression Models after
Variable Selection. In Section 2.1 we review a variable selection model and some results
on bootstrap confidence regions. Section 2.2 gives large sample theory for some variable
selection estimators. Section 2.3 considers the parametric bootstrap while Section 2.4 shows
how to bootstrap some variable selection estimators for some parametric regression models.
We assume the number of predictors, p, is fixed.

Chapter 3 deals with Examples and Simulations for Prediction Intervals for some
GLMs, GAMs, and Survival Regression Models.

Chapter 4 deals with Examples and Simulations some GLMs and Survival Regression

Models after Variable Selection.



CHAPTER 1
PREDICTION INTERVALS FOR SOME GLMS, GAMS, AND SURVIVAL
REGRESSION MODELS

1.1 INTRODUCTION

In a 1D regression model, the response variable Y is conditionally independent of the

p %X 1 vector of predictors & given the sufficient predictor SP = h(x), written
YL1x|SP or Y Lz|h(x), (1.1)

where the real valued function h : R? — R. The estimated sufficient predictor ESP = h(z).
An important special case is a model with a linear predictor h(x) = 73 where ESP =
xT3. This class of models includes the generalized linear model (GLM). Often ;1 = 1 so
a constant is in the model. Another important special case is a generalized additive model
(GAM), where Y is independent of & = (1, s, ...,7,)T given the additive predictor AP
where, for example, AP = SP = a +3°%_, Sj(z;) for some (usually unknown) functions

Sj. Then the estimated additive predictor FAP = ESP =&+, S;(x;).

1.2 PREDICTION INTERVAL (PI)

A large sample 100(1 — 6)% prediction interval (PT) for Y} has the form [L,, U,] where
P(En <Y; < Un) — 1 — ¢ as the sample size n — oo. A PI is asymptotically optimal if its
length converges to the shortest population length covering 100(1 — )% of the mass where

0<d<l.

1.3 SHORTH PI

Consider predicting a future test value Y} given a p x 1 vector of predictors ¢, and
training data (Y1, @1), ..., (Y, ®,). A large sample 100(1 — 0)% prediction interval (P1) for

Y has the form [ﬁn, Un] where P(ﬁn <Y; < Un) — 1 — ¢ as the sample size n — co.

2



The shorth(c) estimator is useful for making prediction intervals. Let Z1y, ..., Z(») be
the order statistics of Z1, ..., Z,. Then let the shortest closed interval containing at least ¢
of the Z; be

shorth(c) = [Z(s), Z(s4c—1)]- (1.2)

Let
kn = [n(1 = 0)] (1.3)
where [z] is the smallest integer > z, e.g., [7.7] = 8. Then Frey (2013) showed that for

large nd and iid data, the shorth(k,) PI has maximum undercoverage ~ 1.121/6/n, and

used the shorth(c) estimator as the large sample 100(1 — §)% PI where

¢ =min(n, [n[l =6 +1.12y/6/n ] ]). (1.4)

Example 1.1. Given below were votes for preseason 1A basketball poll from Nov.
22, 2011 WSIL News where the 778 was a typo: the actual value was 78. As shown below,
finding shorth(3) from the ordered data is simple. If the outlier was corrected, shorth(3)
= [76,78].

111 89 778 78 76
order data: 76 78 89 111 778
13 =89 - 76
33 = 111 - 78
689 = 778 - 89

shorth(3) = [76,89]
The new large sample 100(1 — )% PI using Y7, ..., Y} uses the shorth(c) PI with

¢ =min(B, [B[1 -6+ 1.12y/3/B ] ). (1.5)

PI (1.5) is a simple large sample 100(1 — 0)% prediction interval for a future value Y}

given a p x 1 vector of predictors &y and training data (z1,Y7), ..., (z,, Y,) for a parametric

3



1D regression model where Y|x ~ D(h(x),0), and D is a parametric distribution that
depends on « only through h(x). Apply the nonparametric shorth prediction interval to
Y, ..., Y} where the Y;* are independent and identically distributed (iid) from the distri-
bution D(h(x;), 8). If the regression method produces a consistent estimator (h(z), @) of
(h(x),0), then this new prediction interval is a large sample 100(1 — §)% PI that is a

consistent estimator of the shortest population interval [L, U] that contains at least 1 — ¢

of the mass as B,n — oo.

1.4 VARIABLE SELECTION

For models with a linear predictor, we will want prediction intervals after variable
selection or model selection. Variable selection is the search for a subset of predictor
variables that can be deleted with little loss of information if n/p is large, and so that the
model with the remaining predictors is useful for prediction. Following Olive and Hawkins

(2005), a model for variable selection can be described by

B = wgﬁs + wgﬁE = wgﬁs (1.6)

where = (z, %)?, x5 is an ag x 1 vector, and g is a (p — ag) x 1 vector. Given that
Zg is in the model, B, = 0 and E denotes the subset of terms that can be eliminated given
that the subset S is in the model. Let x; be the vector of a terms from a candidate subset
indexed by I, and let & be the vector of the remaining predictors (out of the candidate

submodel). Suppose that S is a subset of I and that model (1.6) holds. Then

'8 =wxBs=xiBs+ 1’?/55(1/5) + 260 =z 3, (1.7)

where x;/g denotes the predictors in I that are not in S. Since this is true regardless of the
values of the predictors, 8o =0if S C I.
Forward selection or backward elimination with the Akaike (1973) AIC criterion are

often used for GLM variable selection. The Chen and Chen (2008) EBIC criterion can be



useful, especially if n/p is not large. GLM model selection with lasso and the elastic net
is also common. See Hastie, Tibshirani, and Wainwright (2015, ch. 3), Tibshirani (1996),
Friedman, Hastie, Hoefling, and Tibshirani (2007), and Friedman, Hastie, and Tibshirani
(2010). A GLM relaxed lasso applies the GLM to the active predictors with nonzero
coefficients selected by lasso. For n > 10p, Olive and Hawkins (2005) suggested using
multiple linear regression variable selection software with C), to get a subset I, then fit the
GLM using Y and x;. For high dimensional GLM variable selection, see Guo, Yang, and
Lv (2017).

The modified shorth PI inflates the usual shorth PI to compensate for model selection.
Let d be the number of variables z7, ..., x; used by forward selection, lasso, or relaxed lasso.
We want n/d large, and the prediction interval length will be increased (penalized) if n/d
is not large. Let ¢, = min(1 — § +0.05,1 — § + d/n) for 6 > 0.1 and

gn = min(l —6/2,1 — 0 4+ 10dd/n), otherwise.
If1—-6<0.999 and g, <1 — 6+ 0.001, set ¢, = 1 — 9. Then compute the shorth PI with

Cmoa = min(B, [Blg, + 1.12,/3/B | ). (1.8)

1.5 PARAMETRIC REGRESSION MODELS

Regression models where Y|z ~ Yl|h(x) ~ Y|SP ~ D(h(x),0) are common. Let
h(x) = SP. Some important examples follow. See Olive (2010, 2017a: ch. 13, 2019: ch.
4).

i) Nonlinear regression, nonparametric regression, and multiple linear regression are

special cases of the additive error regression model
Y=h(x)+e=SP+e. (1.9)

For these models, there is no need to use a parametric distribution. Find the shorth

[ﬁm, Um] of the residuals and use PI DA/f + ﬁm,f/f + Um] where Y/f = iL(wf) See Olive

>



(2013a) for n > 10d where d is the model degrees of freedom. For multiple linear regression
see Olive (2007) for n > 10p and Pelawa Watagoda and Olive (2019a) for Pls that can
work for variable selection and model selection estimators even if n/p is not large. Also see

Lei, G’Sell, Rinaldo, Tibshirani, and Wasserman (2017).

Sp
ii) The binary regression model is Y ~ binomial (1,p = m) . This model has
ESP
E(Y|SP) = p = p(SP) and V(Y|SP) = p(SP)(1 — p(SP)). Then p = 11 cBsP is the
estimated mean function.
SP
iii) The binomial regression model is Y; ~ binomial (mi,p: m). Then
E(YiISP)
. A meESP
= mip(SP;) and V(Yi|SP) = mip(SP)(1 = p(SF)), and E(Yilz:) = mip = -~ —5gp

the estimated mean function.

iv) The Poisson regression (PR) modelY ~ Poisson (e°") has E(Y|SP) = V(Y |SP) =
exp(SP). The estimated mean and variance functions are E(Y|x) = e®57.

v) Suppose Y has a gamma G(v, \) distribution so that E(Y) = vA and V(YY) =
vA2. The Gamma regression model Y ~ G (v, \ = u(SP)/v) has E(Y|SP) = u(SP) and
V(Y|SP) = [u(SP)]?/v. The estimated mean function is £(Y|z) = u(ESP). The choices
w(SP) = SP, u(SP) = exp(SP) and pu(SP) = 1/SP are common. Since u(SP) > 0,

Gamma regression models that use the identity or reciprocal link run into problems if

w(ESP) is negative for some of the cases.

Alternatives to the binomial and Poisson regression models are needed because of-
ten the mean function for the model is good, but the variance function is not: there is

overdispersion.

A useful alternative to the binomial regression model is a beta—binomial regression
(BBR) model. Following Simonoff (2003, pp. 93-94) and Agresti (2002, pp. 554-555),

let 6 = p/f and v = (1 —p)/0, so p = §/(6 +v) and § = 1/(6 + v). Let B(d,v) =

'o)r
7;(?_'_(”)) If Y has a beta-binomial distribution, Y ~ BB(m, p, ), then the probability
v



d+y,v+m—y)
B(d,v)
0 <p<1land @ > 0. Hence 6 > 0 and v > 0. Then E(Y) = md/(0 + v) = mp and

B
mass function of Y is P(Y = y) = (m) ( for y = 0,1,2,...,m where
Yy

V(Y) = mp(l —p)[1 + (m—1)0/(1 + 0)]. If Y|r ~ binomial(m,n) and © ~ beta(d, v),
then Y ~ BB(m, p,0). As § — 0, it can be shown that V(7)) — 0, and the beta—binomial

distribution converges to the binomial distribution.

vi) The BBR model states that Yj,..., Y, are independent random variables where
Yi|SP; ~ BB(m;, p(SP;),0). Hence E(Y;|SP;) = m;p(SP;) and

V(Yi|SP) = mip(SP)(1 — p(SP))[1 4 (m; — 1)8/(1 + 6)].

The BBR model has the same mean function as the binomial regression model, but
allows for overdispersion. As 6§ — 0, it can be shown that the BBR model converges to the
binomial regression model.

A useful alternative to the PR model is a negative binomial regression (NBR) model.
If Y has a (generalized) negative binomial distribution, Y ~ N B(u, k), then the probability

mass function of Y is

=gl () ()

for y = 0,1,2,... where g > 0 and k > 0. Then E(Y) = p and V(Y) = u + p?/k.

(This distribution is a generalization of the negative binomial (k,p) distribution where
p=k/(pn+ k) and k > 0 is an unknown real parameter rather than a known integer.)

vii) The negative binomial regression (NBR) modelis Y|SP ~ NB(exp(SP), k). Thus
E(Y|SP) = exp(SP) and

V(Y|SP) = exp(SP) (1 + @) = exp(SP) + Texp(2 SP).

The NBR model has the same mean function as the PR model but allows for overdis-
persion. Following Agresti (2002, p. 560), as 7 = 1/k — 0, it can be shown that the NBR

model converges to the PR model.



Olive (2017a: p. 430) describes zero truncated Poisson regression model. Several
important survival regression models are parametric 1D regression models with SP = =’ 3.
The accelerated failure time (AFT) model has log(Y) = o+ SPa + oe where SPy = 273,

V(e) =1, and the e; are iid from a location scale family.

If the Y; are Weibull, the e; are from a smallest extreme value distribution. The Weibull
regression model is a proportional hazards model using Y; and an accelerated failure time
model using log(Y;) with 3 = 3,/0o.

If the Y; are lognormal, the e; are normal.

If the Y; are loglogistic, the e; are logistic.

viii) The Weibull proportional hazards regression (WPH) model is
Y|SP ~W(y=1/0,\gexp(SP)),
where \g = exp(—a/c), and Y has a Weibull W (~, A) distribution if the pdf of Y is

Fy) = My exp[—Ay]

for y > 0. Note that the PI is for survival times Y, not censored survival times.

1.6 R FUNCTIONS FOR PI COVERAGES AND LENGTHS

The simulations were done in R. See R Core Team (2016). We used several R func-
tions including lasso with the cv.glmnet functions from the Friedman, Hastie, Simon, and
Tibshirani (2015) glmnet library.

The collection of Olive (2019) R functions slpack, available from (http://lagrange.
math.siu.edu/Olive/slpack.txt), has some useful functions for the inference. Tables 3.1 to
3.6 were made with prpisim2.

The Wood (2006) library mgcv was used for fitting a GAM, and the Venables and
Ripley (2010) library MASS is useful for the negative binomial family. The Hastie and
Tibshirani (1990) gam library is also useful. The Lesnoff and Lancelot (2010) R package



aod has function betabin for beta binomial regression and is also useful for fitting negative

binomial regression.



CHAPTER 2
BOOTSTRAPPING SOME GLMS AND SURVIVAL REGRESSION
MODELS AFTER VARIABLE SELECTION

2.1 THE BOOTSTRAP

Definition 2.1. Suppose that data @, ..., x, has been collected and observed. Often
the data is a random sample (iid) from a distribution with cdf F'. The empirical distribution
is a discrete distribution where the x; are the possible values, and each value is equally likely.
If w is a random variable having the empirical distribution, then p;, = P(w = x;) = 1/n

for i = 1,...,n. The cdf of the empirical distribution is denoted by F,.

Example 2.1. Let w be a random variable having the empirical distribution given

-1 -1
by Definition 2.1. Show that F(w) = & = &,, and Cov(w) = n - s=" - Sh.

Solution: Recall that for a discrete random vector, the population expected value
E(w) =) a;p; where x; are the values that w takes with positive probability p;. Similarly,

the population covariance matrix

Cov(w) = E[(w — B(w))(w — Bw))"] = 3 (@ — E(w))(@; — E(w))"p.

Hence
=~ 1
(w) ;:1 T =T
and
Cov(w) = En (x; —T)(x; — ar:)Tl = 1S. O
: n n

10



Example 2.2. If Wy, ..., W, are iid from a distribution with cdf Fyy, then the empirical

cdf F,, corresponding to Fyy is given by

Fuy) = Y 1W< )

where the indicator I[(W; < y) = 1 if W; <y and I(W; < y) =0if W; > y. Fixn
and y. Then nF,(y) ~ binomial (n, Fw(y)). Thus E[F,(y)] = Fw(y) and V[F,(y)] =

Fw(y)[1 — Fw(y)]/n. By the central limit theorem,

Vi(Fa(y) — Fw(y)) 2 N0, Fw ()1 — Fiw(y)))-

Thus F,(y) — Fw(y) = Op(n="/?), and F, is a reasonable estimator of Fy if the sample

size n is large.

Suppose there is data wy, ..., w, collected into an n x p matrix W. Let the statistic
T, = t(W) = T(F,) be computed from the data. Suppose the statistic estimates p = T'(F)),
and let t(W™) = t(F¥) = T indicate that ¢t was computed from an iid sample from the
empirical distribution F,,: a sample w7, ..., w; of size n was drawn with replacement from
the observed sample wyq, ..., w,. This notation is used for von Mises differentiable statistical
functions in large sample theory. See Serfling (1980, ch. 6). The empirical distribution is
also important for the influence function (widely used in robust statistics). The empirical
bootstrap or nonparametric bootstrap or naive bootstrap draws B samples of size n from the
rows of W, e.g. from the empirical distribution of wy, ..., w,. Then T7, is computed from

the jth bootstrap sample for j =1, ..., B.

Example 2.3. Suppose the data is 1, 2, 3, 4, 5, 6, 7. Then n = 7 and the sample
median 7, is 4. Using R, we drew B = 2 bootstrap samples (samples of size n drawn

with replacement from the original data) and computed the sample median 77, = 3 and

T3, =4

11



bl <- sample(1:7,replace=T)
bl

[1] 3232526
median(bl)

(1] 3

b2 <- sample(1:7,replace=T)
b2

[1] 35634357
median(b2)

[1] 4

2.2 VARIABLE SELECTION MODEL AND BOOTSTRAP CONFIDENCE

REGIONS

We also want to use bootstrap tests. Consider testing Hy : @ = 0 versus H; : 8 # 6
where 6 is a known g x 1 vector. Given training data z, ..., z,, a large sample 100(1— )%
confidence region for 0 is a set A, such that P(6 € A,) — 1 —0 as n — oo. Then reject
Hy if 6, is not in the confidence region A,,.

To bootstrap a confidence region, Mahalanobis distances will be useful. Let the g x 1
column vector 1" be a multivariate location estimator, and let the g x g symmetric positive
definite matrix C' be a dispersion estimator. Then the ith squared sample Mahalanobis

distance is the scalar
D? = DA(T,C) = D} (T,C) = (2~ T)"C (2~ T) (2.1)

for each observation z;. Notice that the Euclidean distance of z; from the estimate of center
T is D;(T,1,) where I, is the g x g identity matrix. The classical Mahalanobis distance

D; uses (T,C) = (%z,S), the sample mean and sample covariance matrix where

z—n;zZ and S—n_lz(z1 zZ)(zi—2)". (2.2)

i=1

n

12



Let ¢, = min(1 — § + 0.05,1 — 0 + g/n) for 6 > 0.1 and
¢n =min(l —06/2,1 — 6+ 106g/n), otherwise. (2.3)
If1-9<0.999 and g, < 1—6+0.001, set ¢, =1 —9. Let

c = [ng,]. (2.4)

Let (T,C) = (%, S), and let Dy, be the 100¢,th sample quantile of the D;.

Let a statistic T" estimate 0. The following confidence region is found by applying a
prediction region to the bootstrap sample 77, ..., 7. Let T and S be the sample mean
and sample covariance matrix of the bootstrap sample. The Olive (2017ab, 2018) prediction
region method large sample 100(1 — §)% confidence region for 6 is
fw: (w—T[S;] " (w—T") < DY, } =

{w: Diy(T", %) < Diy,)} (2.5)

where D, ) is computed from D} = (T} — THT[S3] YTy —T") fori = 1,..., B. Note that
the corresponding test for Hy : @ = 6, rejects Hy if (T — 00)T[S%] YT — 0,) > D%y
The modified Bickel and Ren (2001) large sample 100(1 — 6)% confidence region is

{w: (w—T,)"[S7] 7 (w—T,) < Diy, 1)} =
{w: Diy(T, S7) < Diy, )} (2.6)

where D7, is computed from D? = (T — T,,)"[S7] " (T — T,,).
Shift region (2.5) to have center T},, or equivalently, change the cutoff of region (2.6)
to D?UB) to get the Pelawa Watagoda and Olive (2018) hybrid large sample 100(1 — §)%

confidence region: {w : (w — T,,)"[S5]H(w — T},) < D(QUB)} =
{w: D3y (T, S7) < Dfy b (2.7)

Under regularity conditions, Olive (2017b, 2018) proved that (2.5) is a large sample

confidence region, while Pelawa Watagoda and Olive (2019b) gave simpler proofs, and

13



proved that the shorth(c) interval applied to a bootstrap sample of a random variable gives
a large sample confidence interval. They also showed that the three confidence regions
were useful for bootstrapping B L0 after variable selection for multiple linear regression.
The shorth confidence interval is a practical implementation of the Hall (1988) shortest
bootstrap interval based on all possible bootstrap samples.
The ratio of the volumes of regions (2.5) and (2.6) is
S5[ 2 ( D) )g - (M)g. (2.8)
1S71V* \ Dwp.r) Dy my

The volume of confidence region (2.6) tends to be greater than that of (2.5) since the T}

are closer to T than T}, on average. Regions (2.5) and (2.7) have the same volume.

2.3 LARGE SAMPLE THEORY FOR SOME VARIABLE SELECTION ES-

TIMATORS
Suppose the regression model satisfies Y 1L x| 3, that model (1.6) holds, and that if
S C I,then \/H(Blj - By) £ Ny, (0,V;). Also assume that a variable selection criterion,

such as AIC or BIC, is used such that P(S C I,,,) — 1 as n — oo. Hence

~

Vi(Br o —B) 2 Ny(0,V,0) (2.9)

i
where V ;o adds columns and rows of zeroes corresponding to the x; not in I;.Hence V ;¢ is
singular unless I; corresponds to the full model. Then B I.in.0 18 @ /0 consistent estimator
of B under model (1.6) if the variable selection criterion is used with forward selection,
backward elimination, or all subsets. These assumptions hold for many regression mod-
els, including many generalized linear models, some time series models, and some survival
regression models. This section will use mixture distributions to find the limiting distribu-
tion of \/n(B Lm0 — B3), generalizing the Pelawa Watagoda and Olive (2019b) theorem for
multiple linear regression.

Mixture distributions are useful for variable selection since 3 I,..,.0 has a mixture dis-

tribution of the 3 1;,0- A random vector w has a mixture distribution of random vectors u;

14



with probabilities 7; if u equals random vector w; with probability 7; for j =1,...,J. Let

u and u; be p x 1 random vectors. Then the cumulative distribution function (cdf) of w is

J
Pu(t) = > 7;Pu, (1

where the probabilities 7; satisfy 0 < 7; < 1 and Z}]:1 m; =1, J > 2, and Fy,(t) is the
cdf of u;.
Suppose E(h(u)) and the E(h(u,)) exist. Then

J J

E(h(u)) = Y mElh(w))] and E(w) =Y 7,Eu,).

Hence Cov(u) = E(uu’) — E(u)E(u") = E(uu’) — E(u)[E(u)]" =
7 7 Eluul] — E(u)[E(u)]” =

j=1

J J
Z%’COV(U;’) + ZWjE(Uj)[E(Uj)]T — E(u)[E(u)]".

If E(u;) =0 for j=1,...,J, then E(u) =6 and

J
Cov(u) = Z m;Cov(u;).

Following Pelawa Watagoda and Olive (2019b), suppose that 7T;, is equal to the esti-
mator T}, with probability 7;, for j =1, ..., J where Zj Tjn = 1, Tjn — Tj as n — oo, and
wjn, = /n(1;,—0) = u; with E(u;) = 0 and Cov(u;) = X;. Then T, has a mixture distri-
bution of the T}, with probabilities 7, and the cdf of T}, is Frp,(2) = Zj anFTjn(z) where
Fr,,(2) is the cdf of Tj,. Hence y/n(T}, — ) has a mixture distribution of the \/n(Tj, — ),
and

VT, —0) 2 u (2.10)
where the cdf of w is Fy(2) = 3, m;Fu, (2) and Fuy,(z) is the cdf of w;. Thus w is a mixture
distribution of the u; with probabilities 7, E(u) = 0, and Cov(u) = Xy = >, m;¥;.

Applying the above results makes large sample theory for B L0 Simple. Let T, =

~

oand T;, = 3, .. Let T, = T, = B with probabilities 7y, where m, — m; as
Ipnin,0 J 15,0 11,0

15



n — oo. Denote the m, with S C I by m;. The other 7, = 0 since P(S C Inin) — 1 as
n — oo. Then \/ﬁ(/élj - /Blj) 2) NCL]‘(O7 VJ) and Ujn = \/ﬁ(/élj,o - /6) 2) w; ~ NP(O> VJ}O)
by (2.9).

Then Equation (2.10) holds:

V(B0 —B) S u (2.11)

where the cdf of w is Fy(z) = > ; mjFu,(2). Thus u is a mixture distribution of the u;
with probabilities 7;, E(u) = 0, and Cov(u) = Xy = _; 7;V ;0. The values of m; depend
on the regression variable selection method with AIC or BIC, such as backward elimination,

forward selection, and all subsets. Let A be a g x p full rank matrix with 1 < g < p. Then

Vi(AB,,, o — AB) 2 Au=v (2.12)

where Au has a mixture distribution of the Au; ~ N,(0, AV ;o A”) with probabilities ;.

Under regularity conditions, P(S C I,,;,) — 1 as n — oo if BIC or AIC is used.
P(S = Lyin) — 1 for BIC while AIC tends to overfit since the BIC penalty is larger than
the AIC penalty for adding variables. See Charkhi and Claeskens (2018), Claeskens and
Hjort (2008, pp. 70, 101, 102, 114, 232) and Haughton (1988, 1989).

2.4 THE PARAMETRIC BOOTSTRAP

Suppose Y;|xz; ~ D(x3,0), n(B8 — 8) A N,(0,V(8)), and that V(3) Ll V(B) as
n — oo. These assumptions tend to be mild for a parametric regression model where the
maximum likelihood estimator (MLE) 3 is used. Then V(8) = I"'(3), the inverse Fisher
information matrix. If I,,(8) is the Fisher information matrix based on a sample of size
n, then I,(8)/n SR I(B). For GLMs, see, for example, Sen and Singer (1993, p. 309).

For the parametric regression model, we regress Y on X to obtain (B, 9) where the n x 1

T

i

vector Y = (Y;) and the ith row of the n x p design matrix X is @
The parametric bootstrap uses Y; = (V;*) where Y;*[z; ~ D(x73,0) fori=1,.....n.

Regress Y on X to get B: for y = 1,..., B. The large sample theory for B* is simple.
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Note that if Y;*|&; ~ D(a!b, @) where b does not depend on n, then (Y*, X) follows the
parametric regression model with parameters (b, 8). Hence /n(3 — b) 2 N,(0,V (b)).
Now fix large integer ng, and let b = Bno. Then \/H(B* — Bno) Z NP(O,V(B%)). Since
N,(0,V(3)) A N,(0,V(B)), we have

Va8 - B) 2 N,(0,V(B)) (2.13)

as n — 00.

Now suppose S C I. Without loss of generality, let 3 = (B8T,85)" and B =
(B(I)T, B(0)T)T. Then (Y, X ) follows the parametric regression model with parameters
(B,,0). Hence n(B; — 3;) e N.(0,V(B;)). Now (Y™, X) only follows the parametric
regression model asymptotically, since 3(O) # 0. Note that /n3(0) = Op(1). However,
under regularity conditions, E(3;) ~ 3, and Cov(3,)— Cov(3,) — 0 as n, B — oo.

To see the above claim for GLMs, consider a GLM with n; = SP, = I8 = g(u)
where p; = E(Yi|x;) = g7 (n;). Let V; = V(Yj]x;). Let

2= () + )Y — ) = e+ DB~ ), Z = (),

Opu;
wi:(a’ui)z i, W = diag(w;), W =W]|,, and Z = Z|,.
oni ) Vi ’ B’ B
Then
B=(X"WX)'XTWZ and B, = (XWX 'XIW,Z,
while

Br=(XTW, X)) ' X|W,Z, (2.14)

~

where 3, is fit as if (Y*, X[) follows the GLM with parameters (3(I),8). Hence 1}, =

2l B(I) = g(ut;), and V5 = Vi (Yi*|i;) where Vi, is the model variance from the GLM

~ ~

with parameters (3(1), 0). Also, the estimated asymptotic covariance matrices are

Cov(B) = (XTWX)™" and Cov(B;) = (XTW;X;)™".
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See, for example, Agresti (2002, pp. 138, 147), Hillis and Davis (1994), and McCullagh
and Nelder (1989). From Sen and Singer (1994, p. 307), n(XTW ;X )™} il I8, as
n—ooif S CI.

Let B = (X"WX) ' XT"W Z. Then E(B) = B since E(Z) = X3, and Cov(Y) =
Cov(Y | X) = diag(V;). Since

O _ L g 20 =g (1)
o g (1) O Hi)s

Cov(Z) = Cov(Z|X) = W™, Thus Cov(8) = (XW X)~'. Although 3—8 = Op(n~1/?),
we have n(X"WX)! = n(X™TWX)L 51 (8) - I (B8) =0 as n — 0.

Let 3, = (XTW3iX,)'XTW*Z* where Wi and Z3 are evaluated using B(I).
Then Cov(Y™*) = diag(V;*) — diag(V). Hence Cov(Z%) — W™ and Cov(B;) —
(XTWX ;)" as n, B — co. Hence Cov(Bj)— Cov(B;) — 0asn,B—ocoif S C 1.

As an example, consider the Poisson regression model from Section 1.5. Then pf;, =

exp(zB(I)) = exp(ni) = Vi;. Hence

*

= exp(n;y) = pir = Vip»

wiy = exp(zh,A(1)), and @ = exp(zhB;). Similarly, n7; = log(u;),

Zir = Mip + 8,u;; (Y — pip) = mip + e (Y — i), and
=B+ ———— (Y7 — exp(x];8))).
exp(x;;8;

Note that for (Y, X ), the formulas are the same with the asterisks removed and pu;; =
exp(z};B;).

Next consider the multiple linear regression model Y; = 51+ 202+ -+ 2,0, +€; =
xl'3 +e; for i = 1,...,n where the random variables e; are iid with variance V(e;) = o2
In matrix notation, these n equations become Y = X8 +e. Let H = X (X' X)' X",

.....

oo for each I with S C I. For the (ordinary) least squares (OLS) model with S C I,
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V(B —B;) A N,,(0,V;) where (XT X;)/(no?) il V' See, for example, Olive (2017a,
p. 39) and Sen and Singer (1993, p. 280).
Consider the parametric bootstrap for the above model with Y* ~ N, (X3, 62I) ~

N,(HY ,62I) where we are not assuming that the e; ~ N(0,¢?), and

62— MSE = — ir?

= T
n=pr

where the residuals are from the full OLS model. Then MSE is a y/n consistent estimator
of 0% under mild conditions by Su and Cook (2012). Thus Bj = (X7X)'XTY* ~
N, (B, 62(XTX )Y since E(B,) = (XTX)'XTHY = 3, because HX; = X, and
Cov(B;) = 62(XTX;)~'. Hence

Vi(By — Br) ~ Noy(0,n62(XTX 1)) 2 N, (0, V)

as n,B — oo if § C I. For the residual bootstrap using residuals from the full OLS
model, Pelawa Watagoda and Olive (2019b) showed that E(3;) = 8, and Cov(3,) = [(n—
p)/n]62(XTX )~ & V. Note that both the residual bootstrap and above nonparametric
bootstrap for OLS are robust to the unknown error distribution of the iid e;.

As another example, the multivariate linear regression model y, = BT x; + ¢ for
¢ =1,...,n has m > 2 response variables Y7, ..., Y,, and p predictor variables z1, 2, ..., .
The model is written in matrix form as Z = X B + E where the matrices are defined
below. The model has E(e;) = 0 and Cov(e;y) = Xe = (0y;) for £ = 1,...,n. Then the
p X m coefficient matrix B = B, By ... B, and the m x m covariance matrix Xe
are to be estimated, and E(Z) = X B while E(Y};) = «]3;. The €; are assumed to be
iid. Subscripts are needed for the m multiple linear regression models Y'; = X3, + e; for

j=1,...,m where E(e;) = 0. The n x m matrices

yi ef
Z = Y1 Y2 Ym = and E = e e ... €, =
Y €
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Considering the ith row of Z, X, and E shows that yI = I B + €. The least squares

i

estimators

~T ~ n

. . EE 1
_ T -1y T _ ~ ~ ~ _ _ ~ AT
B=(X"X)"'X"Z=|p3, 3, ... 3, | and Ee_n—p_n—pz“i‘
i=1

Assume n(X7X)™? L W. By Su and Cook (2012), Xe is a y/n consistent estimator of

Ye, and under mild regularity conditions
Vn vee(B—B) 2 N0, e @ W)

where vec(B) stacks the columns of a matrix B into a vector and the Kronecker product
of an m x n matrix C and a p X ¢ matrix D is the mp x ng matrix C ® D. Also see Eck
(2018), Olive (2017a, ch. 12), and Olive (2017b, ch. 12).

Let A be a full rank ¢ X pm matrix, 8 = Avec(B), and @ = Avec(B). Consider
testing Hy : @ = g versus Hy : 0 # 6. Then

T =(0-60)"(A[Ze® (X"X)|AT) (8 - 00) 2 x2.

The test that rejects Hy if T'/q > Fyn—pm(1 —0) is a large sample 100(1 — §)% test since
qFyn—pm 5 X. as n — oo. We want n > (m + p)?, and this test is the Hotelling Lawley
test if rm x pm block diagonal matrix A = diag(L, ..., L) is used to test Hy : LB = 0
versus Hy : LB # 0 where L is a full rank r x p matrix. See Olive (2017ab).

Consider the parametric bootstrap for the above model with y; ~ Nm(BTaci, X¢) for
i =1,...,n where we are not assuming that the €; ~ N,,,(0, X¢). Let Z7 have ith row y: T
and regress Z on X to obtain B: forj=1,..,B. Let S C I, let B; = (XTX) ' Xtz
and assume n(XTX ;)™ L w, for any [ such that S C I. Then with calculations similar

Ak

to those for the multiple linear regression model, E(B,) = By,
Vn vee(B; — By) 2 Naym(0, e @ W),

and

Vi vee(B; — By) ~ Noym(0, Ze @ n(XTX ) ™) 2 Nupm(0, e @ W)
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asn,B — ocoif S C I. Let B;o be formed from Bj by adding rows of zeroes corresponding

to omitted variables.

The nonparametric bootstrap (= empirical bootstrap = naive bootstrap) samples
cases (Y;,x;) with replacement to form (Y}, X7), and regresses Y; on X to get B: for
j = 1,..., B. The nonparametric bootstrap can be useful even if heteroscedasticity or
overdispersion is present, if the cases are an iid sample from some population, a very
strong assumption. See Freedman (1981) and Efron (1982, pp. 18, 19, 35, 36) for the
residual bootstrap and nonparametric bootstrap applied to multiple linear regression. See
Eck (2018) for using these two methods to bootstrap multivariate linear regression.

For bootstrapping a GLM, see, for example, Chatterjee and Bose (2005), Davison and
Hinkley (1997, section 7.2), Friedl (1997), Moulton and Zeger (1991), Shao and Tu (1995),

and Simonoff and Tsai (1988). Several of these methods do not make a Y™, and so may

not be useful for variable selection.

2.5 BOOTSTRAPPING VARIABLE SELECTION ESTIMATORS

Consider testing Hy : @ = 0y versus Hy; : @ # 0y where 0 is g x 1. The Pelawa
Watagoda and Olive (2019b) geometric argument is useful. Assume 71, ..., T are iid with
nonsingular covariance matrix X'z,. Then the large sample 100(1 — 0)% prediction region
R, = {w: D3,(T,St) < D?UB)} centered at T contains a future value of the statistic T}
with probability 1 — ég — 1 — 3§ as B — oo. Assume /n(7, — ) L w with Eu) =0
and Cov(u) = Xy, and (nS7)~! to be fairly well behaved (not too ill conditioned) for
each n > 20g, say. Then the region R, = {w : D3,(T,,St) < D?UB)} centered at a
randomly selected T, is a large sample 100(1 — )% confidence region for 6 as n, B — oo.
Geometrically, the bootstrap sample data cloud of 17, ..., T} is like the data cloud of iid
T1, ..., Tp shifted to be centered at T, if \/H(TJ?k —T,) Do

The explanation for why the bootstrap confidence regions (2.5), (2.6), and (2.7) give

useful results after variable selection is nearly the same as that given by Pelawa Watagoda
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and Olive (2019b) for the residual bootstrap for multiple linear regression. Let the variable
selection estimator 7T,, = ABImm,O with @ = AB. Then T, is not smooth since T, is equal
to the estimator Tj, with probability m;, for j = 1,...,J. Here A is a known full rank
g X p matrix with 1 < g < p. We have /n(T,, — 0) Z v by (2.12) where E(v) = 0,
and Yy = ), m;AV o AT, Hence the above geometric argument holds: (2.6) and (2.7)
are large sample confidence regions for 6. For variable selection, this section will show
that the bootstrap sample data cloud 17, ..., T} tends to be slightly more variable than the
data cloud of iid 77, ..., T for large n. Hence the coverage of these two confidence regions
> 1 — ¢, asymptotically. Empirically, for a mixture distribution, the bagging estimator T~
tends estimate 6 at least as well as T},. See Breiman (1996) and Yang (2003). Hence the
coverage of (2.5) tends to be > the coverage of the hybrid region (2.7).

Assume p is fixed and n > 20p. The response plot has ESP = :I;TB on the horizontal
axis and Y on the vertical axis, respectively. Often the model mean function and a scatter-
plot smoother are added to the plots as visual aids to check the model. See Olive (2013b,
2017a, ch. 13). Olive (2010, ch. 16) gives plots for checking survival regression models.

For the bootstrap, suppose that T} is equal to T;; with probability p;, for j =1,...,J
where Zj pin = 1, and pj, — m; as n — oo. Let Bj, count the number of times 7} = T{;

in the bootstrap sample. Then the bootstrap sample 17, ..., T} can be written as
7y Tpy 1 T g T, g

where the Bj, follow a multinomial distribution and Bj,/B LA pjn @ B — oo. Denote

*
le, e

3
>TB‘

- 8S the jth bootstrap component of the bootstrap sample with sample mean

el . .
T'; and sample covariance matrix S7 ;. Then

1=

o1& Bin 1 &, o
=527 :ZfB—MZTiFZPmTj-
1 J i=1 J

Similarly, we can define the jth component of the iid sample 77, ..., T’z to have sample mean

T'; and sample covariance matrix St ;.
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For the parametric bootstrap, Section 2.4 showed that under regularity conditions,
Cov(B;)— Cov(B,) — 0 as n,B — oo if § C I. Hence Cov(Tj,) — Cov(T},) — 0 as
n,B—ooit S CI. Here T}, = ABImm,m Ty = AB%O, T = AB;WO, and T7, = AB;O.
Then E(Tj,) ~ AB = 6 while the E(T};,) are more variable than the E(T},,) with E(T7},) ~
AB(Ij, 0), roughly, where B(Ij, 0) is formed from B(Ij) by adding zeroes corresponding to
variables not in I;.

Hence the jth component of an iid sample T1,...,Tp and the jth component of the
bootstrap sample 717, ..., T} have the same variability asymptotically. Since E(T},) ~ 0,
each component of the iid sample is approximately centered at 8. The bootstrap com-
ponents are centered at E(71j,). Geometrically, separating the component clouds so that
they are no longer centered at one value makes the overall data cloud larger. Thus the
variability of T7¥ is larger than that of 7}, for a mixture distribution, asymptotically. Hence
the prediction region applied to the bootstrap sample is slightly larger than the predic-
tion region applied to the iid sample, asymptotically (we want n > 20p). Hence cutoff
Dil_é = D?UB) gives coverage close to or higher than the nominal coverage for confidence
regions (2.5) and (2.7), using the geometric argument. The deviation T — T}, tends to be
larger in magnitude than the deviation and T; — T . Hence the cutoff D3, ; = Dy
tends to be larger than D?UB), and region (2.6) tends to have higher coverage than region
(2.7) for a mixture distribution.

In simulations for n > 20p, the coverage tends to get close to 1 — ¢ for B >
max (200, 50p) so that ST is a good estimator of Cov(7T*). In the simulations where S
is not the full model, inference with backward elimination with I,,,;, using AIC appears to
be more precise than inference with the full model if n > 20p and B > 50p. It is possible
that S7 is singular if a column of the bootstrap sample is equal to O.

Undercoverage can occur if bootstrap sample data cloud is less variable than the iid
data cloud, e.g., if (n — p)/n is not close to one. Coverage can be higher than the nominal

coverage for two reasons: i) the bootstrap data cloud is more variable than the iid data
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cloud of T, ..., Ts, and ii) zero padding.

To see the effect of zero padding, consider Hy : AB = Bp = 0 where B, =
(Biys ey Bi,)F and O C E in (1.6) so that Hy is true. Suppose a nominal 95% confi-
dence region is used and Uiz = 0.96. Hence the confidence region (2.5) or (2.6) covers at
least 96% of the bootstrap sample. If /B*O,j = 0 for more than 4% of the B*o,u ey B*QB, then
0 is in the confidence region and the bootstrap test fails to reject Hy. If this occurs for
each run in the simulation, then the observed coverage will be 100%.

Now suppose /B*O,j =0 for j =1,..., B. Then S7 is singular, but the singleton set {0}
is the large sample 100(1 —0)% confidence region (2.5), (2.6), or (2.7) for B, and § € (0,1),
and the pvalue for Hy : B, = 0 is one. (This result holds since {0} contains 100% of
the /B*O,j in the bootstrap sample.) For large sample theory tests, the pvalue estimates the
population pvalue. Let I denote the other predictors in the model so 8 = (37, BS)T. For
the I,,;, model from variable selection, there may be strong evidence that ¢ is not needed
in the model given @; is in the model if the “100%” confidence region is {0}, n > 20p,
and B > 50p. (Since the pvalue is one, this technique may be useful for data snooping:

applying MLE theory to submodel I may have negligible selection bias.)

2.6 R FUNCTIONS FOR THE BACKWARD ELIMINATION

The simulations were done in R. See R Core Team (2016). We used several R func-
tions including backward elimination computed with the step function from the Venables
and Ripley (1997) MASS library. The collection of Olive (2019) R functions slpack, available
from (http://lagrange.math.siu.edu/Olive/slpack.txt), has some useful functions for the in-
ference. The functions binregbootsimand pregbootsim are useful for the full binomial re-
gression and full Poisson regression models. The functions vsbrbootsim and vsprbootsim

were used to bootstrap backward elimination for binomial and Poisson regression.
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CHAPTER 3
SIMULATIONS FOR PREDICTION INTERVALS

3.1 SIMULATION

Let « = (1 u?)T where u is the (p — 1) x 1 vector of nontrivial predictors. In the
simulations, for i = 1, ..., n, we generated w; ~ N,_1(0, I) where the m = p—1 elements of
the vector w; are iid N(0,1). Let the m xm matrix A = (a;;) with a;; = 1 and a;; = ¢ where
0 <1 < 1fori#j. Then the vector z; = Aw; so that Cov(z;) = Xz = AAT = (0y)
where the diagonal entries o;; = [1+(m—1)1? and the off diagonal entries o;; = [2¢)+ (m —
2)1?]. Hence the correlations are cor(z;, z;) = p = (2+(m—2)1?)/(14+(m—1)y?) for i # j.
Then 1—|—Z§:1 z;j ~ N(1, ko +k(k—1)o;;) = N(1,v%). Let u = az/v. Then cor(x;, z;) = p
for i # j where z; and z; are nontrivial predictors. If 1) = 1/,/¢cp, then p — 1/(c + 1) as
p — oo where ¢ > 0. As 1 gets close to 1, the predictor vectors u; cluster about the line
in the direction of (1,...,1)T. Let SP = &8 = 31 + lz;o + -+ + 1z 541 ~ N(B1,a?) for
i=1,..,n. Hence B = (31,1,..,1,0,...,0)" with 3, k ones and p—k —1 zeros. The default
settings for Poisson regression use 3; =1 = a.

The simulation used 5000 runs, so an observed coverage in [0.94, 0.96] gives no reason
to doubt that the PI has the nominal coverage of 0.95. The simulation used B = 1000;
p=4,50,n, or 2n; ¢ = 0,1/,/p, or 0.9; and k = 1,19, or p — 1. The simulated data sets
are rather small since the R estimators are rather slow. For Poisson regression, we only
computed the GAM for p = 4 with SP = AP = o + Sa(x2) + Sa(x3) + Sa(x4). We only
computed the full model GLM if n > 5p. Lasso and relaxed lasso were computed for all
cases.

Tables 3.1 and 3.2 show some simulation results for Poisson regression. Lasso mini-
mized 10-fold CV and relaxed lasso was applied to the selected lasso model. The full model
GLM and GAM used PI (1.5) while lasso, relaxed lasso, forward selection using the Olive

and Hawkins (2005) method, and backward elimination used PI (1.8). For n > 10p, cover-
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ages tended to be near or higher than the nominal value of 0.95, except for lasso and the
Olive and Hawkins (2005) method in Table 3.2. In Table 3.1, coverages were high because
the Poisson counts were small and the Poisson distribution is discrete. In Table 3.2, the
Poisson counts were not small, so the discreteness of the distribution did not affect the
coverage much.

For n < p, good performance needed stronger regularity conditions. Tables 3.3-3.10

show more results. Relaxed lasso often performed better from lasso if n > 10k and n < 5p.

3.2 CONCLUSION

Since PIs (1.5) and (1.8) are for a parametric regression model, it is crucial to check
that the parametric model is appropriate. For example, if a negative binomial regression
model is appropriate, but a Poisson regression model is fit, then the PI coverage will likely
be poor. The response plot of the ESP on the horizontal axis versus the response on the
vertical axis is useful. This plot and a plot for detecting overdispersion are described in
Olive (2013b, 2017a: ch. 13). Olive (2019: ch. 4) shows that these plots can be useful for
methods such as lasso and elastic net if n/p is not large, although estimation becomes more
difficult. Plots for checking survival regression models are given in Olive (2010: ch. 16). In
a similar application, Olive (2014, p. 364) used the shorth estimator to estimate Bayesian
credible regions. Cai, Tian, Solomon, and Wei (2008) give useful prediction intervals.

Let d be the number of variables x7, ..., ) used by forward selection, lasso, or relaxed
lasso. Or let d be the degrees of freedom of the selected model if that model was chosen in
advance without model or variable selection. Then we want n > 10d in order to use the new
PI (1.5). For fixed p, the GLM estimator B tends to be a y/n consistent asymptotically
normal estimator of 3. Forward selection with AIC tends to produce a y/n consistent
estimator B I,....0 of B if the probability that the subset I, contains S goes to one as
n — oo where the p x 1 vector B I,...0 has zeroes corresponding to variables that were not

selected. For example, if p = 4 and Blmm = (Bl,ﬁg)T, then Blmm,o = (Bl, 0, 3, 0).
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Table 3.1. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p=4, 51 =1=a

n vk GLM GAM  lasso RL OHFS BE

100 0 1 cov 09712 0.9714 0.9810 0.9800 0.9792 0.9734

len 6.6448 6.6118 7.2770 7.2004 7.0680 6.6632

400 0 1 cov 0.9692 09694 0.9728 0.9714 0.9722 0.9665

len 6.6392 6.6474 6.7996 6.7722 6.7588 6.6778

100 0.5 1 cov 0.9642 0.9644 0.9796 0.9786 0.9760 0.9689

len 6.6922 6.6806 7.3136 7.2824 7.1160 6.7767

400 05 1 cov 09668 0.9670 0.9722 0.9716 0.9702 0.9754

len 6.672 6.6896 6.8342 6.8140 6.7992 6.7802

100 0.9 1 cov 09672 0.9674 0.9766 0.9768 0.9738 0.9665

len 6.6038 6.6186 7.1480 7.1214 7.0002 6.5789

400 09 1 cov 0.9660 0.9662 0.9734 0.9700 0.9692 0.9798

len 6.5838 6.5746 6.7526 6.7196 6.7004 6.7443

100 0 3 cov 0.9696 0.9698 0.9848 0.9834 0.9818 0.9654

len 6.7080 6.7084 7.5632 7.5442 7.5348 6.7408

400 0 3 cov 09728 0.9730 0.9750 0.9746 0.9748 0.9657

len 6.5718 6.5684 6.7690 6.7356 6.7406 6.7063

100 0.5 3 cov 0.9672 0.9674 0.9842 0.9838 0.9736 0.9592

len 6.6992 6.7044 7.5804 7.5494 7.3810 6.7128

400 0.5 3 cov 09682 0.9684 0.9730 0.9722 0.9702 0.9772

len 6.6794 6.6890 6.8726 6.8520 6.8466 6.7504

100 0.9 3 cov 0.9664 0.9666 0.9804 0.9810 0.9750 0.9678

len 6.6704 6.6646 7.2880 7.2672 7.0722 6.7635

400 0.9 3 cov 09690 0.9692 0.9744 0.9742 0.9736 0.9667

len 6.7960 6.8092 6.9696 6.9682 6.9120 6.6987
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Table 3.2. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p =4, 1 =5, a =2

n P GLM GAM lasso RL OHFS BE
100 0 cov 0.9500 0.9440 0.7730  0.9664  0.9654  0.9520
len 77.6072 77.6306 84.1066 81.8374 82.4752 84.1432
400 0 cov  0.9580 0.9564  0.7566  0.9622  0.9628  0.9534
len 82.0126 82.0212 85.5704 83.2692 83.4374 80.9897
100 0.5 cov 0.9456 0.9424 0.7646  0.9634  0.9408  0.9512
len 83.0236 82.9034 90.5822 88.3060 88.6700 79.6887
400 0.5 cov  0.9530 0.9500 0.7584  0.9604 0.9566  0.9678
len 83.8588 83.8292 87.4336 85.1042 85.1434 79.9855
100 0.9 cov 0.9492  0.9452  0.7688  0.9646  0.7712  0.9654
len 78.3554 78.3798 87.0086 84.6072 83.4980 81.5432
400 0.9 cov  0.9550 0.9574  0.7606  0.9606  0.7928  0.9513
len 76.7028 76.7594 80.5070 78.2308 78.2538 80.1298
100 0 cov 0.9544  0.9466  0.7798  0.9708  0.9404  0.9487
len 80.1476 80.1362 92.1372 89.8532 90.3456 79.4565
400 0 cov  0.9560 0.9548  0.7514  0.9582  0.9566  0.9567
len 80.7868 80.8976 85.0642 82.7982 82.7912 79.4522
100 0.5 cov  0.9516  0.9478  0.7848  0.9694 0.3324  0.9515
len 77.1120 77.1130 88.9346 86.4680 85.8634 81.5643
400 0.5 cov  0.9568  0.9558  0.7534  0.9636  0.5214  0.9528
len 80.4226 80.4932 84.7646 82.5590 83.7526 79.9786
100 0.9 cov 0.9492  0.9456  0.7882  0.9620  0.7510  0.9554
len 79.5374 79.6172 91.2052 89.0692 84.5648 81.8544
400 0.9 cov  0.9544  0.9546  0.7638  0.9554  0.7384  0.9586
len 79.7384 79.6906 83.8318 81.6862 81.0882 80.7521
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Table 3.3. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p =100, 51 =1=a

n P k lasso RL

100 0 1 cov 0.9780 0.9646

len 7.7882 7.5340

100 0.1 1 cov 0.9828 0.9684

len 7.9222 7.7810

100 0.9 1 cov 0.9820 0.9820

len 7.5274 7.4780

100 0 19 cov 0.9056 0.8482

len 7.8496 7.7138

100 0.1 19 cov 0.9736 0.9602

len 7.7392 7.6224

100 0.9 19 cov 0.9816 0.9792

len 7.5280 7.4934

100 0 99 cov 0.8356 0.7660

len 7.9902 7.9322

100 0.1 99 cov 0.9746 0.9630

len 8.0254 7.9280

100 0.9 99 cov 0.9822 0.9824

len 7.6210 7.5858
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Table 3.4. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p = 100, #; = 5,a = 2

n P k lasso RL

100 0 1 cov 0.7552 0.9678

len  90.8148 88.3212

100 0.1 1 cov 0.7658 0.9700

len 91.4890 88.8760

100 0.9 1 cov 0.7894 0.9650

len 93.6124 91.1536

100 0 19 cov  0.2494 0.8134

len 89.4138 89.2508

100 0.1 19 <cov  0.4576 0.7152

len 92.7120 91.7778

100 0.9 19 cov  0.7774 0.9640

len 93.2236 90.6284

100 0 99 cov  0.0750 0.1042

len 100.7164 93.1344

100 0.1 99 cov  0.3584 0.5270

len 91.6490 89.6920

100 0.9 99 cov  0.7826 0.9624

len  92.6190 90.0968
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Table 3.5. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p =200, 51 =1=a

n P k lasso RL

100 0 1 cov 0.9816 0.9612

len 7.8350 7.5660

100 0.07 1  cov 0.9790 0.9696

len 7.8488 7.6680

100 0.9 1 cov 0.9880 0.9858

len 7.6380 7.5954

100 0 19  cov 0.8678 0.8038

len 7.8126 7.5188

100 0.07 19 cov 0.9620 0.9444

len 7.9010 7.7828

100 09 19 cov 0.9838 0.9848

len 7.6900 7.6454

100 0.07 199 cov 0.9720 0.9548

len 8.0784 7.9956

100 09 199 cov 0.9834 0.9814

len 7.6728 7.6602
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Table 3.6. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p = 200, #; = 5,a = 2

n P k lasso RL

100 0 1 cov 0.7620 0.9662

len 93.7318 91.4898

100 0.07 1  cov  0.7652 0.9706

len 92.0774 89.7966

100 0.9 1 cov 0.7850 0.9628

len 98.2158  95.9954

100 0 19  cov  0.1610 0.6754

len 88.0896 90.6916

100 0.07 19 cov  0.3790 0.5832

len 92.3918 92.1424

100 09 19 cov 0.7884 0.9594

len  97.744  95.2898

100 0 199 cov  0.0416 0.0588

len 113.2106 99.9042

100 0.07 199 cov  0.3076 0.4394

len 90.4494 88.0354

100 09 199 cov  0.7888 0.9586

len 97.0954 94.7604
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Table 3.7. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p =50, 6y =1=a

n P k GLM  lasso RL OHFS BE

500 0 1 cov 0.9566 0.9742 0.9688 0.9716 0.9618

len 6.6532 6.9764 6.8936 7.0210 6.6524

500 0.14 1 cov 0.9600 0.9768 0.9742 0.9758 0.9644

len 6.7688 7.0956 7.0508 7.1446 6.7742

500 0.9 1 cov 0.9526 0.9742 0.9746 0.9748 0.9608

len 6.7022 6.9494 6.9244 7.0496 6.7044

500 0 19 cov 0.9602 0.9858 0.9844 0.9858 0.9628

len 6.5862 7.8326 7.7302 7.6870 6.5986

500 0.14 19 cov 0.9568 0.9854 0.9852 0.9662 0.9590

len 6.7284 7.9386 7.8970 7.2752 6.7288

500 0.9 19 cov 0.9620 0.9782 0.9772 0.9780 0.9654

len 6.6730 6.9296 6.9006 7.0076 6.6802

500 0 49 cov 0.9500 0.9796 0.9786 0.9674 0.9506

len 6.6330 7.7976 7.7888 7.8018 6.6508

500 0.14 49 cov 0.9572 0.9852 0.9834 0.9622 0.9570

len 6.6826 7.8842 7.8406 7.2322 6.6940

500 0.9 49 cov 0.9572 0.9852 0.9834 0.9622 0.9570

len 6.6826 7.8842 7.8406 7.2322 6.6940
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Table 3.8. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p = 50, #; =5,a = 2

n P k GLM lasso RL OHFS BE

500 0 1 cov 09352 0.7564  0.9598 0.9640 0.9476

len 81.2668 84.3188 81.8934 85.2922 81.1010

500 0.14 1 cov 0.9370 0.7508  0.9580 0.9628 0.9458

len 81.1820 84.4530 82.1894 85.2304 81.1146

500 09 1 cov 0.9368 0.7630  0.9620 0.8994 0.9456

len 80.4568 86.3506 84.4942 84.1448  80.4202

500 0 19 cov 09388  0.7592  0.9756 0.3778 0.9472

len 81.6922 96.8546 94.6350 99.7436  81.7218

500 0.14 19 cov 0.9368 0.7556  0.9730 0.2770 0.9438

len 80.0654 95.2964 93.2748 87.3814  80.1276

500 0.9 19 cov  0.935 0.7544  0.9536 0.9480 0.9352

len 79.7324 86.3448 84.0674 83.2958 79.6172

500 0 49 cov 0.9386 0.7104  0.9666 0.1004 0.9364

len 81.1422 96.4304 94.8818 108.0518 81.2516

500 0.14 49 cov 0.9396 0.7194  0.9558 0.2858 0.9402

len 79.7874 94.8908 93.2538 86.4234  79.8692

500 0.9 49 cov 0.9380 0.7640  0.9480 0.9512 0.9430

len 78.8146 85.5786 83.2812 82.4104 78.8316
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Table 3.9. Simulated Large Sample 95% PI Coverages and Lengths for
Poisson Regression, p =50, 6y =1=a

n P k GLM  lasso RL OHFS BE

1000 0 1 cov 0.9630 0.9734 0.9698 0.9714 0.9666

len 6.6790 6.8744 6.8138 6.8648 6.6962

1000 0.14 1 cov 0.9680 0.9762 0.9750 0.9752 0.9712

len 6.7208 6.8990 6.8718 6.9096 6.7354

1000 0.9 1 cov 0.9616 0.9720 0.9708 0.9710 0.9668

len 6.7140 6.9018 6.8724 6.9064 6.7258

1000 0 19 cov 0.9658 0.9830 0.9808 0.9790 0.9652

len 6.8096 7.6654 7.6138 7.2908 6.8084

1000 0.14 19 cov 0.9644 0.9806 0.9792 0.9644 0.9654

len 6.6764 7.3378 7.3192 6.9968 6.6778

1000 0.9 19 cov 0.9668 0.9726 0.9722 0.9708 0.9644

len 6.7122 6.8712 6.8524 6.8722 6.7080

1000 0 49 cov 0.9630 0.9850 0.9852 0.9836 0.9610

len 6.7108 7.8856 7.8596 7.8602 6.7092

1000 0.14 49 cov 0.9652 0.9806 0.9810 0.9630 0.9626

len 6.7066 7.6140 7.5996 7.0104 6.7108

1000 0.9 49 cov 0.9690 0.9784 0.9780 0.9764 0.9714

len 6.6628 6.8546 6.8288 6.8418 6.6868
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Table 3.10. Simulated Large Sample 95% PI Coverages and Lengths
for Poisson Regression, p = 50, 5y = 5,a =2

n P k GLM lasso RL OHFS BE

1000 0 1 cov 09466 0.7582  0.9576  0.9592  0.9488

len 80.7284 83.3446 81.2210 82.7864 80.7752

1000 0.14 1 cov 0.9426 0.7458  0.9538  0.9576  0.9480

len 79.3900 82.3612 79.8172 81.3890 79.3798

10000 0.9 1 cov 0.9476 0.7608  0.9576  0.8950  0.9486

len 80.4882 84.4228 82.3468 82.4528 80.3866

1000 0 19 cov 09436 0.7270  0.9612  0.6700  0.9438

len 80.6532 88.0292 85.7734 88.5528 80.5738

1000 0.14 19 cov 0.9438 0.7452 0.9634  0.2828  0.9460

len 821308 91.1308 89.1170 87.2076 82.2310

1000 0.9 19 cov 0.9432 0.7354 0.9444  0.9466  0.9444

len 82.2056 86.5944 84.4406 84.1516 82.0824

1000 0 49 cov  0.9488  0.7466  0.9760  0.1532  0.9484

len 80.6898 96.3376 94.2010 99.9758 80.6404

1000 0.14 49 cov 0.9502 0.7614 0.9752  0.2822  0.9502

len 79.2666 94.6062 92.5096 85.7218 79.3182

1000 0.9 49 cov 0.9536  0.7380 0.9536  0.9536  0.9542

len 78.9550 83.5724 81.2776 80.8550 79.0614
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Many 1D regression models with SP = x”3 do not yet have convenient variable
selection programs. For n > 10p, Olive and Hawkins (2005) suggest using a variable
selection program for multiple linear regression with C), to get a subset /. Then use that
subset in the 1D regression software. When n/p is not large, the lasso for multiple linear
regression can sometimes give a useful subset I. See Olive (2019, § 4.6.2).

GLMs were introduced by Nelder and Wedderburn (1972). Cook and Zhang (2015)
show that envelope methods have the potential to significantly improve GLMs. Useful
references for generalized additive models include Hastie and Tibshirani (1986, 1990), and
Wood (2006). Some large sample theory for the GAM is given by Wang, Liu, Liang, and
Carroll (2011). Zhou (2001) is useful for simulating the Weibull regression model. Tables

were made with R function prpisim2.
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CHAPTER 4
SIMULATIONS FOR BOOTSTRAPPING

4.1 SIMULATION

A simulation was done, using B = max(200,7n/10,50p) and 5000 runs. The simulation
used p = 4,6,7,8, and 10; n = 25p, n = 50p; ¢ = 0,1/,/p, and 0.9; and k = 1 and p — 2
where k and 1 are defined in the following paragraph.

Let £ = (1 u?)T where u is the (p — 1) x 1 vector of nontrivial predictors. In the
simulations, for i = 1, ..., n, we generated w; ~ N,_1(0, I) where the m = p—1 elements of
the vector w; are iid N(0,1). Let the m xm matrix A = (a;;) with a;; = 1 and a;; = ¢ where
0 <1 < 1fori#j. Then the vector z; = Aw; so that Cov(z;) = Xz = AAT = (0y)
where the diagonal entries 0;; = [1+ (m —1)1? and the off diagonal entries o;; = [2¢)+ (m —
2)1?]. Hence the correlations are cor(z;, z;) = p = (2+(m—2)1?)/(14+(m—1)y?) for i # j.
Then Z;?:l zj ~ N(0,koy + k(k — 1)o;;) = N(0,v?). Let u = az/v. Then cor(z;,z;) = p
for i # j where z; and z; are nontrivial predictors. If 1) = 1/,/¢cp, then p — 1/(c + 1) as
p — oo where ¢ > 0. As 1 gets close to 1, the predictor vectors u; cluster about the line
in the direction of (1,...,1)T. Let SP = 28 = 3, + 1@io + -+ + 1z 401 ~ N(B1,a?) for
i=1,...,n. Hence B = (B1,1,..,1,0,...,0)T with 3;, k ones and p — k — 1 zeros. Binomial
regression used ; = 0,a = 5/3, and m; = m with m = 1 or 20. Poisson regression used
/1 =1=aand $; =5 with a = 2.

The simulation computed the Frey shorth(c) interval for each (3; and used bootstrap
confidence regions to test Hy : By = (81,1,...,1)T where 3 = --- = 11 = 1, and
Hy : By = 0 (whether the last p — k — 1 §; = 0). The nominal coverage was 0.95 with
0 = 0.05. Observed coverage between 0.94 and 0.96 would suggest coverage is close to the
nominal value. In the tables, see columns prl, brl and hybl for the 1st test, and columns
pr0, br0 and hyb0 for the 2nd test. The headers pr, br, and hyb refer to confidence regions

(2.5), (2.6), and (2.7), respectively.
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In the tables, there are two rows for each model giving the observed confidence interval
coverages and average lengths of the confidence intervals. The term “reg” is for the full
model regression, and the term “vs” is for backward elimination. The last six columns
give results for the tests. The length and coverage = P(fail to reject Hy) for the interval
[0, D] or [0, Dy, )] where Dy or Dy, 1y is the cutoff for the confidence region. The
cutoff will often be near /x5 if the statistic 7' is asymptotically normal. Note that
\/% = 2.448 is close to 2.45 for the full model regression bootstrap tests. Volumes of
the confidence regions can be compared using (2.8). The zeroes in B p result in higher than
nominal coverage for the variable selection estimator, but can greatly decrease the volume
of the confidence region compared to that of the full model.

Variable selection coverage tended to be near 0.95 unless the BZ could equal 0. Full
model coverage tended to be near 0.95. An exception was binary logistic regression with
m = 1 in Table 4.1 where variable selection and the full model had higher coverage than
the nominal 0.95 for the hypothesis tests. With 2”3 ~ N(0, (5/3)?)), nearly all of the ! 3
were between —5 and 5. Then some probabilities p(x;) were computed to be exactly 0 or
1, which causes problems for the GLM MLE. When there are problems with the MLE, the
bootstrap confidence regions using smaller a and larger n resulted in coverages closer to
0.95 for the full model.

The confidence intervals for variable selection tended to have shorter average length
than those for the full model. The confidence region volumes for variable selection and the
full model can not be compared by looking at the cutoffs, since the covariance matrices for

the variable selection model and the full model differ.
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Table 4.1. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =200, n =100, p=4, k=1, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9516 0.9528 0.9524 0.9504 0.9724 0.9872 0.9920 0.9802 0.9838 0.9888
len 1.1605 1.0953 0.7171 0.7151  2.5225 2.5225 2.5476 2.5173 2.5173 2.6893
vs,0 0.9564 0.9322 0.9976 0.9976 0.9960 0.9964 0.9988 0.9774 0.9794 0.9948
len 1.1483 1.0798 0.6143 0.6204 2,7329 2.7329 3.0386 2.5160 2.5160 2.6899
reg,0.5 0.9538 0.9428 0.9440 0.9544 0.9680 0.9854 0.9896 0.9724 0.9828 0.9858
len 1.1622 1.6737 1.4547 1.4588  2.5221 2.5221 2.5475 2.5165 2.5165 2.6037
vs,0.5  0.9528 0.9662 0.9978 0.9982 0.9948 0.9918 0.9978 0.9760 0.9756 0.9872
len 1.1462 1.6714 1.2879 1.2883 2.7230 2.7230 3.0170 2.5379 2.5379  2.6860
reg,0.9 0.9662 0.9578 0.9520 0.9500 0.9690 0.9846 0.9884 0.9724 0.9848 0.9876
len 1.1606  9.4523 9.4241 9.4379 2.5220 2.5220 2.5454 2.5142 2.5142 2.5389
vs,0.9  0.9566 0.9522 0.9960 0.9974 0.9958 0.9972 0.9982 0.9866 0.9932 0.9956

len 1.1502 8.4654 8.4806 8.4951 2.7700 2.7700 3.0182 2.6176 2.6176 2.7644

Table 4.2. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =200, n = 100, p =4, k=1, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9504 0.9530 0.9506 0.9572 0.9474 0.9490 0.9500 0.9440 0.9426 0.9444
len 0.2284 0.1978 0.1384 0.1384 24627 2.4627 2.4693 2.4623 2.4623 2.4768
vs,0 0.9556  0.9560 0.9988 0.9994 0.9944 0.9860 0.9946 0.9538 0.9550 0.9568
len 0.2278  0.1978 0.1169 0.1169 2.7166 2.7166 3.0218 2.4621 2.4621 2.4809
reg,0.5 0.9506 0.9534 0.9528 0.9554 0.9490 0.9510 0.9506 0.9494 0.9494 0.9526
len 0.2284 0.3138 0.2814 0.2806 2.4640 2.4640 2.4702 2.4613 2.4613 2.4713
vs,0.5  0.9536 0.9650 0.9990 0.9980 0.9934 0.9856 0.9944 0.9594 0.9576 0.9634
len 0.2283 0.3132 0.2487 0.2422 2.6951 2.6951 2.9860 2.4658 2.4658 2.5719
reg,0.9 0.9584 0.9600 0.9498 0.9596 0.9498 0.9530 0.9526 0.9548 0.9564 0.9578
len 0.2283 1.8362 1.8282  2.4647 24647 2.4708 2.4634 2.4634 2.4634 2.4696
vs,0.9  0.9578 0.9832 0.9990 0.9990 0.9934 0.9420 0.9968 0.9570 0.9322 0.9592

len 0.2285 1.7158 1.6026 1.6149 2.6072 2.6072 2.8477 2.4505 2.4505 2.5816
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Table 4.3. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =200, n =100, p=4, k=1, a=1, f; =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9524 0.9568 0.9554 0.9524 0.9420 0.9452 0.9456 0.9440 0.9448 0.9484
len 0.2815 0.2167 0.2071 0.2064 2.4618 2.4618 2.4687 2.4594 2.4594 2.4778
vs,0 0.9548 0.9546 0.9988 0.9988 0.9838 0.9824 0.9944 0.9498 0.9522 0.9544
len 0.2814 0.2159 0.1755 0.1749 2.7104 2.7104 3.0156 2.4600 2.4600 2.4959
reg,0.5 0.9564 0.9550 0.9568 0.9578 0.9512 0.9514 0.9526 0.9528 0.9530 0.9558
len 0.2813  0.4254 0.4209 0.4201 24633 2.4633 2.4699 2.4602 2.4602 2.4782
vs,0.5  0.9560 0.9742 0.9986 0.9988 0.9950 0.9884 0.9958 0.9656 0.9652 0.9716
len 0.2814 0.4212 0.3571 0.3587 2.6979 2.6979 2.9879 2.4548 2.4748 2.6163
reg,0.9 0.9542 0.9544 0.9516 0.9562 0.9446 0.9440 0.9458 0.9460 0.9476 0.9502
len 0.2819  2.7275 2.7352 2.7271 24615 2.4615 2.4672 2.4613 2.4613 2.4774
vs,0.9  0.9458 0.9790 0.9996 0.9972 0.9936 0.9794 0.9948 0.9588 0.9552 0.9656

len 0.2812  2.4059 2.3828 2.3887 2.6377 2.6377 2.8682 2.4687 2.4687 2.5839

Table 4.4. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=200,n =100, p=4,k=1,a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9494 0.9526 0.9576 0.9536 0.9488 0.9498 0.9506 0.9454 0.9466 0.9472
len 0.0342 0.0102 0.0082 0.0082 2.4593 2.4593 2.4656 2.4580 2.4580  2.4647
vs,0 0.9518 0.9582 0.9996 0.9992 0.9960 0.9856 0.9956 0.9536 0.9536 0.9572
len 0.0341 0.0101 0.0069 0.0069 2.7025 2.7025 3.0065 2.4649 2.4649 2.5232
reg,0.5 0.9502 0.9502 0.9490 0.9546 0.9412 0.9406 0.9416 0.9406 0.9432 0.9426
len 0.0343 0.0179 0.0167 0.0168 2.4608 2.4608 2.4681 2.4588 2.4588 2.4655
vs,0.5  0.9566 0.9704 0.9974 0.9998 0.9916 0.9812 0.9930 0.9594 0.9618 0.9664
len 0.0343 0.0176 0.0143 0.0142 2,6932 2.6932 2.9780 2.4826 2.4826 2.6318
reg,0.9 0.9546 0.9500 0.9504 0.9544 0.9446 0.9460 0.9464 0.9488 0.9492 0.9500
len 0.0343 0.1091 0.1091 0.1098 2.4584 2.4584 2.4639 2.4607 2.4607 2.4680
vs,0.9  0.9584 0.9888 0.9990 0.9988 0.9942 0.9844 0.9958 0.9684 0.9684 0.9724

len 0.0341  0.1058 0.0937 0.0932 2.6970 2.6970 2.9805 2.4838 2.4838 2.6364
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Table 4.5.

Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =200, n =100, p=4, k=2, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09528 0.9462  0.9456  0.9550 0.9574 0.9734 0.9766 0.9824 0.9846  0.9890
len  0.0801 1.4052  1.4091  1.1832 1.9722 1.9722 1.9858 2.9317 2.9317 3.0545
vs,0  0.9596 0.9454  0.9482  0.9972 0.9952 0.9836 0.9958 0.9868 0.9876 0.9914
len  1.0703 1.4224  1.4229  1.0196 2.1393 2.1393 2.3842 2.9600 2.9600 3.0654
reg,0.5 0.9546  0.9526  0.9498  0.9520 0.9550 0.9722 0.9748 0.9798 0.9886  0.9904
len  1.0801 3.3424  3.3411  3.2463 1.9729 1.9729 1.9866 2.9184 2.9184 2.9830
vs,0.5  0.9550  0.9366  0.9502  0.9970  0.9960 0.9462 0.9968 0.9904 0.9874  0.9964
len  1.0691 3.0725  3.0700 29615 2.1001 2.1001 2.3408 2.9456 2.9456 3.1867
reg,0.9 0.9624 0.9520  0.9504  0.9500 0.9506 0.9668 0.9708 0.9756 0.9908 0.9932
len  1.0779 22.0623 22.0812 22.0166 1.9714 1.9714 1.9845 29152 2.9152 2.9426
vs,09 09512  0.9602  0.9722  0.9966 0.9952 0.9778 0.9972 0.9942 0.9972 0.9982
len  1.0725 19.7097 19.6565 19.6814 2.1096 2.1096 2.3224 3.1001 3.1001 3.3159

Table 4.6. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B = 200, n = 100, p = 4, k = 2, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9520 0.9548 0.9518 0.9520 0.9460 0.9484 0.9496 0.9484 0.9492 0.9518
len 0.2279  0.2418 0.2407 0.1949 1.9585 1.9585 1.9641 2.8293 2.8293 2.8450
vs,0 0.9598 0.9532 0.9572 0.9988 0.9972 0.9398 0.9972 0.9530 0.9532 0.9546
len 0.2278 0.2414 0.2413 0.1654 2.1475 2.1475 2.4037 2.8298 2.8298 2.8481
reg,0.5 0.9528 0.9570 0.9546 0.9610 0.9528 0.9554 0.9560 0.9476 0.9502 0.9522
len 0.2277  0.5557 0.5552  0.5359 1.9587 1.9587 1.9637 2.8287 2.8287 2.8393
vs,0.5  0.9526 0.9598 0.9628 0.9990 0.9982 0.9456 0.9982 0.9624 0.9646 0.9714
len 0.2280 0.5530 0.5525 0.4552 2.1516 2.1516 2.4052 2.8538 2.8538 2.9513
reg,0.9 0.9510 0.9540 0.9454 0.9496 0.9416 0.9432 0.9436 0.9420 0.9442 0.9468
len 0.2282 3.6478 3.6575 3.6530 1.9566 1.9566 1.9622 2.8283 2.8283 2.8358
vs,0.9  0.9574 0.9696 0.9642 0.9992 0.9986 0.9730 0.9994 0.9844 0.9766 0.9878
len 0.2284 3.1482 3.1488 3.1718 2.0276 2.0276 2.3289 2.8857 2.8857 3.1278
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Table 4.7. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =200, n =100, p=4, k=2, a=1, /=1

P 51 B2 Bp—1 Bp pr0O hyb0 br0 prl hybl brl
reg,0 0.9576  0.9536 0.9546 0.9548 0.9498  0.9494 0.9502 0.9532 0.9526  0.9554
len 0.2815  0.2999 0.2993 0.2923 1.9584 1.9584 1.9645 2.8287 2.8287  2.8491
vs,0 0.9562  0.9522 0.9542 0.9986 0.9964 0.9438 0.9964 0.9460 0.9488 0.9516
len 0.2813  0.2990 0.2979 0.2489 2.1662 2.1662 2.4127 2.8298 2.8298  2.8585
reg,0.5 0.9532  0.9498 0.9532 0.9494 0.9432 0.9448 0.9448 0.9456 0.9454 0.9466
len 0.2820 0.8109 0.8085 0.8078  1.9582  1.9582 1.9636 2.8309 2.8309 2.8485
vs,0.5  0.9552 0.9578 0.9606 0.9994 0.9978 0.9454 0.9978 0.9780 0.9778 0.9834
len 0.2810 0.8100 00.8102 0.6865 2.1503 2.1503 7 2.4021 2.9142 29142 3.0555
reg,0.9 0.9586  0.9568 0.9526 0.9546  0.9484  0.9492 0.9496 0.9508 0.9526  0.9546
len 0.2813 5.4518 5.4773 5.4653 1.9594  1.9594 1.9635 2.8288  2.8288  2.8459
vs,0.9  0.9528 0.9528 0.9626 0.9982 0.9970 0.9490 0.9984 0.9862 0.9838  0.9900
len 0.2808  4.6804 4.6778 4.6992  2.0050 2.0050 2.1636 2.9844 2.9844  3.2045

Table 4.8. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=200,n =100, p=4, k=2, a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl
reg,0 0.9532  0.9544 0.9542 0.9520 0.9444 0.9466 0.9462 0.9434 0.9434 0.9442
len 0.0342 0.0130 0.0131 0.0116 1.9563 1.9563 1.9625 2.8219 2.8219 2.8287
vs,0 0.9600 0.9580 0.9532 0.9992 0.9982 0.9422 0.9982 0.9506 0.9520 0.9574
len 0.0342 0.0131 0.0131 0.0098 2.1577 2.1577 24107 2.8275 2.8275 2.8647
reg,0.5 0.9568 0.9538 0.9544 0.9528 0.9466 0.9468 0.9464 0.9430 0.9418 0.9440
len 0.0343 0.0327 0.0325 0.0322 1.9589 1.9589 1.9633 2.8260 2.8260 2.8329
vs,0.5 0.9516 0.9632 0.9614 0.9988 0.9978 0.9360 0.9978 0.9692 0.9676 0.9736
len 0.0342 0.0323 0.0324 0.0270 2.1439 2.1439 2.3982 2.9083 2.9083 3.0542
reg,0.9 0.9502 0.9598 0.9570 0.9586 0.9478 0.9478 0.9484 0.9532 0.9550 0.9556
len 0.0343 0.2182 0.2178 0.2179 1.9586 1.9586 1.9639 2.8251 2.8251 2.8326
vs,0.9 0.9554 0.9622 0.9628 0.9990 0.9978 0.9404 0.9978 0.9712 0.9708 0.9750
len 0.0342 0.2170 0.2173 0.1840 2.1391 2.1391 2.3936 2.9281 2.9281 3.0819
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Table 4.9. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =200, n =200, p=4, k=1, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9526  0.9454 0.9508 0.9498 0.9532 0.9634 0.9642 0.9604 0.9662 0.9706
len 0.7110 0.7217 0.5414 0.5417 2.4857 2.4857 2.4954 2.4780 2.4780 2.5480
vs,0 0.9556  0.9504 0.9978 0.9978 0.9938 0.9874 0.9946 0.9592 0.9654 0.9712
len 0.7058 0.7147 0.4588 0.4626 2.7269 2.7269 3.0337 2.4795 2.4795 2.5532
reg,0.5 0.9480 0.9510 0.9510 0.9532 0.9534 0.9622 0.9650 0.9512 0.9592 0.9626
len 0.7098 1.1945 1.0987 1.1000 2.4859 2.4859 2.4948 2.4799 2.4799 2.5114
vs,0.5  0.9550 0.9582 0.9980 0.9978 0.9930 0.9898 0.9938 0.9688 0.9776 0.9814
len 0.7058 1.2134 0.9581 0.9573 2.7131 2.7131 3.0034 2.5085 2.5085 2.6233
reg,0.9 0.9462 0.9536 0.9522 0.9496 0.9548 0.9642 0.9658 0.9496 0.9610 0.9626
len 0.7546 6.0844 6.0691 6.0800 2.4888 2.4888 2.4990 2.4860 2.4860 2.4967
vs,0.9  0.9540 0.9544 0.9968 0.9958 0.9918 0.9906 0.9956 0.9784 0.9792 0.9838

len 0.7087 6.2974 6.3685 6.3456 2.7779  2.7779 3.0209 2.5907 2.5907 2.7273

Table 4.10. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 200, n = 200, p =4, k=1, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9526  0.9480 0.9522 0.9578 0.9466 0.9460 0.9484 0.9402 0.9410 0.9418
len 0.1594 0.1381 0.0960 0.0960 2.4603 2.4603 2.4677 2.4591 2.4591 2.4685
vs,0 0.9520 0.9522 0.9980 0.9982 0.9934 0.9816 0.9936 0.9478 0.9494 0.9514
len 0.1595 0.1382 0.0813 0.0813 2.7241 2.7241 3.0251 2.4629 2.4629 2.4762
reg,0.5 0.9550 0.9526 0.9518 0.9526 0.9464 0.9494 0.9508 0.9506 0.9514 0.9524
len 0.1595 0.2189 0.1955 0.1953 2.4617 2.4617 2.4680 2.4616 2.4616 2.4698
vs,0.5  0.9514 0.9728 0.9988 0.9986 0.9958 0.9882 0.9966 0.9586 0.9594 0.9654
len 0.1594 0.2185 0.1666 0.1668 2.6973 2.6973 2.9879 2.4663 2.4663 2.5651
reg,0.9 0.9522 0.9530 0.9574 0.9450 0.9416 0.9418 0.9434 0.9410 0.9426 0.9442
len 0.1594 1.2759 1.2715 1.2707 24611 2.4611 2.4682 2.4602 2.4602 2.4664
vs,0.9  0.9550 0.9786 0.9994 0.9984 0.9938 0.9732 0.9942 0.9644 0.9518 0.9662

len 0.1596 1.2756 1.1239 1.1244 2.7313 2.7313 3.0506 2.5057 2.5057 2.6903
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Table 4.11. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =200, n=200,p=4,k=1,a=1, g1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9544  0.9542 0.9542 0.9548 0.9480 0.9488 0.9498 0.9446 0.9470 0.9490
len 0.1966  0.1458 0.1418 0.1412 2.4614 2.4614 2.4669 2.4626 2.4626 2.4747
vs,0 0.9518 0.9514 0.9992 0.9992 0.9958 0.9852 0.9962 0.9464 0.9498 0.9510
len 0.1962 0.1452 0.1198 0.1201 2.7231 2.7231 3.0289 2.4600 2.4600 2.4801
reg,0.5 0.9496 0.9518 0.9530 0.9564 0.9516 0.9510 0.9514 0.9462 0.9482  0.9480
len 0.1968 0.2895 0.2877 0.2870 2.4594 2.4594 2.4655 2.4606 2.4606 2.4719
vs,0.5  0.9568 0.9736 0.9970 0.9992 0.9918 0.9868 0.9938 0.9654 0.9646 0.9712
len 0.1961 0.2883 0.2451 0.2461 2.6893 2.6893 2.9774 2.4722 2.4722 2.6031
reg,0.9 0.9514 0.9538 0.9514 0.9578 0.9454 0.9452 0.9472 0.9464 0.9474 0.9484
len 0.1965 1.8700 1.8667 1.8722 24610 2.4610 2.4669 2.4650 2.4650 2.4751
vs,0.9  0.9518 0.9866 0.9988 0.9990 0.9924 0.9488 0.9968 0.9542 0.9332 0.9584

len 0.1964 1.7425 1.6321 1.6288 2.5882 2.5882 2.8297 24433 2.4433 2.5754

Table 4.12. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=200,n=200,p=4,k=1,a=2, 5, =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9572 0.9546 0.9584 0.9542 0.9466 0.9480 0.9486 0.9452 0.9478 0.9496
len 0.0230 0.0063 0.0052 0.0052 2.4599 2.4599 2.4673 2.4602 2.4602 2.4666
vs,0 0.9524 0.9606 0.9982 0.9988 0.9928 0.9818 0.9936 0.9518 0.9510 0.9534
len 0.0230 0.0063 0.0044 0.0044 2.7161 2.7161 3.0174 2.4621 2.4621 2.5043
reg,0.5 0.9542 0.9532 0.9550 0.9560 0.9472 0.9468 0.9490 0.9470 0.9482 0.9496
len 0.0230 0.0112 0.0107 0.0107 2.4594 2.4594 2.4675 2.4614 2.4614 2.4681
vs,0.5  0.9532 0.9724 0.9986 0.9994 0.9942 0.9848 0.9954 0.9670 0.9656 0.9720
len 0.0229 0.0111 0.0091 0.0091 2.6967 2.6967 2.9861 2.4802 2.4802 2.6212
reg,0.9 0.9576 0.9518 0.9576 0.9550 0.9516 0.9510 0.9518 0.9478 0.9484 0.9488
len 0.0230 0.0700 0.0696 0.0701 2.4580 2.4580 2.4641 2.4597 2.4597  2.4656
vs,0.9  0.9490 0.9870 0.9992 0.9992 0.9924 0.9856 0.9944 0.9612 0.9616 0.9694

len 0.0229 0.0676 0.0599 0.0599 2.6908 2.6908 2.9768 2.4790 2.4790 2.6338
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Table 4.13. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =200, n =200, p=4, k=2, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0  0.9550  0.9502  0.9510  0.9568 0.9534 0.9592 0.9612 0.9676 0.9698  0.9756
len 07533 08175  0.8187  0.6491 1.9651 1.9651 1.9723 28795 2.8795  2.9637
vs,0  0.9582  0.9544  0.9480  0.9984  0.9958 0.9652 0.9962 0.9688 0.9720  0.9788
len 07514 08157  0.8165 0.5546  2.1450 2.1450 2.3906 2.8799 2.8799  2.96651
reg,0.5  0.9484  0.9496  0.9526  0.9520  0.9508 0.9594 0.9612 0.9628 0.9732  0.9760
len  0.7546  1.8565  1.8557  1.7860 1.9671 1.9671 1.9746 2.8724 2.8724  2.9137
vs,0.5  0.9488  0.9584  0.9574  0.9966 0.9944 0.9434 0.9946 0.9570 0.9324  0.9628
len 07541  1.8730  1.8720  1.6319  2.0983 2.0983 2.3343 2.8828 2.8828  3.0225
reg,0.9  0.9590v  0.9578  0.9520  0.9546  0.9524 0.9612 0.9618 0.9658 0.9740  0.9770
len  0.7550 12.1336 12.1544 12.1385 1.9661 1.9661 1.9741 2.8688 2.8688  2.8833
vs,0.9 09518  0.9550  0.9646  0.9984  0.9964 0.9698 0.9972 0.9896 0.9922  0.9950
len  0.7513  10.6729 10.6901 10.6865 2.1444 2.1444 23519 3.1163 3.1163  3.3271
Table 4.14. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 200, n = 200, p = 4, k = 2, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl
reg,0  0.9530 0.9516 0.9516 0.9536 0.9452 0.9474 0.9480 0.9478 0.9464 0.9476
len 01596 0.1687 0.1684 0.1359 1.9571 1.9571 1.9626 2.8255 2.8255 2.8363
vs,0  0.9588 0.9526 0.9474 0.9988 0.9976 0.9448 0.9976 0.9440 0.9438  0.9460
len 01596 0.1685 0.1685 0.1154 21599 2.1599 2.4080 2.8261 2.8261 2.8394
reg,0.5 0.9568 0.9554 0.9494 0.9572 0.9522 0.9534 0.9530 0.9478 0.9490 0.9502
len 01596 0.3880 0.3867 0.3747 1.9602 1.9602 1.9647 2.8265 2.8265 2.8355
vs,0.5  0.9504 0.9526 0.9580 0.9992 0.9988 0.9436 0.9988 0.9598 0.9604  0.9652
len 01593 0.3851 0.3844 0.3155 21499 2.1499 2.4042 2.8502 2.8502 2.9448
reg,0.9  0.9554 0.9494 0.9456 0.9518 0.9466 0.9478 0.9474 0.9424 0.9418 0.9424
len 01595 2.5521 2.5498 2.5461 1.9602 1.9602 1.9652 2.8263 2.8263 2.8334
vs,0.9  0.9576 0.9596 0.9642 0.9978 0.9960 0.9412 0.9962 0.9732 0.9656  0.9808
len 01597 2.3406 2.3407 2.3246 2.1457 2.1457 2.3709 2.9504 2.9504 3.2276
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Table 4.15. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =200, n =200, p=4, k=2 a=1, /=1

P 51 B2 Bp—1 Bp pr0O hyb0 br0 prl hybl brl
reg,0 0.9592 0.9552 0.9552 0.9484 0.9420 0.9418 0.9424 0.9546 0.9554 0.9560
len 0.1966  0.2032 0.2033 0.2001 1.9570 1.9570 1.9619 2.8262 2.8262 2.8392
vs,0 0.9606 0.9524 0.9550 0.9980 0.9970 0.9452 0.9974 0.9484 0.9486 0.9514
len 0.1966  0.2030 0.2030 0.1691 2.1485 2.1485 2.3977 2.8268 2.8268 2.8445
reg,0.5 0.9478 0.9522 0.9544 0.9530 0.9432 0.9444 0.9450 0.9476 0.9474 0.9482
len 0.1963 0.5510 0.5529 0.5494 1.9569 1.9569 1.9625 2.8269 2.8269 2.8386
vs,0.5  0.9556 0.9616 0.9648 0.9988 0.9974 0.9466 0.9974 0.9734 0.9742 0.9794
len 0.1961  0.5474 0.5476 0.4646 2.1442 2.1442 2.3935 2.8957 2.8957 3.0335
reg,0.9 0.9524 0.9550 0.9566 0.9548 0.9462 0.9448 0.9470 0.9508 0.9500 0.9506
len 0.1964 3.7523 3.7367 3.7368 1.9571 1.9571 1.9614 2.8245 2.8245 2.8360
vs,0.9  0.9552 0.9564 0.9526 0.9976 0.9962 0.9748 0.9978 0.9824 0.9724 0.9846
len 0.1962 3.1885 3.2044 3.2188 2.0110 2.0110 2.3122 2.8862 2.8862 3.1324

Table 4.16. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=200,n=200,p=4, k=2, a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9544 0.9590  0.9524 0.9558  0.9508 0.9516 0.9516  0.948  0.9486 0.9508
len 0.0229 0.0082  0.0082 0.0074 19611 1.9611 1.9646 2.8226 2.8226 2.8297
vs,0 0.9576  0.9568  0.9524 0.9992  0.9978 0.9358 0.9976 0.9488 0.9508 0.9542
len 0.0230 0.0082  0.0082 0.0063  2.1530 2.1530 2.4066 2.8250 2.8250 2.8531
reg,0.5 0.9528 0.9538 0.9514 0.9542  0.9452 0.9472 0.9478 0.9424 0.9432 0.9442
len 0.0229 0.0207 0.0208  0.02047 1.9572 1.9572 1.9630 2.8229 2.8229 2.8311
vs,0.5  0.9548 0.9602  0.9608 0.9984  0.9962 0.9394 0.9962 0.9700 0.9694 0.9778
len 0.0229 0.0206 0.02071  0.0173  2.1425 2.1425 2.3992 29092 2.9092 3.0562
reg,0.9 0.9546 0.9532  0.9536 0.9556  0.9484 0.9468 0.9484 0.9406 0.9408 0.9430
len 0.0229 0.1390 0.1394 0.1390  1.9575 1.9575 1.9627 2.8246 2.8246  2.8327
vs,0.9  0.9530 0.9600  0.9654 0.9976  0.9962 0.9420 0.9960 0.9676 0.9678  0.9742
len 0.0229 0.1376  0.1382 0.1179 21511 2.1511 2.4015 2.9289 2.9289 3.0843
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Table 4.17. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =300, n =150, p=6, k=1, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0  0.9540 09264  0.9482  0.9506 0.9776 0.9904 0.9924 0.9658 0.9764 0.9854
len 0.9264 0.8574  0.5649  0.5656  3.2072 3.2072 3.2326 2.4899 2.4899  2.6620
vs,0  0.9580 0.9326  0.9986  0.9974 0.9980 0.9988 0.9998 0.9704 0.9784 0.9856
len 0.9126  0.8471  0.4767  0.4766  3.4687 3.4687 3.8313 24888 24888 2.6689

reg,0.41  0.9506  0.9404  0.9560  0.9562  0.9826 0.9938 0.9956 0.9634 0.9792 0.9846

len 0.9262 1.2895  1.1160  1.1175 3.2072 3.2072 3.2316 2.4923 2.4923 2.5785

vs,041  0.9560  0.9572  0.9982  0.9980 0.9974 0.9966 0.9992 0.9686 0.9754  0.9836

len 0.8600 1.4696  1.1488  1.1476 3.4445 3.4445 3.7908 2.5125 25125 2.6286

reg,0.9 09554  0.9522  0.9554  0.9518 0.9830 0.9932 0.9952 0.9598 0.9770  0.9790

len 0.9265 10.4449 10.4067 10.4078 3.2095 3.2095 3.2332 2.4960 2.4960 2.5118
vs,0.9  0.9488  0.9676  0.9978  0.9980  0.9966 0.9980 0.9992 0.9740 0.9830  0.9860
len 0.8568 10.9342 10.8993 10.9151 3.4163 3.4163 3.7521 2.5673 2.5673  2.7227

Table 4.18. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 300, n = 150, p =6, £k = 1, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0  0.9504 0.9510 0.9518 0.9548 0.9494 0.9500 0.9504 0.9462 0.9474 0.9486

len 0.1862 0.1608 0.1123 0.1124 3.1118 3.1118 3.1165 2.4587 2.4587 2.4706

vs,0 09494 0.9558 0.9992 0.9986 0.9946 0.9938 0.9962 0.9424 0.9452  0.9468

len 0.1864 0.1609 0.0952 0.0955 3.4309 3.4309 3.7933 2.4609 2.4609 2.4817
reg,0.41  0.9592 0.9568 0.9578 0.9556 0.9484 0.9516 0.9514 0.9534 0.9538 0.9556

len 0.1858 0.2494 0.2219 0.2216 3.1144 3.1144 3.1200 2.4580 2.4580 2.4656
vs,041  0.9546 0.9630 0.9984 0.9988 0.9944 0.9940 0.9976 0.9550 0.9554  0.9620

len 0.1864 0.2512 0.1917 0.1920 3.3907 3.3907 3.7320 2.4606 2.4606 2.5381
reg,0.9  0.9560 0.9556 0.9548 0.9560 0.9518 0.9536 0.9540 0.9468 0.9474 0.9478

len 0.1857 2.0687 2.0704 2.0652 3.1136 3.1136 3.1180 2.4569 2.4569 2.4613
vs,0.9  0.9576 0.9820 0.9992 0.9984 0.9952 0.9904 0.9968 0.9564 0.9380 0.9636

len 0.1867 1.9647 1.8311 1.8272 3.3219 3.3219 3.6954 2.4403 2.4403 2.5604
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Table 4.19. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=300,n =150, p=6,k=1,a=1, 1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9512 0.9558 0.9498 0.9610 0.9466 0.9506 0.9516 0.9474 0.9500 0.9530
len 0.2298 0.1751 0.1679 0.1681 3.1242 3.1242 3.1333 2.4615 2.4615 2.4824
vs,0 0.9530 0.9568 0.9992 0.9992 0.9956 0.9930 0.9972 0.9526 0.9544 0.9592
len 0.2288 0.1743 0.1399 0.1394 3.4077 3.4077 3.7621 24569 2.4569 2.4962
reg,0.41 0.9520 0.9532 0.9588 0.9554 0.9464 0.9476 0.9488 0.9486 0.9502 0.9534
len 0.2303 0.3346 0.3312 0.3308 3.1283 3.1283 3.1364 2.4605 2.4605 2.4784
vs,0.41  0.9588 0.9662 0.9990 0.9986 0.9952 0.9930 0.9972 0.9612 0.9644 0.9684
len 0.2288 0.3343 0.2816 0.2816 3.3623 3.3623 3.7051 2.4544 2.4544 2.5632
reg,0.9  0.9492 0.9566 0.9586 0.9550 0.9452 0.9474 0.9476 0.9494 0.9520 0.9536
len 0.2292 3.0850 3.0850 3.0860 3.1127 3.1127 3.1189 2.4554 2.4554 2.4708
vs,0.9 0.9486 0.9654 0.9986 0.9992 0.9954 0.9926 0.9970 0.9632 0.9608 0.9724
len 0.2290 2.7236 2.6749 2.6904 3.3877 3.3877 3.7341 24771 24771 2.6213
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Table 4.20. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=300,n =150, p=6,k=1,a=2, 51 =5

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09530 0.9536 0.9526 0.9546 0.9438  0.9482 0.9440 0.9470 0.9494  0.9492
len  0.0276 0.0081 0.0066 0.0066 3.1103 3.1103 3.1158 2.4572 24572 2.4616
vs,0  0.9618 0.9620 0.9988 0.9992  0.9954 0.9938 0.9982 0.9604 0.9652 0.9696
len  0.0276 0.0081 0.0055 0.0055 3.38526 3.3852 3.7365 2.4605 2.4605 2.5303
reg,0.41  0.9568 0.9524 0.9562 0.9556 0.9442  0.9450 0.9472 0.9424 0.9446 0.9446
len  0.0277 0.0138 0.0130 0.0130 3.1072 3.1072 3.1123 2.4559 2.4559  2.4596
vs,041  0.9594  0.9742  0.9986 0.9986  0.9930  0.9924 0.9962 0.9660 0.9638 0.9708
len  0.0275 0.0138 0.0111 0.0111  3.3640 3.3640 3.6992 2.4572 24572 2.5797
reg,0.9  0.9562 0.9540 0.9504 0.9556 0.9452  0.9462 0.9462 0.9468 0.9474 0.9472
len  0.0277 0.1215 0.1218 0.1217 3.1077 3.1077 3.1137 24550 2.4550  2.4600
vs,09  0.9542 0.9880 0.9988 0.9984  0.9932  0.9932 0.9964 0.9592 0.9584  0.9682
len  0.0276 0.1211 0.1050 0.1046 3.3525 3.3525 3.6891 2.4541 2.4541 2.5818
Table 4.21. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B =300, n =150, p=6, k=4, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0  0.9470 0.9484  0.9488  0.9516 0.9510 0.9648 0.9676 0.9814 0.9882 0.9914
len 0.8644  1.4555  1.4556  1.3230 1.9700 1.9700 1.9800 3.4976 3.4976 3.6072
vs,0 0.9532  0.9338  0.9378  0.9986  0.9972 0.9826 0.9976 0.9890 0.9858 0.9914
len 0.9212  1.3157  1.3146  0.9615 2.1301 2.1301 2.3782 3.5566 3.5566 3.6724
reg,0.41 0.9512  0.9564  0.9504  0.9542 0.9538 0.9666 0.9698 0.9816 0.9902 0.9910
len 0.8686  4.8695  4.8565  4.8204 1.9710 1.9710 1.9821 3.5154 3.5154 3.5794
vs,0.41  0.9542  0.9296  0.9272  0.9976  0.9964 0.9558 0.9974 0.9962 0.9952  0.9990
len 0.9148  3.7078  3.7142  3.6054 2.0933 2.0933 2.3156 3.5527 3.5527  3.8690
reg,0.9  0.9524 0.9518  0.9528  0.9562 0.9548 0.9674 0.9712 0.9840 0.9938 0.9950
len 0.8697 48.9265 48.9738 48.9582 1.9694 1.9694 1.9807 3.5011 3.5011 3.5312
vs,0.9  0.9574  0.9817  0.9825  0.9970  0.9950 0.9772 0.9968 0.9974 0.9990  0.9998
len 0.9112 36.7825 36.7189 36.8016 2.0896 2.0896 2.2948 3.6755 3.6755 3.9792
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Table 4.22. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B = 300, n = 150, p =6, k = 4, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9512  0.9492 0.9514 0.9532 0.9494 0.9502 0.9498 0.9444 0.9456 0.9476
len 0.1869 0.2540 0.2532 0.2258 1.9575 1.9575 1.9626 3.3939 3.3939 3.4100
vs,0 0.9530 0.9544 0.9548 0.9990 0.9970 0.9448 0.9970 0.9526 0.9540 0.9562
len 0.1856  0.2524 0.2521 0.1877 2.1410 2.1410 2.3938 3.3738 3.3738 3.3891
reg,0.41 0.9568 0.9518 0.9536 0.9530 0.9482 0.9498 0.9506 0.9494 0.9542 0.9540
len 0.1866 0.8259 0.8266 0.8182 1.9591 1.9591 1.9638 3.3948 3.3948 3.4067
vs,0.41 0.9530 0.9562 0.9562 0.9990 0.9978 0.9422 0.9978 0.9750 0.9772 0.9812
len 0.1858 0.8304 0.8270 0.6854 2.1371 2.1371 2.3895 3.4177 3.4177 3.4890
reg,0.9 0.9528 0.9506 0.9542 0.9570 0.9536 0.9546 0.9556 0.9488 0.9510 0.9506
len 0.1862 8.2910 8.3040 8.3091 1.9589 1.9589 1.9645 3.3924 3.3924 3.4012
vs,0.9 0.9538 0.9860 0.9856 0.9990 0.9982 0.9296 0.9988 0.9944 0.9930 0.9972
len 0.1858 7.1675 7.1389 7.1568 2.0720 2.0720 2.2870 3.5155 3.5155 3.8719
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Table 4.23. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=300,n =150, p=6, k=4, a=1, 1 =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09540 0.9514  0.9544  0.9584  0.9520 0.9538 0.9532 0.9530 0.9528 0.9556
len 0.2288  0.3385  0.3381  0.3346 1.9578 1.9578 1.9609 3.3738 3.3738 3.3935
vs,0 0.9592  0.9518  0.9562  0.9992  0.9984 0.9412 0.9984 0.9490 0.9480 0.9534
len 0.2291  0.3370  0.3383  0.2812  2.1509 2.1509 2.4048 3.3747 3.3747 3.4016
reg,0.41 0.9516  0.9568  0.9530  0.9510 0.9458 0.9454 0.9470 0.9528 0.9520 0.9520
len 0.2290 1.2119  1.2168  1.2106 1.9580 1.9580 1.9613 3.3748 3.3748  3.3909
vs,0.41 09520 0.9474  0.9460  0.9990  0.9974 0.9454 0.9976 0.9614 0.9278 0.9526
len 0.2292  1.2661  1.2687  1.0484 2.1332 2.1332 2.3881 3.4838 3.4838 3.6125
reg,0.9  0.9496  0.9586  0.9566  0.9572 0.9516 0.9518 0.9524 0.9518 0.9518 0.9536
len 0.2290 12.3085 12.3474 12.3360 1.9595 1.9595 1.9630 3.3743 3.3743 3.3901
vs,0.9  0.9532  0.9836  0.9838  0.9964 0.9956 0.9668 0.9958 0.9918 0.9916 0.9960
len 0.2289 10.6485 10.6339 10.6435 2.1090 2.1090 2.3021 3.6363 3.6363 3.9557

Table 4.24. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=300,n =150, p=6, k=4, a=2, 51 =5

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl

reg,0 0.9552 0.9542 0.9570 0.9606 0.9528 0.9526 0.9536 0.9474 0.9460 0.9466
len 0.0276 0.0140 0.0140 0.0132 1.9599 1.9599 1.9628 3.3669 3.3669 3.3725
vs,0 0.9476 0.9534 0.9562 0.9984 0.9978 0.9430 0.9978 0.9520 0.9522 0.9558
len 0.0277 0.0141 0.0140 0.0110 2.1500 2.1500 2.4111 3.3704 3.3704 3.4005
reg,0.41 0.9566 0.9576 0.9506 0.9576 0.9530 0.9510 0.9520 0.9500 0.9502 0.9508
len 0.0276 0.0480 0.0482 0.0481 1.9580 1.9580 1.9619 3.3664 3.3664 3.3721
vs,0.41 0.9542 0.9582 0.9562 0.9968 0.9952 0.9392 0.9952 0.9652 0.9660 0.9716
len 0.0276 0.0480 0.0481 0.0402 2.1441 2.1441 2.3959 3.4265 3.4265 3.5317
reg,0.9 0.9582 0.9536 0.9520 0.9522 0.9448 0.9434 0.9440 0.9484 0.9490 0.9490
len 0.0276  0.4893 0.4882 0.4900 1.9572 1.9572 1.9612 3.3659 3.3659 3.3719
vs,0.9 0.9582 0.9618 0.9550 0.9984 0.9976 0.9426 0.9976 0.9668 0.9692 0.9758
len 0.0276 0.4888 0.4872 0.4063 2.1513 2.1513 2.4090 3.4415 3.4415 3.5579
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Table 4.25. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B =300, n =300, p=6, k=1, and m=1
P 51 B2 Bp—1 Bp pr0O hyb0 br0 prl hybl brl
reg,0 0.9530 0.9572 0.9512 0.9600 0.9636 0.9718 0.9736 0.9536 0.9634 0.9704
len 0.6100 0.5432 0.3688 0.3688 3.1557 3.1557 3.1655 2.4717 2.4717 2.5572
vs,0 0.9592 0.9486 0.9986 0.9990 0.9978 0.9978 0.9990 0.9582 0.9664 0.9718
len 0.6057 0.5384 0.3089 0.3096 3.4300 3.4300 3.7907 2.4694 2.4694 2.5617
reg,0.41 0.9574 0.9472 0.9530 0.9580 0.9670 0.9780 0.9784 0.9534 0.9592 0.9636
len 0.6100 0.8309 0.7280 0.7293 3.1521 3.1521 3.1624 2.4690 2.4690 2.5103
vs,0.41 0.9460 0.9508 0.9978 0.9992 0.9954 0.9956 0.9976 0.9574 0.9696 0.9764
len 0.6069 1.0282 0.8040 0.8074 3.3929 3.3929 3.7323 2.4779 2.4779 2.5765
reg,0.9 0.9528 0.9528 0.9512 0.9498 0.9620 0.9738 0.9736 0.9522 0.9606 0.9626
len 0.6106 6.8273 6.7941 6.7979 3.1518 3.1518 3.1616 2.4745 2.4745 2.4813
vs,0.9 0.9552 0.9618 0.9990 0.9986 0.9970 0.9976 0.9992 0.9722 0.9776 0.9832
len 0.6049 5.9733 5.9861 5.9837 3.4109 3.4109 3.7347 2.5506 2.5506 2.7025

Table 4.26. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B = 300, n = 300, p =6, k = 1, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9510 0.9564 0.9576 0.9572 0.9474 0.9502 0.9516 0.9436 0.9446 0.9464
len 0.1300 0.1123 0.0782 0.0781 3.1117 3.1117 3.1167 2.4560 2.4560 2.4646
vs,0 0.9530 0.9530 0.9986 0.9992 0.9962 0.9958 0.9978 0.9460 0.9482 0.9486
len 0.1296 0.1122 0.0653 0.0652 3.4066 3.4066 3.7662 2.4546 2.4546 2.4664
reg,0.41 0.9530 0.9552 0.9578 0.9546 0.9536 0.9558 0.9560 0.9482 0.9492 0.9500
len 0.1298 0.1740 0.1542 0.1542 3.1101 3.1101 3.1164 2.4566 2.4566 2.4630
vs,0.41 0.9584 0.9668 0.9988 0.9984 0.9934 0.9932 0.9958 0.9546 0.9578 0.9636
len 0.1297 0.2151 0.1699 0.1694 3.3614 3.3614 3.7018 2.4517 2.4517 2.5346
reg,0.9 0.9538 0.9554 0.9576 0.9530 0.9470 0.9482 0.9498 0.9458 0.9460 0.9476
len 0.1298 1.4429 1.4412 1.4425 3.1094 3.1094 3.1148 2.4570 2.4570 2.4607
vs,0.9 0.9538 0.9798 0.9986 0.9990 0.9926 0.9818 0.9950 0.9520 0.928 0.9542
len 0.1300 1.4516 1.2593 1.2556 3.3824 3.3824 3.7078 2.4671 2.4671 2.5955
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Table 4.27. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=300,n=300,p=6,k=1,a=1, =1

P 51 B2 Bp—1 Bp pr0O hyb0 br0 prl hybl brl
reg,0 0.9466 0.9578 0.9548 0.9520 0.9448 0.9478 0.9474 0.9478 0.9488 0.9508
len 0.1598 0.1177 0.1147 0.1149 3.1083 3.1083 3.1139 2.4562 2.4562 2.4673
vs,0 0.9548 0.9560 0.9988 0.9986 0.9950 0.9950 0.9976 0.9498 0.9512 0.9554
len 0.1594 0.1182 0.0962 0.0960 3.4071 3.4071 3.7627 2.4546 2.4546 2.4774
reg,0.41 0.9570 0.9490 0.9580 0.9554 0.9470 0.9484 0.9498 0.9450 0.9450 0.9466
len 0.1595 0.2279 0.2264 0.2266 3.1107 3.1107 3.1167 2.4576 2.4576  2.4653
vs,0.41  0.9562 0.9720 0.9984 0.9990 0.9924 0.9914 0.9964 0.9570 0.9596 0.9656
len 0.1599 0.2940 0.2497 0.2492 3.3606 3.3606 3.7009 2.4525 2.4525 2.5532
reg,0.9  0.9538 0.9546 0.9572 0.9550 0.9460 0.9478 0.9488 0.9474 0.9508 0.9510
len 0.1598 2.1137 2.1073 2.1136 3.1105 3.1105 3.1157 2.4564 2.4564 2.4652
vs,0.9 0.9542 0.9834 0.9990 0.9990 0.9952 0.9908 0.9966 0.9536 0.9408 0.9626
len 0.1598 1.9709 1.8476 1.8464 3.3061 3.3061 3.6769 2.4344 2.4344 2.5564

Table 4.28. Bootstrapping Poisson Regression, Backward Elimination

with AIC B=300,n=300,p=6,k=1,a=2, 51 =5
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9510 0.9562 0.9528 0.9542 0.9558 0.9566 0.9470 0.9472 0.9478 0.9480
len 0.0185 0.0088 0.0083 0.0083 3.1105 3.1105 3.1152 2.4546 2.4546  2.4588
vs,0 0.9602 0.9618 0.9980 0.9986 0.9938 0.9926 0.9972 0.9520 0.9546 0.9588
len 0.0185 0.0050 0.0035 0.0035 3.3940 3.3940 3.7476 2.4585 2.4585 2.5071
reg,0.41  0.9536 0.9548 0.9528 0.9508 0.9478 0.9478 0.9484 0.9428 0.9430 0.9444
len 0.0185 0.0783 0.0786 0.0786 3.1094 3.1094 3.1151 2.4555 2.4555 2.4594
vs,0.41 0.9624 0.9746 0.9992 0.9982 0.9940 0.9918 0.9962 0.9620 0.9640 0.9700
len 0.0185 0.0111 0.0092 0.0092 3.3574 3.3574 3.6960 2.4543 2.4543 2.5707
reg,0.9 0.9590 0.9532 0.9576 0.9570 0.9500 0.9508 0.9506 0.9434 0.9454 0.9462
len 0.0185 4 0.0089 0.0089 0.0085 1.9575 1.9575 1.9601 3.3685 3.3685 3.3735
vs,0.9 0.9536 0.9548 0.9528 0.9508 0.9478 0.9478 0.9484 0.9428 0.9430 0.9444
len 0.0185 0.0783 0.0786 0.0786 3.1094 3.1094 3.1151 2.4555 2.4555 2.4594
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Table 4.29. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =300, n =300, p=6, k=4, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9530  0.9546 0.9470 0.9986  0.9978 0.9576 0.9976 0.9754 0.9816 0.9852
len 0.6088  0.8393 0.8406 0.6227  2.1361 2.1361 2.3858 3.4410 3.4410 3.5155
vs,0 0.9542  0.9496 0.9540 0.9986  0.9972 0.9606 0.9974 0.9768 0.9826 0.9870
len 0.6097  0.8388 0.8422 0.6238  2.1337 2.1337 2.3876 3.4410 3.4410 3.5153
reg,0.41 0.9586  0.9646 0.9532 0.9980 0.9962 0.9360 0.9960 0.9904 0.9836 0.9948
len 0.6061  3.2242 3.2302 3.1425  2.0995 2.0995 2.3283 3.4860 3.4860 3.8037
vs,0.41  0.9528  0.9502 0.9510 0.9992  0.9982 0.9448 0.9982 0.9766 0.9578 0.9836
len 0.6070  2.5137 2.5211 2.3552 21057  2.1057 2.3324  3.4487  3.4487 3.7257
reg,0.9  0.9580  0.9556 0.9514 0.9534  0.9488 0.9582 0.9588 0.9644 0.9750 0.9768
len 0.6094 27.2174 27.2096 27.1877 1.9646 1.9646 1.9694 3.4206 3.4206 3.4320
vs,0.9 0.9534  0.9812 0.9813 0.9982  0.9974 0.9634 0.9978 0.9960 0.9962 0.9976
len 0.6057 23.9571 24.0236 23.8686 2.1185 2.1185 2.3411 3.6534 3.6534 3.9492

Table 4.30. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 300, n = 300, p =6, k = 4, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9542 0.9572 0.9574 0.9546 0.9466 0.9488 0.9474 0.9516 0.9512  0.9520
len 0.1298 0.1761 0.1762 0.1561 1.9569 1.9569 1.9600 3.3687  3.3687  3.3779
vs,0 0.9556 0.9496 0.9538 0.9994 0.9984 0.9410 0.9984 0.9486 0.9508  0.9516
len 0.1298 0.1757 0.1763 0.1306 2.1456 2.1456 2.3969 3.3686  3.3686  3.3799
reg,0.41 0.9516 0.9524 0.9576 0.9542 0.9496 0.9490 0.9498 0.9426  0.9450  0.9454
len 0.1299 0.5719 0.5733 0.5677 1.9590 1.9590 1.9624 3.3684  3.3684  3.3762
vs,0.41  0.9584 0.9584 0.9558 0.9976 0.9970 0.9428 0.9970 0.9722  0.9744  0.9788
len 0.1300 0.7633 0.7623 0.6308 2.1384 2.1384 2.3931 3.4127  3.4127  3.4971
reg,0.9  0.9524 0.9572 0.9536 0.9600 0.9528 0.9522 0.9536 0.9524  0.9530  0.9544
len 0.1299 5.7585 5.7640 5.7576 1.9580 1.9580 1.9616 3.3692  3.3692  3.3747
vs,0.9 0.9544 0.9998 0.9534 0.9982 0.9972 0.9590 0.9972 0.9904 0.9858  0.9944
len 0.1298 5.0170 5.0331 5.0374 2.1186 2.1186 2.3609 3.5577 3.55771  3.8661
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Table 4.31. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=300,n=300,p=6,k=4,a=1, =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9578 0.9518 0.9578 0.9536 0.9472 0.9466 0.9474 0.9496 0.9490 0.9514
len 0.1595 0.2317 0.2313 0.2298 1.9582 1.9582 1.9613 3.3700 3.3699 3.3835
vs,0 0.9530 0.9566 0.9522 0.9972 0.9962 0.9350 0.9962 0.9484 0.9500 0.9500
len 0.1598 0.2316 0.2310 0.1918 2.1381 2.1381 2.3876 3.3702 3.3702 3.3864
reg,0.41 0.9572 0.9552 0.9564 0.9570 0.9510 0.9518 0.9520 0.9520 0.9512 0.9530
len 0.1599 0.8320 0.8333 0.8324 1.9588 1.9588 1.9619 3.3700 3.3700 3.3806
vs,0.41  0.9538 0.9478 0.9410 0.9990 0.9982 0.9430 0.9982 0.9676 0.9528 0.9646
len 0.1598 1.1583 1.1560 0.9543 2.1359 2.1359 2.3916 3.5019 3.5019 3.6216
reg,0.9  0.9532 0.9520 0.9544 0.9568 0.9508 0.9516 0.9514 0.9476 0.9492 0.9512
len 0.1598 8.4387 8.4381 8.4502 1.9582 1.9582 1.9611 3.3700 3.3700 3.3805
vs,0.9 0.9494 0.9570 0.9584 0.9988 0.9982 0.9668 0.9982 0.9926 0.9918 0.9976
len 0.1596 7.2945 7.3188 7.3289 2.0632 2.0632 2.2713 3.5251 3.5251 3.8799

Table 4.32. Bootstrapping Poisson Regression, Backward Elimination

with AIC B=300,n=300,p=6,k=4,a=2, /1 =5
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9608 0.9864 0.9984 0.9978 0.9930 0.9918 0.9964 0.9654 0.9646 0.9730
len 0.0185 0.0778 0.0670 0.0670 3.3601 3.3601 3.6977 2.4535 2.4535 2.5712
vs,0 0.9554 0.9576 0.9600 0.9986 0.9968 0.9416 0.9966 0.9490 0.9508 0.9522
len 0.0185 0.0089 0.0089 0.0071 2.1476 2.1476 2.3983 3.3674 3.3674 3.3904
reg,0.41  0.9530 0.9578 0.9570 0.9570 0.9506 0.9506 0.9506 0.9434 0.9442 0.9450
len 0.0185 0.0309 0.0310 0.0308 1.9579 1.9579 1.9616 3.3656 3.3656 3.3721
vs,0.41 0.9520 0.9554 0.9596 0.9982 0.9970 0.9340 0.9970 0.9642 0.9646 0.9732
len 0.0185 0.0309 0.0307 0.0257 2.1377 2.1377 2.3925 3.4262 3.4262 3.5327
reg,0.9 0.9524 0.9508 0.9502 0.9552 0.9480 0.9490 0.9494 0.9448 0.9454 0.9470
len 0.0185 0.3133 0.3137 0.3137 1.9575 1.9575 1.9606 3.3667 3.3667 3.3729
vs,0.9 0.9484 0.9580 0.9532 0.9988 0.9986 0.9366 0.9986 0.9644 0.9648 0.9712
len 0.0185 4 0.3120 0.3130 0.2617 2.1419 2.1419 2.3871 3.4405 3.4405 3.5523
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Table 4.33. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B=350, n =175, p=7, k=1, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0  0.9558 0.9542  0.9548  0.9502 0.9562 0.9620 0.9636 0.9868 0.9922  0.9946
len 08523 1.3001  1.3020 1.1608 1.9677 1.9677 1.9775 3.7474 3.7474  3.8776
vs,0 09524 0.9340  0.9980  0.9974 0.9978 0.9986 0.9998 0.9666 0.9758  0.9846
len 08402 0.7755  0.4319  0.4358 3.7332 3.7332 4.1184 24838 24838  2.6691

reg,0.38  0.9520 09392  0.9508  0.9494 0.9810 0.9920 0.9942 0.9594 0.9762  0.9806

len  0.8514 1.1670  1.0075  1.0086  3.4667 3.4667 3.4915 2.4842 24842 2.57230

vs,0.38  0.9494  0.9444  0.9976  0.9984 0.9988 0.9996 0.9998 0.9692 0.9820  0.9870
len 08405 1.1628  0.8656  0.8626 3.7007 3.7007 4.0688 2.4949 2.4949  2.6288
reg,0.9  0.9554  0.9476  0.9524  0.9498 0.9818 0.9936 0.9956 0.9548 0.9720  0.9742
len 08516 10.6768 10.6667 10.6663 3.4675 3.4675 3.4939 2.4867 2.4867  2.5009
vs,0.9 09512 0.9572  0.9972  0.9984 0.9986 0.9994 0.9996 0.9750 0.9840  0.9880
len  0.8400 9.3383  9.3450  9.3656  3.6867 3.6867 4.0459 2.5656 2.5656  2.7239
Table 4.34. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =350, n =175, p=7, k=1, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 09540 09514 0.9508 0.9560 0.9490 0.9512 0.9514 0.9462 0.9498 0.9514
len  0.1721 0.1488 0.1038 0.1039 3.3650 3.3650 3.3696 2.4549 2.4549 2.4673
vs,0  0.9602 0.9582 0.9982 0.9980 0.9972 0.9968 0.9986 0.9568 0.9576  0.9608
len 01719 0.1484 0.0863 0.0866 3.6701 3.6701 4.0525 2.4573 2.4573  2.4770
reg,0.38  0.9510 0.9504 0.9546 0.9548 0.9462 0.9478 0.9494 0.9440 0.9458 0.9472
len  0.1722 0.2277 0.2013 02011 3.3641 3.3641 3.3690 24554 24554 2.4626
vs,0.38  0.9596 0.9600 0.9992 0.9982 0.9946 0.9940 0.9970 0.9570 0.9600 0.9658
len  0.1720 0.2285 0.1721 0.1712 3.6259 3.6259 3.9903 2.4555 2.4555 2.5251
reg,0.9 09534 09574 0.9614 0.9560 0.9518 0.9540 0.9550 0.9486 0.9504 0.9512
len  0.1723 21357 2.1306 2.1204 3.3647 3.3647 3.3690 24565 24565 2.4602
vs,0.9  0.9598 0.9784 0.9990 0.9994 0.9946 0.9918 0.9964 0.9574 0.9434  0.9646
len  0.1721 1.9938 1.8483 1.8479 3.5733 3.5733 3.9660 2.4362 2.4362 2.5520
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Table 4.35. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n =175, p=7, k=1, a=1, 1 =1

P 51 B2 Bp—1 Bp pr0O hyb0 br0 prl hybl brl
reg,0 0.9528 0.9538 0.9532 0.9550 0.9518 0.9528 0.9532 0.9462 0.9484  0.9496
len 0.2120 0.1609 0.1542 0.1549 3.3637 3.3637 3.3689 2.4570 2.4570  2.4749
vs,0 0.9578 0.9566 0.9982 0.9976 0.9958 0.9948 0.9982 0.9540 0.9552  0.9584
len 0.2116  0.1609 0.1301 0.1289 3.6660 3.6660 4.0453 2.4570 2.4570  2.4966
reg,0.38  0.9508 0.9554 0.9544 0.9548 0.9528 0.9534 0.9542 0.9494 0.9482  0.9506
len 0.2118 0.3031 0.3001 0.3001 3.3639 3.3639 3.3689 2.4552 2.4552 2.47152
vs,0.38  0.9558 0.9674 0.9984 0.9988 0.9942 0.9936 0.9964 0.9602 0.9632  0.9694
len 0.2116  0.3044 0.2558 0.2561 3.6266 3.6266 3.9861 2.4539 2.4539  2.5555
reg,0.9 09486 0.9576 0.9560 0.9574 0.9530 0.9546 0.9532 0.9486 0.9496  0.9508
len 0.2122 3.1733 3.1718 3.1640 3.3656 3.3656 3.3706 2.4563 2.4563 = 2.4717
vs,0.9 0.9584 0.9582 0.9982 0.9986 0.9942 0.9934 0.9976 0.9654 0.9646  0.9764
len 0.2116  2.7881 2.7533 2.7475 3.6399 3.6399 4.0048 2.4763 2.4763  2.6313

Table 4.36. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n =175, p=T7,k=1,a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9600 0.9574 0.9484 0.9586 0.9480 0.9504 0.9512 0.9498 0.9504 0.9504
len 0.0255 0.0075 0.0060 0.0060 3.3606 3.3606 3.3658 2.4558  2.4558 2.4594
vs,0 0.9622 0.9682 0.9980 0.9992 0.9950 0.9948 0.9984 0.9652 0.9656 0.9688
len 0.0254 0.0074 0.0051 0.0051 3.6507 3.6507 4.0198 2.4608 2.4608 2.5314
reg,0.38 0.9526 0.9548 0.9544 0.9536 0.9468 0.9486 0.9500 0.9474 0.9492 0.9488
len 0.0255 0.0126 0.0118 0.0118 3.3601 3.3601 3.3650 2.4543 2.4543 2.4579
vs,0.38  0.9638 0.9676 0.9980 0.9984 0.9950 0.9944 0.9978 0.9644 0.9668 0.9738
len 0.0254 0.0126 0.0100 0.0101 3.6185 3.6185 3.9802 2.4562 2.4562 2.5759
reg,0.9  0.9586 0.9532 0.9616 0.9530 0.9438 0.9448 0.9462 0.9512 0.9522 0.9526
len 0.0255 0.1256 0.1252  0.1252 3.3609 3.3609 3.3658 2.4563 2.4563 2.4594
vs,0.9 0.9534 0.9862 0.9990 0.9982 0.9952 0.9940 0.9970 0.9626 0.9610 0.9708
len 0.0254 0.1249 0.1073 0.1082 3.6121 3.6121 3.9680 2.4533 2.4533 2.5722
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Table 4.37. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =350, n =175, p=7, k=5, and m =1

P 51 B2 Bp—1 Bp prO hyb0 br0 prl hybl brl
reg,0  0.9496  0.9566  0.9526  0.9588  0.9662 0.9744 0.9752  0.9486 0.9594  0.9668
len 05639  0.5009  0.3401  0.3402 3.4061 3.4061 3.4155 24661 2.4661 2.5513
vs,0  0.9552  0.9402  0.9392  0.9984 0.9978 0.9802 0.9980  0.9882 0.9820 0.9896
len  0.8511 1.3243  1.3248  0.9848 21131 21131 23650 3.7926 3.7926  3.9026

reg,0.38  0.9528  0.9528  0.9554  0.9542  0.9504 0.9678  0.9710  0.9868 0.9944  0.9958

len  0.8525 4.6109 4.6148 45735 1.9682 19682 1.9778 3.7318 3.7318 3.8070

vs,0.38  0.9566  0.9222  0.9220  0.9962 0.9956 0.9598  0.9960  0.9986 0.9972  0.9996

len  0.8413  4.0607 4.0649  3.9863 21001 2.1001 23152 3.8028 3.8028 4.1446

reg,0.9  0.9494  0.9554  0.9506  0.9552  0.9518 0.9672 0.9704 0.9844 0.9958 0.9968
len  0.8519 53.0498 53.2692 53.2381 1.9687 19687 1.9775 3.7214 3.7214  3.7486
vs,0.9 09578  0.9780  0.9758  0.9984 0.9970 0.9772  0.9982  0.9992 0.9996 0.9998
len  0.8397 46.6775 46.5947 46.6538 2.0855 2.0855 229183 3.9133 3.9133  4.2479
Table 4.38. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =350, n =175, p=7, k=5, and m = 20

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0  0.9568  0.9564  0.9548  0.9534  0.9470 0.9472 0.9482 0.9508 0.9500  0.9506

len 01722 0.2556  0.2561  0.2324 1.9596 1.9596 1.9628 3.5972 3.5972  3.6088

vs,0 09542  0.9566  0.9502  0.9990 0.9978 0.9426 0.9978 0.9476 0.9492 0.9514

len 01719  0.2556  0.2552  0.1936  2.1462 2.1462 2.3952 3.5963 3.5963 3.6112

reg,0.38  0.9556  0.9506  0.9542  0.9542  0.9496 0.9496 0.9506 0.9488 0.9514 0.9518
len 01720 09200 0.9198  0.9122 1.9590 1.9590 1.9621 3.5969 3.5969  3.6052
vs,0.38  0.9556  0.9450  0.9480  0.9984  0.9980 0.9474 0.9980 0.9820 0.9822 0.9832

len  0.1722 09353  0.9384  0.7647 2.1393 2.1393 2.3908 3.6790 3.6790 3.7424
reg,0.9  0.9500  0.9534  0.9588  0.9526 0.9480 0.9486 0.9492 0.9504 0.9520 0.9532

len  0.1720 10.6577 10.6325 10.6432 1.9591 1.9591 1.9620 3.5972 3.5972 3.6031
vs,0.9  0.9526  0.9626  0.9660  0.9984  0.9972 0.9408 0.9978 0.9954 0.9944 0.9976

len 01718 92020  9.1980  9.2021  2.0781 2.0781 22943 3.7755 3.7755 4.1574
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Table 4.39. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n =175, p=T7,k=5,a=1, 1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9564  0.9558 0.9588 0.9600  0.9508 0.9502 0.9500 0.9528 0.9512 0.9550
len 0.2122  0.3489 0.3488 0.3448 1.9586 1.9586 1.9615 3.5985 3.5985 3.6182
vs,0 0.9532  0.9564 0.9544 0.9992  0.9990 0.9398 0.9990 0.9552 0.9534 0.9552
len 0.2120  0.3488 0.3491 0.2880  2.1571 2.1571 2.4064 3.5985 3.5985 3.6249
reg,0.38  0.9466  0.9566 0.9542 0.9554  0.9498 0.9500 0.9504 0.9476 0.9486 0.9508
len 0.2119  1.3585 1.3589 1.3589  1.9598 1.9598 1.9628 3.5979  3.5979  3.6149
vs,0.38  0.9498  0.9524 0.9566 0.9988  0.9982 0.9416 0.9982 0.9466 0.9130 0.9470
len 0.2126  1.4181 1.4101 1.1788  2.1298 2.1298 2.3735 3.6933 3.6933 3.8355
reg,0.9  0.9532  0.9550 0.9524 0.9538  0.9428 0.9452 0.9452 0.9486 0.9478 0.9494
len 0.2119 15.8262 15.8462 15.8152 1.9588 1.9588 1.9614 3.5975 3.5975 3.6127
vs,0.9 0.9536  0.9706 0.9786 0.9984  0.9964 0.9670 0.9970 0.9942 0.9946 0.9976
len 0.2116  13.6373 13.7437 13.7113 2.1272 2.1272 2.3442 3.8664 3.8664 4.2048
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Table 4.40. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n =175, p=7, k=5, a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0  0.9608 0.9534 0.9548 0.9530 0.9486 0.9466 0.9464 0.9486 0.9494 0.9502
len  0.0255 0.0142 0.0143 0.0136 1.9587 1.9587 1.9612 3.5917 3.5917 3.5967
vs,0  0.9532  0.9536 0.9572 0.9982 0.9966 0.9354 0.9964 0.9516 0.9520 0.9552
len 00255 0.0143 0.0143 0.0113 21459 2.1459 2.3963 3.5950 3.5950 3.6232

reg,0.38  0.9570 0.9542 0.9576  0.9550  0.9478 0.9490 0.9494 0.9512 0.9516 0.9520
len  0.0255 0.0537 0.0538 0.0537 1.9592 19592 1.9616 3.5901 3.5901 3.5954
vs,0.38  0.9576 0.9536 0.9616  0.9986  0.9980 0.9416 0.9980 0.9678 0.9702 0.9742
len  0.0255 0.0541 0.0537 0.0447 2.1435 2.1435 2.3962 3.6403 3.6403 3.7364
reg,0.9  0.9566 0.9530 0.9540 0.9586 0.9506 0.9514 0.9522 0.9504 0.9498 0.9504
len  0.0255 0.6261 0.6256 0.62524 1.9571 1.9571 1.9605 3.5901 3.5901  3.5952
vs,0.9  0.9578 0.9582 0.9540 0.9984 0.9980 0.9374 0.9980 0.9668 0.9688 0.9746

len 00255 0.6237 0.6251 0.5232 2.1485 2.1485 2.3981 3.6618 3.6618 3.7634

Table 4.41. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B =350, n =350, p=7, k=1, and m=1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 09550 0.9548 0.9526 0.9502 0.9614 0.9712 0.9720 0.9460 0.9608 0.9680
len 05635 0.5020 0.3412 0.3411 3.4058 3.4058 3.4157 2.4654 2.4654 2.5532
vs,0  0.9540 0.9442 0.9984 0.9982 09964 0.9972 0.9992 0.9574 0.9602 0.9688
len 05580 0.4960 0.2851 0.2835 3.7010 3.7010 4.0794 2.4664 2.4664 2.5606

reg,0.38  0.9546  0.9436 0.9548 0.9516 0.9644 0.9756 0.9770 0.9506 0.9598  0.9654
len 05623 0.7555 0.6615 0.6605 3.4071 3.4071 3.4176 2.4669 2.4669  2.5080
vs,0.38  0.9572  0.9578 0.9988 0.9996 0.9968 0.9974 0.9988 0.9576 0.9670 0.9724

len 05600 0.7538 0.5625 0.5612 3.6524 3.6524 4.0211 2.4656 2.4656 2.5579
reg,0.9 09518 0.9550 0.9554 0.9530 0.9664 0.9756 0.9778 0.9534 0.9638  0.9652
len  0.5628 6.9968 6.9772 6.9815 3.4096 3.4096 3.4194 2.4689 2.4689 2.4750
vs,0.9  0.9524  0.9774 0.9992 0.9980 0.9968 0.9976 0.9986 0.9744 0.9724  0.9786
len 05596 6.1213 6.0762 6.1192 3.6604 3.6604 4.0204 2.5474 2.5474 2.7030
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Table 4.42. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =350, n =350, p=7, k=1, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl
reg,0  0.9506 0.9550 0.9520 0.9544 0.9430 0.9444 0.9460 0.9486 0.9472 0.9476
len 01202 01041 0.0722 0.0723 3.3630 3.3630 3.3681 2.4555 24555 2.4623
vs,0  0.9498 0.9590 0.9988 0.9982 0.9960 0.9942 0.9974 0.9538 0.9554 0.9566
len  0.1202 0.1038 0.0599 0.0600 3.6733 3.6733 4.0545 24549 24549 2.4663
reg,0.38  0.9556  0.9484 0.9528 0.9554 0.9490 0.9500 0.9496 0.9428 0.9448 0.9456
len 01202 0.1588 0.1405 0.1407 3.3602 3.3602 3.3650 2.4548 24548  2.4600
vs,0.38  0.9614 0.9660 0.9988 0.9992 0.9962 0.9958 0.9976 0.9548 0.9586 0.9634
len 01201 0.1599 0.1192 0.1189 3.6240 3.6240 3.9909 2.4532 24532 2.5160
reg,0.9  0.9548 0.9566 0.9584 0.9546 0.9564 0.9566 0.9566 0.9542 0.9552  0.9564
len  0.1203 1.4851 1.4849 14834 3.3638 3.3638 3.3686 24546 24546 2.4585
vs,0.9  0.9566 0.9780 0.9984 0.9992 0.9936 0.9894 0.9970 0.9496 0.9180  0.9520
len  0.1204 1.4902 1.2735 12796 3.6246 3.6246 3.9830 24581 24581 2.5706

Table 4.43. Bootstrapping Poisson Regression, Backward Elimination

with AIC B=350,n =350, p=7,k=1,a=1, 1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9470 0.9522 0.9532 0.9544 0.9552 0.9548 0.9584 0.9490 0.9500 0.9514
len 0.1476  0.1089 0.1061 0.1060 3.3624 3.3624 3.3673 2.4561 2.4561 2.4668
vs,0 0.9516 0.9550 0.9988 0.9972 0.9950 0.9942 0.9982 0.9500 0.9524 0.9558
len 0.1479 0.1088 0.0884 0.0886 3.6687 3.6687 4.0474 2.4557  2.4557 2.4788
reg,0.38  0.9498 0.9514 0.9516 0.9602 0.9510 0.9524 0.9526 0.9452 0.9464 0.9482
len 0.1476  0.2071 0.2062 0.2058 3.3628 3.3628 3.3669 2.4557  2.4557  2.4649
vs,0.38  0.9550 0.9662 0.9990 0.9986 0.9948 0.9932 0.9968 0.9586 0.9560 0.9634
len 0.1476  0.2079 0.1753 0.1753 3.6217 3.6217 3.9872 2.4541 2.4541 2.5405
reg,0.9  0.9552 0.9512 0.9518 0.9576 0.9484 0.9484 0.9502 0.9498 0.9508 0.9518
len 0.1477  2.1795 2.1756  2.1781 3.3613 3.3613 3.3669 24534 2.4534 2.4627
vs,0.9 0.9566  0.9800 0.9992 0.9992 0.9960 0.9932 0.9982 0.9540 0.9444 0.9654
len 0.1475 2.0229 1.8888 1.8908 3.5749 3.5749 3.9622 24376 2.4376 2.5589
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Table 4.44. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n=350,p=7,k=1,a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0  0.9582 0.9552 0.9562 0.9616 0.9488 0.9484 0.9482 0.9494 0.9498 0.9510
len  0.0171 0.0046 0.0039 0.0039 3.3613 3.3613 3.3654 2.4546 2.4546 2.4585
vs,0  0.9588 0.9646 0.9988 0.9988 0.9952 0.9946 0.9974 0.9586 0.9582 0.9636
len  0.0171 0.0046 0.0032 0.0032 3.6537 3.6537 4.0327 24567 24567 2.5133

reg,0.38  0.9590 0.9506 0.9580 0.9530 0.9486 0.9498 0.9504 0.9468 0.9496 0.9504

len  0.0171 0.0080 0.0076 0.0076 3.3617 3.3617 3.3665 2.4543 2.4543 2.4579

vs,0.38  0.9528  0.9652 0.9980 0.9978 0.9938 0.9934 0.9978 0.9564 0.9574  0.9656

len  0.0171 0.0080 0.0064 0.0064 3.6182 3.6182 3.9760 2.4547 24547 2.5595

reg,0.9  0.9506 0.9602 0.9512 0.9562 0.9488 0.9488 0.9482 0.9484 0.9490 0.9484
len  0.0171 0.0805 0.0804 0.0806 3.3615 3.3615 3.3655 2.4559 2.4559  2.4590
vs,0.9  0.9642 0.9876 0.9982 0.9990 0.9944 0.9940 0.9966 0.9664 0.9676 0.9734

len  0.0171 0.0807 0.0690 0.0691 3.6166 3.6166 3.9739 2.4503 2.4503 2.5625

Table 4.45. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B =350, n =350, p=7, k=5, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 09542 09592  0.9488  0.9548  0.9458 0.9548 0.9558 0.9644 0.9716 0.9756
len 0.5628  0.8469  0.8455  0.7606 1.9632 1.9632 1.9671 3.6615 3.6615 3.7317
vs,0 0.9606  0.9474  0.9522  0.9986  0.9982 0.9550 0.9982 0.9790 0.9854 0.9888
len 0.5623  0.8468  0.8451  0.6413  2.1397 2.1397 2.3827 3.6707 3.6707 3.7414

reg,0.38 09524  0.9536  0.9516  0.9510 0.9486 0.9566 0.9578 0.9660 0.9756  0.9802

len 0.5633  3.0237  3.0190  3.0010 1.9652 1.9652 1.9696 3.6527 3.6527 3.6911

vs,0.38  0.9588  0.9534  0.9392  0.9982 0.9972 0.9500 0.9974 0.9818 0.9614 0.9872
len 0.5618  2.7497  2.7592  2.6200 2.1073 2.1073 2.3412 3.6881 3.6881 4.0066
reg,0.9 09522 09562  0.9502  0.9558  0.9506 0.9584 0.9590 0.9684 0.9786 0.9796

len 0.5638  34.9598 34.9442 34.9259 1.9634 1.9634 1.9676 3.6468 3.6468 3.6584
vs,0.9  0.9598  0.9779  0.9876  0.9982  0.9970 0.9634 0.9980 0.9968 0.9976  0.9988
len  0.55931 30.4471 30.5897 30.4169 2.1061 2.1061 2.3306 3.8777 3.8777 4.2092
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Table 4.46. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B = 350, n =350, p =7, k=5, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl
reg,0 0.9526 0.9564 0.9570 0.9578 0.9504 0.9516 0.9522 0.9500 0.9512 0.9530
len 0.1201 0.1778 0.1778 0.1620 1.9598 1.9598 1.9624 3.5955 3.5955 3.6037
vs,0 0.9566 0.9514 0.9538 0.9986 0.9982 0.9438 0.9982 0.9510 0.9524 0.9542
len 0.1203 0.1783 0.1780 0.1349 2.1480 2.1480 2.3950 3.5961 3.5961 3.6064
reg,0.38 0.9588 0.9526 0.9566 0.9498 0.9442 0.9452 0.9454 0.9522 0.9528 0.9528
len 0.1203 0.6415 0.6413 0.6366 1.9581 1.9581 1.9610 3.5932 3.5932 3.5991
vs,0.38 0.9554 0.9530 0.9588 0.9994 0.9982 0.9436 0.9982 0.9628 0.9654 0.9708
len 0.1201 0.6406 0.6409 0.5309 2.1558 2.1558 2.4088 3.6098 3.6098 3.6675
reg,0.9 0.9536 0.9580 0.9528 0.9570 0.9524 0.9534 0.9536 0.9520 0.9526 0.9530
len 0.1203 7.4088 7.4057 7.4145 1.9576 1.9576 1.9607 3.5924 3.5924  3.5983
vs,0.9 0.9570 0.9865 0.9866 0.9976 0.9964 0.9428 0.9970 0.9932 0.9928 0.9968
len 0.1202 6.4273 6.4154 6.4385 2.1186 2.1186 2.3511 3.7945 3.7945 4.1326

Table 4.47. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n =350, p=7,k=5,a=1, 1 =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09550 0.9582  0.9562  0.9606 0.9564 0.9560 0.9564 0.9464 0.9450 0.9468
len 0.1476  0.2382  0.2388  0.2374  1.9587 1.9587 1.9618 3.5952 3.5952 3.6074
vs,0 0.9510  0.9546  0.9546  0.9984  0.9972 0.9432 0.9972 0.9544 0.9556 0.9588
len 0.2117  0.3496  0.3486  0.2883  2.1517 2.1517 2.4015 3.5984 3.5984 3.6248
reg,0.38  0.9546  0.9592  0.9566  0.9590 0.9500 0.9516 0.9522 0.9476 0.9500 0.9508
len 0.1476  0.9354  0.9354  0.9335 1.9582 1.9582 1.9617 3.5946 3.5946 3.6052
vs,0.38  0.9520 0.9576  0.9514  0.9984  0.9976 0.9438 0.9976 0.9472 0.9098 0.9446
len 0.2128 1.4107 1.4130  1.1697 2.1318 2.1318 2.3846 3.6951 3.6951 3.8382
reg,0.9  0.9570  0.9562  0.9564  0.9556  0.9474 0.9468 0.9492 0.9462 0.9472  0.9496
len 0.1476  10.8607 10.8714 10.9100 1.9580 1.9580 1.9611 3.5931 3.5931 3.6032
vs,0.9  0.9536 0.9810  0.9808  0.9984 0.9964 0.9670 0.9970 0.9942 0.9946 0.9976
len 0.2116  13.6373 13.7437 13.7113 2.1272 2.1272 2.3442 3.8664 3.8664 4.2048
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Table 4.48. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=350,n=350,p=7,k=5,a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9564 0.9522 0.9494 0.9542 0.9466 0.9476 0.9474 0.9484 0.9480 0.9484
len 0.0171  0.0091 0.0091 0.0087 1.9580 1.9580 1.9615 3.5923 3.5923 3.5985
vs,0 0.9560 0.9574 0.9568 0.9986 0.9972 0.9382 0.9970 0.9448 0.9476 0.9502
len 0.0171  0.0090 0.0091 0.0072 2.1414 2.1414 2.3927 3.5923 3.5923 3.6126
reg,0.38 0.9526 0.9516 0.9534 0.9602 0.9554 0.9548 0.9550 0.9496 0.9496  0.9508
len 0.0171 0.0346 0.0345 0.0344 1.9579 1.9579 1.9607 3.5914 3.5914 3.5965
vs,0.38  0.9508 0.9516 0.9542 0.9988 0.9980 0.9434 0.9980 0.9596 0.9610 0.9668
len 0.0171 0.0345 0.0345 0.0286 2.1467 2.1467 2.4006 3.6427 3.6427 3.7386
reg,0.9  0.9544 0.9546 0.9524 0.9526 0.9442 0.9450 0.9452 0.9472 0.9492 0.9494
len 0.0171  0.4027 0.4025 0.4031 1.9563 1.9563 1.9595 3.5904 3.5904 3.5959
vs,0.9 0.9552 0.9546 0.9524 0.9978 0.9970 0.9446 0.9970 0.9660 0.9660 0.9730
len 0.0171 0.4030 0.4022 0.3355 2.1516 2.1516 2.4069 3.6542 3.6542 3.7574
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Table 4.49. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =400, n =200, p=8, k=1, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0  0.9508 09168  0.9514  0.9546 0.9822 0.9936 0.9956 0.9550  0.9756  0.9858
len 07932  0.7311  0.4839 04834 3.6974 3.6974 3.7218 24782 24782  2.6560
vs,0 09518 0.9268  0.9980  0.9978 0.9980 0.9994 1.0000 0.9574  0.9758  0.9860
len 07819 0.7181  0.4055  0.4052 3.9782 3.9782 4.3825 24762 24762  2.6670

reg,0.35  0.9530 09364  0.9488  0.9538  0.9842 0.9956 0.9970 0.9556  0.9722  0.9804
len 07953 1.0620 0.9110  0.9101  3.6973 3.6973 3.7220 24792  2.4792  2.5711
vs,0.35  0.9536  0.9406  0.9980  0.9984  0.9980 0.9986 0.9994 0.9672 0.9812  0.9878
len  0.7828 1.0528  0.7731  0.7765 3.9390 3.9390 4.3251 2.4835  2.4835  2.6135
reg,0.9 09510 09500  0.9552  0.9550 0.9838 0.9932 0.9948 0.9570 0.9716  0.9762
len  0.7937 10.8476 10.8171 10.8288 3.6974 3.6974 3.7220 2.4832 2.48324  2.4963
vs,0.9  0.9578  0.9842  0.9980  0.9982  0.9994 0.9994 1.0000 0.9796  0.9854  0.9882
len 07810 9.4113 93673  9.3350 3.9205 3.9205 4.3066 2.5580  2.5580  2.7128
Table 4.50. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 400, n = 200, p =8, k =1, and m = 20
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 09542 09518 0.9582 0.9524 0.9494 0.9516 0.9518 0.9486 0.9516 0.9534
len  0.1610 0.1387 0.0972 0.0970 3.5892 3.5892 3.5938 2.4539 2.4539  2.4657
vs,0  0.9574 0.9574 0.9984 0.9992 09954 0.9956 0.9980 0.9532 0.9568 0.9580
len  0.1607 0.1390 0.0809 0.0804 3.9051 3.9051 4.3051 2.4550 2.4550 2.4744
reg,0.35  0.9564 0.9530 0.9596 0.9596 0.9494 0.9512 0.9514 0.9516 0.9534 0.9542
len  0.1611 0.2080 0.1829 0.1829 3.5897 3.5897 3.5948 2.4557 2.4557 2.4625
vs,0.35  0.9524 0.9600 0.9992 0.9994 0.9972 0.9970 0.9996 0.9506 0.9524  0.9572
len  0.1607 0.2086 0.1547 0.1552 3.8608 3.8608 4.2399 24541 24541 2.5132
reg,0.9  0.9562 0.9606 0.9556 0.9558 0.9574 0.9590 0.9584 0.9514 0.9530 0.9536
len  0.1610 21784 21768 2.1761 3.5887 3.5887 3.5932 24543 24543 2.4584
vs,0.9  0.9514 0.9762 0.9982 0.9990 0.9956 0.9952 0.9986 0.9534 0.9448 0.9654
len  0.1609 2.0247 1.8785 1.8739 3.8183 3.8183 4.2251 24415 24415 2.5609
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Table 4.51. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=400,n =200, p=8k=1,a=1, 1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9488 0.9578 0.9546 0.9528 0.9460 0.9464 0.9470 0.9438 0.9480 0.9500
len 0.1984 0.1505 0.1444 0.1442 3.5871 3.5871 3.5923 2.4566 2.4566 2.4751
vs,0 0.9594 0.9568 0.9982 0.9986 0.9974 0.9968 0.9990 0.9530 0.9542 0.9584
len 0.1979  0.1500 0.1205 0.1198 3.8939 3.8939 4.2948 24555 2.4555  2.4987
reg,0.35 0.9480 0.9520 0.9556 0.9548 0.9464 0.9470 0.9474 0.9482 0.9498 0.9526
len 0.1982 0.2755 0.2717 0.2710 3.5887  3.5887 3.5937 24552 2.4552 2.4717
vs,0.35  0.9552  0.9700 0.9986 0.9986 0.9956 0.9956 0.9982 0.9596 0.9618 0.9676
len 0.1980 0.2753 0.2297 0.2303 3.8553 3.8553 4.2428 24517 2.4517 2.5466
reg,0.9  0.9486 0.9562 0.9530 0.9550 0.9480 0.9490 0.9494 0.9450 0.9482 0.9500
len 0.1981  3.2285 3.2435 3.2292 3.5877 3.5877 3.5923 24532 2.4532 2.4685
vs,0.9 0.9580 0.9542 0.9984 0.9980 0.9976 0.9970 0.9992 0.9690 0.9686 0.9764

len 0.1979  2.8449 2.7874 2.7973 3.8607 3.8607 4.2448 24771 2.4771 2.6314

Table 4.52. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=400,n =200, p=8k=1,a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9512 0.9566 0.9566 0.9520 0.9502 0.9504 0.9518 0.9510 0.9498 0.9506
len 0.0238 0.0070 0.0056 0.0056 3.5879  3.5879 3.5920 2.4535 2.4535 2.4565
vs,0 0.9610 0.9600 0.9980 0.9980 0.9950 0.9942 0.9980 0.9578 0.9616 0.9664
len 0.0237 0.0069 0.0047 0.0047 3.8769 3.8769 4.2736 2.4567 2.4567 2.5306
reg,0.35 0.9596 0.9584 0.9588 0.9568 0.9478 0.9486 0.9502 0.9526 0.9530 0.9538
len 0.0238 0.0114 0.0107 0.0107 3.5850 3.5850 3.5896  2.4528  2.4528 2.4563
vs,0.35  0.9606 0.9666 0.9990 0.9988 0.9960 0.9956 0.9984 0.9616 0.9644 0.9698
len 0.0237 0.0091 0.0091 0.0092 3.8492 3.8492 4.2240 2.4531 2.4531 2.5666
reg,0.9  0.9558 0.9588 0.9558 0.9540 0.9524 0.9524 0.9538 0.9516 0.9516 0.9522
len 0.0238 0.1268 0.1275 0.1271  3.5847 3.5847 3.5889 2.4551 2.4551 2.4589
vs,0.9 0.9564 0.9798 0.9994 0.9984 0.9946 0.9934 0.9970 0.9562 0.9580 0.9630

len 0.0238 0.1272 0.1090 0.1090 3.8381 3.8381 4.2156 2.4530 2.4530 2.5639
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Table 4.53. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =400, n =200, p=8, k=6, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0  0.9498  0.9470  0.9422  0.9466 0.9418 0.9598 0.9626 0.9880 0.9924  0.9948
len 0.7943  1.3010  1.3062  1.1823 1.9687 1.9687 1.9768 3.9552 3.9552 4.0832
vs,0 0.9490  0.9376  0.9454  0.9984  0.9966 0.9770 0.9970 0.9868 0.9776 0.9872
len 0.7935 1.3261  1.3267  1.0012  2.1223 2.1223 2.3729 3.9998 3.9998  4.1094
reg,0.35 0.9552  0.9536  0.9534  0.9582 0.9572 0.9690 0.9724 0.9852 0.9928 0.9944
len 0.7946  4.9004  4.9052  4.8687 1.9683 1.9683 1.9763 3.9368 3.9368 4.0132
vs,0.35  0.9528  0.9208  0.9130  0.9974  0.9964 0.9554 0.9966 0.9982 0.9970  0.9990
len 0.7848  4.2863  4.2866  4.2164  2.0951 2.0951 2.3211 4.0249 4.0249 4.3910
reg,0.9  0.9528  0.9530  0.9510  0.9584 0.9528 0.9664 0.9684 0.9902 0.9964 0.9974
len 0.7932  64.8408 64.8927 64.7783 1.9674 1.9674 1.9762 3.9253 3.9253 3.9523
vs,0.9  0.9560 0.9754  0.9754  0.9982  0.9974 0.9746 0.9984 1.0000 1.0000 1.0000
len 0.7811 56.1974 56.0379 56.2916 2.0887 2.0887 2.2982 4.1323 4.1323  4.4965

Table 4.54. Bootstrapping Binomial Logistic Regression, Backward
k=6, and m = 20

Elimination with AIC B = 400, n = 200, p = 8§,

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9558  0.9546 0.9544 0.9534  0.9470 0.9494 0.9504 0.9476 0.9512 0.9534
len 0.1611  0.2576 0.2581 0.2373  1.9593 1.9593 1.9612 3.8037 3.8037 3.8150
vs,0 0.9586  0.9542 0.9534 0.9988  0.9976 0.9448 0.9976 0.9512 0.9530 0.9546
len 0.1611  0.2574 0.2578 0.1979  2.1546  2.1546 2.3965 3.8012 3.8012 3.8148
reg,0.35 0.9536  0.9528 0.9574 0.9552  0.9466 0.9476 0.9476 0.9472 0.9508 0.9518
len 0.1609  0.9835 0.9844 0.9786  1.9580 1.9580 1.9613 3.8028 3.8028 3.8103
vs,0.35  0.9548  0.9444 0.9416 0.9976  0.9960 0.9466 0.9960 0.9718 0.9684 0.9744
len 0.1612  1.0093 1.0080 0.8210  2.1391 2.1391 2.3903 3.8981 3.8981 3.9587
reg,0.9  0.9594  0.9506 0.9582 0.9572  0.9534 0.9532 0.9534 0.9506 0.9518 0.9520
len 0.1610 13.0567 13.0281 13.0712 1.9600 1.9600 1.9627 3.8031 3.8031 3.8081
vs,0.9 0.9558  0.9802 0.9806 0.9976  0.9964 0.9462 0.9972 0.9944 0.9944 0.9978
len 0.1609 11.2959 11.2181 11.2937 2.0903 2.0903 2.2896 4.0045 4.0045 4.3990
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Table 4.55. Bootstrapping Poisson Regression, Backward Elimination

with AIC B =400, n =200, p=8,k=6,anda=1, f; =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9510  0.9580 0.9570 0.9566  0.9506 0.9512 0.9512 0.9442 0.9460 0.9496
len 0.1979  0.3563 0.3568 0.3541  1.9585 1.9585 1.9611 3.8040 3.8040 3.8235
vs,0 0.9516  0.9580 0.9604 0.9982  0.9976 0.9462 0.9976 0.9564 0.9554 0.9588
len 0.1981  0.3552 0.3557 0.2929  2.1462 2.1462 2.3946 3.8025 3.8025 3.8285
reg,0.35 0.9500  0.9554 0.9572 0.9564  0.9482 0.9484 0.9502 0.9514 0.9528 0.9544
len 0.1982  1.4570 1.4550 1.4539  1.9593 1.9593 1.9626 3.8014 3.8014 3.8181
vs,0.35  0.9514  0.9530 0.9580 0.9982  0.9972 0.9418 0.9972 0.9412 0.9034 0.9396
len 0.1991  1.5021 1.5029 1.2529  2.1200 2.1200 2.3692 3.8809 3.8809 4.0458
reg,0.9  0.9538  0.9534 0.9516 0.9504  0.9438 0.9426 0.9422 0.9486 0.9502 0.9526
len 0.1982 19.3762 19.4191 19.4233 1.9595 1.9595 1.9623 3.8034 3.8034 3.8188
vs,0.9 0.9548  0.9785 0.9774 0.9972  0.9966 0.9632 0.9972 0.9962 0.9962 0.9988
len 0.1982 16.6798 16.7676 16.7003 2.1136 2.1136 2.3236 4.0659 4.0659  4.4287

Table 4.56. Bootstrapping Poisson Regression, Backward Elimination

with AIC B =400, n =200, p=8,k=6,anda=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9564 0.9522 0.9578 0.9528 0.9462 0.9476 0.9478 0.9464 0.9460 0.9484
len 0.0238 0.0145 0.0145 0.0139 1.9572 1.9572 1.9602 3.7972 3.7972 3.8026
vs,0 0.9548 0.9574 0.9568 0.9982 0.9968 0.9416 0.9968 0.9564 0.9574 0.9598
len 0.0238 0.0145 0.0145 0.0115 2.1424 2.1424 2.3992 3.7998 3.7998 3.8252
reg,0.35 0.9608 0.9552 0.9548 0.9522 0.9454 0.9470 0.9452 0.9484 0.9502 0.9500
len 0.0238 0.0575 0.0576 0.0574 1.9586 1.9586 1.9614 3.7953 3.7953  3.8002
vs,0.35  0.9582  0.9564 0.9542 0.9994 0.9988 0.9416 0.9988 0.9626 0.9630 0.9688
len 0.0238 0.0573 0.0575 0.0476 2.1519 2.1519 2.3949 3.8421 3.8421 3.9267
reg,0.9  0.9556 0.9574 0.9470 0.9562 0.9482 0.9496 0.9500 0.9474 0.9480 0.9488
len 0.0238 0.7648 0.7657 0.7644 1.9582 1.9582 1.9608 3.7976 3.7976  3.8023
vs,0.9 0.9614 0.9536 0.9500 0.9980 0.9966 0.9396 0.9968 0.9742 0.9750 0.9788
len 0.0237 0.7696 0.7701 0.6367 2.1429 2.1429 2.3936 3.8832 3.8832 3.9765
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Table 4.57. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B =400, n =400, p=8, k=1, and m =1
P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl
reg,0 0.9512 0.9298 0.9522 0.9548 0.9646 0.9760 0.9774 0.9444 0.9604 0.9700
len 0.5266 0.4686 0.3182 0.3182 3.6350 3.6350 3.6440 2.4640 2.4640 2.5525
vs,0 0.9556 0.9316 0.9978 0.9984 0.9982 0.9984 0.9990 0.9496 0.9626 0.9710
len 0.5223 0.4651 0.2645 0.2640 3.9352 3.9352 4.3372 2.4633 2.4633 2.5565
reg,0.35 0.9526 0.9426 0.9498 0.9510 0.9610 0.9752 0.9768 0.9448 0.9594 0.9650
len 0.5270 0.6910 0.5984 0.5979 3.6347 3.6347 3.6442 2.4645 2.4645 2.5083
vs,0.35 0.9552 0.9532 0.9980 0.9974 0.9970 0.9978 0.9988 0.9522 0.9622 0.9676
len 0.5220 0.6874 0.5081 0.5082 3.8875 3.8875 4.2762 2.4632 2.4632 2.5512
reg,0.9 0.9508 0.9550 0.9554 0.9568 0.9686 0.9784 0.9798 0.9496 0.9598 0.9602
len 0.5260 7.1304 7.1168 7.1214 3.6357 3.6357 3.6456 2.4683 2.4683 2.4736
vs,0.9 0.9516 0.9878 0.9986 0.9976 0.9974 0.9982 0.9994 0.9724 0.9724 0.9800
len 0.5212 6.1651 6.1712 6.1778 3.8942 3.8942 4.2805 2.5431 2.5431 2.7049

Table 4.58. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B = 400, n = 400, p =8, k = 1, and m = 20
P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl
reg,0 0.9554 0.9504 0.9516 0.9516 0.9514 0.9518 0.9520 0.9482 0.9484 0.9502
len 0.1124 0.0971 0.0676 0.0676 3.5854 3.5854 3.5910 2.4537 2.4537 2.4604
vs,0 0.9562 0.9584 0.9988 0.9992 0.9976 0.9976 0.9996 0.9512 0.9544 0.9552
len 0.1123 0.0971 0.0561 0.0563 3.9049 3.9049 4.3026 2.4530 2.4530 2.4638
reg,0.35 0.9552 0.9554 0.9504 0.9568 0.9540 0.9556 0.9564 0.9492 0.9486 0.9488
len 0.1124  0.1453 0.1274 0.1274 3.5870 3.5870 3.5920 2.4548 2.4548 2.4598
vs,0.35 0.9572  0.9598 0.9976 0.9990 0.9962 0.9962 0.9988 0.9526 0.9544 0.9592
len 0.1123  0.1457 0.1077 0.1079 3.8533 3.8533 4.2418 2.4533 2.4533 2.5075
reg,0.9 0.9542 0.9562 0.9572 0.9502 0.9520 0.9532 0.9540 0.9480 0.9502 0.9490
len 0.1125 1.5187 1.5146 1.5168 3.5867 3.5867 3.5920 2.4547 2.4547  2.4575
vs,0.9 0.9556  0.9800 0.9982 0.9982 0.9954 0.9908 0.9974 0.9468 0.9100 0.9480
len 0.1124 1.5190 1.3035 1.3058 3.8547 3.8547 4.2353 2.4592 2.4592  2.5555
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Table 4.59. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=400,n =400, p=8, k=1,a=1, 1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl

reg,0 0.9550 0.9528 0.9528 0.9578 0.9456 0.9460 0.9470 0.9488 0.9512 0.9524
len 0.1381 0.1017 0.0991 0.0992 3.5878 3.5878 3.5927 2.4548 2.4548 2.4664
vs,0 0.9596 0.9560 0.9992 0.9986 0.9980 0.9978 0.9990 0.9558 0.9562 0.9596
len 0.1380 0.1014 0.0822 0.0823 3.8982 3.8982 4.2998 2.4546 2.4546 2.4788
reg,0.35 0.9558 0.9538 0.9452 0.9542 0.9422 0.9418 0.9440 0.9478 0.9494 0.9492
len 0.1382 0.1878 0.1868 0.1866 3.5876  3.5876 3.5929 2.4536 2.4536  2.4627
vs,0.35  0.9552  0.9630 0.9988 0.9984 0.9972 0.9964 0.9994 0.9576 0.9558 0.9646
len 0.1379 0.1886 0.1592 0.1578 3.8566 3.8566 4.2402 2.4516 2.4516 2.5336
reg,0.9 0.9550 0.9542 0.9510 0.9532 0.9496 0.9480 0.9484 0.9480 0.9490 0.9498
len 0.1381 2.2249 2.2251 2.2233 3.5870 3.5870 3.5917 2.4563 2.4563 2.4642
vs,0.9 0.9562 0.9732 0.9994 0.9990 0.9974 0.9952 0.9990 0.9522 0.9440 0.9612
len 0.1380 2.0502 1.9148 1.9224 3.8191 3.8191 4.2211 2.4366 2.4366 2.5612

Table 4.60. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =400, n =400, p=8,k=1,a=2, 51 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9560  0.9544 0.9540 0.9570 0.9496 0.9508 0.9512 0.9468 0.9476 0.9480
len 0.01602 0.0043 0.0036 0.0036 3.5841 3.5841 3.5889 2.4540 2.4540 2.4569
vs,0 0.9526  0.9594 0.9988 0.9988 0.9966 0.9958 0.9982 0.9512 0.9538 0.9586
len 0.0159  0.0043 0.0030 0.0030 3.8825 3.8825 4.2780 2.4544 2.4544 2.5123
reg,0.35  0.9586  0.9508 0.9556 0.9594 0.9486 0.9492 0.9498 0.9486 0.9468 0.9484
len 0.0160  0.0072 0.0068 0.0069 3.5848 3.5848 3.5891 2.4528  2.4528 2.4553
vs,0.35 0.9524  0.9676 0.9990 0.9992 0.9958 0.9946 0.9980 0.9614 0.9636 0.9702
len 0.0159  0.0072 0.0058 0.0058 3.8498 3.8498 4.2328 2.4515 2.4515 2.5558
reg,0.9 0.9470  0.9556 0.9550 0.9568 0.9492 0.9502 0.9506 0.9462 0.9458 0.9470
len 0.0160  0.0822 0.0823 0.0821 3.5870 3.5870 3.5910 2.4531 2.4531 2.4558
vs,0.9 0.9528  0.9784 0.9990 0.9982 0.9958 0.9952 0.9982 0.9536 0.9570 0.9656
len 0.0160  0.0820 0.0699 0.0700 3.8421 3.8421 4.2213 2.4520 2.4520 2.5530
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Table 4.61. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =400, n =400, p=8, k=6, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09476  0.9492  0.9500  0.9560 0.9502 0.9582 0.9598 0.9670 0.9726 0.9770
len 0.5266  0.8521  0.8515  0.7788 1.9629 1.9629 1.9669 3.8693 3.8693 3.9380
vs,0 0.9528  0.9504  0.9542  0.9982 0.9968 0.9516 0.9968 0.9806 0.9894 0.9914
len 0.5250  0.8516  0.8504  0.6521  2.1327 2.1327 2.3762 3.8815 3.8815 3.9493
reg,0.35 0.9572  0.9500  0.9540  0.9592  0.9550 0.9614 0.9628 0.9704 0.9780 0.9790
len 0.5257  3.2295  3.2212  3.2080 1.9639 1.9639 1.9674 3.8600 3.8600  3.8969
vs,0.35  0.9526  0.9296  0.9224  0.9990  0.9974 0.9476 0.9976 0.9850 0.9638  0.9898
len 0.5245  2.8961  2.9056  2.7669  2.1086 2.1086 2.3379 3.9054 3.9054  4.2495
reg,0.9  0.9588  0.9580  0.9570  0.9562  0.9488 0.9568 0.9574 0.9694 0.9776 0.9786
len 0.5265 42.7113  42.6696 42.7334 1.9647 1.9647 1.9681 3.8518 3.8518 3.8625
vs,0.9  0.9530  0.9756  0.9763  0.9994  0.9980 0.9648 0.9990 0.9980 0.9982  0.9996
len 0.5215 36.8778 37.0413 37.0125 2.1090 2.1090 2.3304 4.0898 4.0898  4.4559

Table 4.62. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 400, n = 400, p = 8, k = 6, and m = 20

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl

reg,0 0.9566 0.9538 0.9584 0.9524 0.9494 0.9488 0.9488 0.9514 0.9530 0.9544
len 0.1124 0.1799 0.1796 0.1655 1.9583 1.9583 1.9600 3.7992 3.7992 3.8071
vs,0 0.9508 0.9548 0.9544 0.9984 0.9970 0.9442 0.9970 0.9508 0.9518 0.9530
len 0.1125 0.1800 0.1798 0.1370 2.1454 2.1454 2.3996 3.7991 3.7991 3.8082
reg,0.35 0.9518 0.9550 0.9582 0.9538 0.9490 0.9484 0.9486 0.9456 0.9476 0.9482
len 0.1124 0.6861 0.6867 0.6832 1.9590 1.9590 1.9616 3.7991 3.7991 3.8051
vs,0.35 0.9564 0.9536 0.9540 0.9984 0.9982 0.9408 0.9982 0.9634 0.9650 0.9702
len 0.1124 0.6849 0.6855 0.5675 2.1510 2.1510 2.4014 3.8173 3.8173 3.8676
reg,0.9 0.9572 0.9546 0.9496 0.9540 0.9482 0.9484 0.9480 0.9488 0.9524 0.9532
len 0.1124 9.0909 9.0883 9.0733 19591 1.9591 1.9615 3.7976 3.7976 3.8026
vs,0.9 0.9570 0.9844 0.9841 0.9982 0.9972 0.9408 0.9978 0.9952 0.9940 0.9976
len 0.1123 7.8091 7.8175 7.8497 2.1183 2.1183 2.3597 4.0096 4.0096 4.3813
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Table 4.63. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=400,n =400, p=8,k=6,a=1, 1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9574  0.9550 0.9560 0.9614  0.9544 0.9552 0.9556 0.9488 0.9492 0.9516
len 0.1382  0.2443 0.2442 0.2423  1.9574 1.9574 1.9600 3.8000 3.8000 3.8123
vs,0 0.9516  0.9520 0.9534 0.9992  0.9984 0.9428 0.9984 0.9480 0.9462 0.9478
len 0.1381  0.2438 0.2438 0.2014  2.1501 2.1501 2.3960 3.7982 3.7982 3.8136
reg,0.35 0.9516  0.9584 0.9612 0.9508  0.9440 0.9440 0.9452 0.9490 0.9486 0.9504
len 0.1381  1.0028 1.0002 1.0012  1.9599 1.9599 1.9620 3.7978 3.7978 3.8084
vs,0.35  0.9546  0.9396 0.9430 0.9992  0.9978 0.9420 0.9978 0.9710 0.9648 0.9712
len 0.1384  1.0303 1.0288 0.8395  2.1310 2.1310 2.3828 3.9205 3.9205 4.0085
reg,0.9  0.9520  0.9550 0.9540 0.9506  0.9436 0.9434 0.9438 0.9448 0.9446 0.9464
len 0.1380 13.3179 13.3432 13.3094 1.9588 1.9588 1.9608 3.8004 3.8004 3.8096
vs,0.9 0.9538  0.9802 0.9801 0.9986  0.9972 0.9536 0.9976 0.9950 0.9940 0.9972
len 0.1380 11.4526 11.4796 11.5146 2.0913 2.0913 2.2913 4.0117 4.0117 4.4041

Table 4.64. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =400, n =400, p=8,k=6,a=2, 5, =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9574 0.9572 0.9564 0.9560 0.9488 0.9492 0.9498 0.9468 0.9502 0.9502
len 0.0160 0.0092 0.0092 0.0089 1.9598 1.9598 1.9616 3.7959 3.7959  3.8008
vs,0 0.9546 0.9612 0.9508 0.9984 0.9976 0.9372 0.9976 0.9492 0.9472  0.9508
len 0.0159 0.0093 0.0092 0.0074 2.1511 2.1511 2.4017 3.7978 3.7978 3.8171
reg,0.35 0.9532 0.9570 0.9566 0.9540 0.9456 0.9460 0.9460 0.9448 0.9464 0.9474
len 0.0160 0.0372 0.0370 0.0370 1.9590 1.9590 1.9613 3.7959 3.7959 3.8011
vs,0.35  0.9544  0.9498 0.9600 0.9992 0.9984 0.9464 0.9984 0.9618 0.9620 0.9692
len 0.0159 0.0370 0.0371 0.0306 2.1450 2.1450 2.3986 3.8409 3.8409 3.9262
reg,0.9  0.9546 0.9558 0.9590 0.9600 0.9536 0.9528 0.9544 0.9498 0.9506 0.9516
len 0.0160 0.4925 0.4939 0.4917 1.9591 1.9591 1.9614 3.7963 3.7963 3.8018
vs,0.9 0.9542 0.9552 0.9544 0.9992 0.9986 0.9652 0.9984 0.9642 0.9632 0.9704
len 0.0159 0.4926 0.4921 0.4075 2.1511 2.1511 2.4070 3.8523 3.8523 3.9469

73




Table 4.65. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B =500, n =250, p=10, k=1, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09510 0.9080  0.9506  0.9484  0.9850 0.9968 0.9980 0.9476 0.9732  0.9860
len 0.7002  0.6420  0.4239  0.4243  4.0994 4.0994 4.1236 2.4716 24716 2.6580
vs,0 0.9534  0.9248  0.9970  0.9976  0.9992 0.9996 1.0000 0.9534 0.9732 0.9858
len 0.6870  0.6281  0.3489  0.3468  4.3871 4.3871 4.8337 24710 24710 2.6694
reg,0.32 0.9524  0.9288  0.9552  0.9494 0.9866 0.9960 0.9974 0.9500 0.9714 0.9784
len 0.6990  0.9291  0.7951  0.7953  4.0995 4.0995 4.1232 24711 24711 2.5680
vs,0.32 09512 09370  0.9980  0.9986  0.9994 1.0000 1.0000 0.9556 0.9758 0.9834
len 0.6897 0.9185  0.6683  0.6698 4.3516 4.3516 4.7751 24715 24715 2.6032
reg,0.9  0.9504 0.9516  0.9488  0.9526  0.9838 0.9938 0.9956 0.9554 0.9698 0.9702
len 0.6990 10.9565 10.9223  10.9347 4.0990 4.0990 4.1223 2.4764 24764 2.4863
vs,0.9  0.9538  0.9819  0.9978  0.9974  0.9998 1.0000 1.0000 0.9762 0.9834 0.9864
len 0.6878  9.3204  9.3276  9.2807  4.3420 4.3420 4.7711 2.5566 2.5566 2.7227

4.2 CONCLUSION

Another way to look at the bootstrap confidence region for variable selection estimators
is to consider the estimator 75, that chooses I; with probability equal to the observed
bootstrap proportion p;,. The bootstrap sample 77, ..., T'; tends to be slightly more variable
than an iid sample 75 1, ..., T5 p, and the geometric argument suggests that the large sample

coverage of the nominal 100(1—¢§)% confidence region will be at least as large as the nominal

coverage 100(1 — 0)%.

The bootstrap confidence regions may work well when the probability that the selected
model underfits goes to zero rapidly. Hence the confidence regions can give good results for
the relaxed lasso and relaxed elastic net estimators, which fit the MLE to the predictors
with nonzero lasso or elastic net coefficients. See Efron et al. (2004), Friedman et al. (2007),

Friedman, Hastie, and Tibshirani (2010), Hastie, Tibshirani, and Wainwright (2015, ch. 5),

Meinshausen (2007), Tibshirani (1996), and Zou and Hastie (2005).
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Table 4.66. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 500, n = 250, p =10, k =1, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9576  0.9502 0.9520 0.9548 0.9500 0.9528 0.9530 0.9480 0.9496 0.9502
len 0.1428 0.1232 0.0860 0.0860 3.9837 3.9837 3.9876 2.4538 2.4538 2.4653
vs,0 0.9510 0.9510 0.9992 0.9978 0.9980 0.9982 0.9998 0.9412 0.9458 0.9478
len 0.1424 0.1229 0.0706 0.0707 4.3081 4.3081 4.7454 24531 2.4531  2.4747
reg,0.32 0.9536 0.9534 0.9514 0.9548 0.9496 0.9524 0.9530 0.9474 0.9490 0.9506
len 0.1426  0.1833 0.1609 0.1610 3.9840 3.9840 3.9884  2.4528  2.4528  2.4589
vs,0.32  0.9534 0.9620 0.9966 0.9976 0.9968 0.9976 0.9988 0.9534 0.9544 0.9582
len 0.1424 0.1837 0.1347 0.1352 4.2607 4.2607 4.6891 2.4527  2.4527 2.5042
reg,0.9  0.9514 0.9432 0.9552 0.9498 0.9434 0.9448 0.9446 0.9430 0.9440 0.9450
len 0.1427 22178 2.2170 2.2175 3.9846 3.9846 3.9887 2.4530 2.4530 2.4553
vs,0.9 0.9590 0.9656 0.9982 0.9986 0.9982 0.9978 0.9996 0.9532 0.9478 0.9654

len 0.1425 2.0342 1.8778 1.8862 4.2368 4.2368 4.6742 2.4449 2.4449 2.5661

Table 4.67. Bootstrapping Poisson Regression, Backward Elimination
with AIC B=500,n =250, p=10, k=1, a=1, g1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9480 0.9526 0.9526  0.9520 0.9502 0.9512 0.9524 0.9432 0.9454 0.9472
len 0.1752 0.1325 0.1275 0.1276 3.9859 3.9859 3.9901 2.4528 2.4528 2.4740
vs,0 0.9552 0.9574 0.9982 0.9982 0.9984 0.9982 0.9998 0.9524 0.9574 0.9628
len 0.1752 0.1323 0.1051 0.1047 4.3004 4.3004 4.7408 2.4543 2.4543 2.5009
reg,0.32 0.9552 0.9518 0.9520 0.9536 0.9538 0.9536 0.9538 0.9510 0.9532 0.9552
len 0.1752  0.2419 0.2390 0.2386 3.9852 3.9852 3.9894 24518 2.4518 2.4689
vs,0.32  0.9562 0.9632 0.9986 0.9992 0.9980 0.9982 0.9992 0.9630 0.9644 0.9712
len 0.1750 0.2419 0.2005 0.2004 4.2618 4.2618 4.6811 2.4520 2.4520 2.5384
reg,0.9  0.9478 0.9530 0.9570 0.9554 0.9458 0.9478 0.9484 0.9448 0.9448 0.9476
len 0.1754 3.2873 3.2859 3.2912 3.9831 3.9831 3.9872 2.4536 2.4536 2.4691
vs,0.9 0.9500 0.9574 0.9984 0.9994 0.9970 0.9966 0.9984 0.9638 0.9626 0.9742

len 0.1752 2.8710 2.7922 2.7879 4.2597 4.2597 4.6886 2.4809 2.4809 2.6402
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Table 4.68. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =500, n =250, p=10,k=1,a=2, 31 =5

P 51 B2 Bp—1 Bp pr0O hyb0 br0 prl hybl brl
reg,0 0.9562 0.9596 0.9510 0.9506 0.9478 0.9504 0.9508 0.9520 0.9540 0.9546
len 0.0210 0.0061 0.0050 0.0050 3.9800 3.9800 3.9838 2.4526 2.4526  2.4549
vs,0 0.9532 0.9622 0.9992 0.9986 0.9984 0.9986 0.9992 0.9560 0.9586 0.9656
len 0.0210 0.0061 0.0041 0.0041 4.2732 4.2732 4.7026 2.4536 2.4536 2.5328
reg,0.32 0.9484 0.9482 0.9580 0.9522 0.9504 0.9508 0.9508 0.9460 0.9472  0.9472
len 0.0210 0.0100 0.0094 0.0094 3.9815 3.9815 3.9859 2.4524 2.4524 2.4553
vs,0.32  0.9584 0.9584 0.9982 0.9990 0.9952 0.9962 0.9982 0.9588 0.9592 0.9668
len 0.0210 0.0100 0.0078 0.0079 4.2455 4.2455 4.6600 2.4508 2.4508 2.5546
reg,0.9 0.9514 0.9506 0.9516 0.9548 0.9520 0.9526 0.9530 0.9460 0.9472 0.9478
len 0.0210 0.1295 0.1293 0.1292 3.9814 3.9814 3.9857 2.4532 2.4532 2.4563
vs,0.9 0.9578 0.9754 0.9990 0.9992 0.9974 0.9966 0.9984 0.9604 0.9642 0.9686
len 0.0210 0.1291 0.1090 0.1095 4.2384 4.2384 4.6540 2.4506 2.4506 2.5539

Table 4.69. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 500, n =250, p =10, k =8, and m =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09484  0.9374  0.9426  0.9422  0.9404 0.9590 0.9604 0.9864 0.9926 0.9956
len 0.7003  1.2962  1.2953  1.2021 1.9670 1.9670 1.9745 4.3220 4.3220 4.4470
vs,0 0.9562  0.9342  0.9342  0.9968 0.9956 0.9740 0.9960 0.9864 0.9776 0.9852
len 0.6981  1.3138  1.31290  1.0009 2.1170 2.1170 2.3677 4.3665 4.3665 4.4702
reg,0.32 0.9534  0.9518  0.9474  0.9536 0.9502 0.9652 0.9670 0.9876 0.9944  0.9960
len 0.7000  5.6304  5.6340  5.6167 1.9666 1.9666 1.9742 4.3068 4.3068 4.3806
vs,0.32  0.9528 09888  0.9898  0.9982  0.9972 0.9550 0.9970 0.9992 0.9992  1.0000
len 0.6895 4.8348  4.8084  4.7459  2.0989 2.0989 2.3186 4.4252 4.4252 4.8336
reg,0.9  0.9478  0.9582  0.9522  0.9464 0.9458 0.9604 0.9626 0.9870 0.9972  0.9986
len 0.6995 87.5408 87.5621 87.5218 1.9670 1.9670 1.9733 4.2979 4.2979  4.3239
vs,0.9  0.9504  0.9695  0.9708  0.9970  0.9954 0.9770 0.9974 0.9994 0.9998  1.0000
len 0.6875 74.0361 73.8999 74.5606 2.0912 2.0912 2.3087 4.5206 4.5206 4.9329
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Table 4.70. Bootstrapping Binomial Logistic Regression, Backward

Elimination with AIC B = 500, n = 250, p = 10, k = 8, and m = 20

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09542  0.9518  0.9532  0.9536  0.9496 0.9486 0.9492 0.9542 0.9548 0.9566
len 0.1426  0.2589  0.2588  0.2432 1.9595 1.9595 1.9615 4.1693 4.1693 4.1797
vs,0 0.9562  0.9538  0.9478  0.9970  0.9964 0.9378 0.9962 0.9510 0.9534 0.9548
len 0.1427  0.2584  0.2586  0.1995 2.1463 2.1463 2.3925 4.1699 4.1699 4.1822
reg,0.32  0.9498  0.9562  0.9526  0.9538 0.9516 0.9526 0.9526 0.9446 0.9476 0.9488
len 0.1426  1.1402  1.14009 1.1359 1.9593 1.9593 1.9614 4.1688 4.1688 4.1763
vs,0.32  0.9488  0.9368  0.9388  0.9984  0.9972 0.9438 0.9972 0.9590 0.9360 0.9546
len 0.1430 1.1785  1.1807  0.9528  2.1496 2.1496 2.3985 4.2727 4.2727 4.3389
reg,0.9  0.9486  0.9522  0.9512  0.9516 0.9494 0.9504 0.9492 0.9488 0.9508  .9520
len 0.1428 17.7430 17.7223 17.7145 1.9583 1.9583 1.9599 4.1684 4.1684 4.1727
vs,0.9  0.9584  0.9756  0.9757  0.9988  0.9982 0.9646 0.9986 0.9968 0.9972  0.9994
len 0.1423 15.0633 15.0496 15.0457 2.1015 2.1015 2.3095 4.4005 4.4005 4.8309

Table 4.71. Bootstrapping Poisson Regression, Backward Elimination

with AIC B =500, n =250, p=10, k=8, a=1, /1 =1
P B1 B2 Bp-1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09452  0.9556  0.9536  0.9522  0.9464 0.9468 0.9476  0.9508 0.9510 0.9532
len 0.1754  0.3630  0.3628  0.3608  1.9582 1.9582 1.9602 4.1697 4.1697 4.1898
vs,0 0.9482  0.9520  0.9472  0.9984  0.9978 0.9456 0.9976  0.9478  0.9466 0.9494
len 0.1754  0.3628  0.3623  0.2964 2.1506 2.1506 2.4003  4.1707 4.1707 4.1958
reg,0.32  0.9492  0.9550  0.9534  0.9506 0.9476 0.9472 0.9482  0.9526  0.9546 0.9558
len 0.1754  1.6920  1.6895  1.6903 1.9593 1.9593 1.9611 4.1690 4.1690 4.1851
vs,0.32 09500 09552  0.9566  0.9974  0.9970 0.9422 0.9968  0.9306  0.9456 0.9156
len 0.1763  1.6871  1.6804  1.4432 2.1270 2.1270 2.3678  4.2223  4.2223  4.4581
reg,0.9  0.9498  0.9558  0.9522  0.9494  0.9444 0.9450 0.9444  0.9482  0.9482  0.9502
len 0.1752  26.2946 26.3124 26.2841 1.9588 1.9588 1.9613 4.16890 4.1689 4.1838
vs,0.9  0.9508  0.9756  0.9490  0.9990  0.9986 0.9592 0.9988  0.9988  0.9984  0.9998
len 0.1751  22.4658 22.4060 22.4655 2.1305 2.1305 2.3508  4.4349  4.4349 4.8415
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Table 4.72. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =500, n =250, p=10, k=8, a=2, 31 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9522 0.9468 0.9540 0.9518 0.9496 0.9492 0.9488 0.9474 0.9464 0.9478
len 0.0210 0.0146 0.0146 0.0142 1.9593 1.9593 1.9609 4.1633 4.1633 4.1675
vs,0 0.9544 0.9546 0.9518 0.9980 0.9966 0.9374 0.9966 0.9534 0.9524 0.9552
len 0.0210 0.0146 0.0146 0.0117 2.1470 2.1470 2.3955 4.1655 4.1655 4.1880
reg,0.32 0.9522 0.9510 0.9486 0.9540 0.9494 0.9504 0.9516 0.9460 0.9468 0.9472
len 0.0210 0.0664 0.0664 0.0663 1.9595 1.9595 1.9614 4.1636 4.1636 4.1684
vs,0.32  0.9508 0.9596 0.9496 0.9992 0.9986 0.9434 0.9986 0.9634 0.9646 0.9696
len 0.0210 0.0663 0.0662 0.0541 2.1434 2.1434 2.3960 4.1970 4.1970 4.2703
reg,0.9  0.9536 0.9580 0.9550 0.9584 0.9538 0.9538 0.9548 0.9496 0.9512 0.9524
len 0.0210 1.0357 1.0361 1.0336 1.9585 1.9585 1.9605 4.1603 4.1603 4.1643
vs,0.9 0.9486 0.9484 0.9492 0.9988 0.9982 0.9492 0.9982 0.9688 0.9546 0.9676

len 0.0212 1.0742 1.0745 0.8793 2.1387 2.1387 2.3860 4.2883 4.2883 4.3818

Table 4.73. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 500, n =500, p =10, k=1, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9538 0.9272 0.9588 0.9522 0.9672 0.9780 0.9796 0.9450 0.9616 0.9712
len 0.4651 0.4130 0.2806 0.2807 4.0318 4.0318 4.0415 2.4595 2.4595 2.5544
vs,0 0.9508 0.9386 0.9978 0.9976 0.9986 0.9986 0.9996 0.9532 0.9624 0.9720
len 0.4608 0.4087 0.2293 0.2305 4.3398 4.3398 4.7841 2.4600 2.4600 2.5599
reg,0.32  0.9528 0.9402 0.9500 0.9468 0.9646 0.9748 0.9774 0.9454 0.9606 0.9658
len 0.4645 0.6073 0.5260 0.5254 4.0340 4.0340 4.0432 2.4624 2.4624 2.5071
vs,0.32  0.9532  0.9498 0.9978 0.9994 0.9982 0.9984 0.9996 0.9534 0.9620 0.9690
len 0.4614 0.6034 0.4417 0.4392 4.3011 4.3011 4.7208 2.4608 2.4608 2.5448
reg,0.9  0.9498 0.9502 0.9546 0.9530 0.9726 0.9802 0.9812 0.9508 0.9600 0.9604
len 0.4642 7.2387 7.2328 7.2325 4.0329 4.0329 4.0420 2.4643 2.4643 2.4684
vs,0.9 0.9548 0.9994 0.9968 0.9994 0.9992 0.9988 0.9998 0.9754 0.9780 0.9836

len 0.4611 6.1604 6.1283 6.1385 4.2960 4.2960 4.7299 2.5421 2.5421 2.7100
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Table 4.74. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 500, n = 500, p = 10, k = 1, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9526 0.9528 0.9554 0.9530 0.9468 0.9472 0.9474 0.9500 0.9524 0.9532
len 0.0995 0.0861 0.0599 0.0598 3.9831 3.9831 3.9872 24522 2.4522 2.4595
vs,0 0.9544  0.9462 0.9984 0.9982 0.9984 0.9982 0.9994 0.9442 0.9462 0.9476
len 0.0995 0.0859 0.0490 0.0491 4.3095 4.3095 4.7484 2.4528 2.4528 2.4634
reg,0.32 0.9516 0.9536 0.9514 0.9562 0.9476 0.9490 0.9504 0.9464 0.9482 0.9498
len 0.0996 0.1281 0.1122 0.1122 3.9837 3.9837 3.9874 2.4531 2.4531 2.4574
vs,0.32  0.9564 0.9562 0.9972 0.9986 0.9984 0.9984 0.9996 0.9534 0.9550 0.9580
len 0.0995 0.1285 0.0938 0.0941 4.2557 4.2557 4.6831 2.4523 2.4523 2.4991
reg,0.9  0.9506 0.9554 0.9540 0.9566 0.9502 0.9530 0.9534 0.9488 0.9488 0.9490
len 0.0997 1.5449 1.5448 1.5417 3.9831 3.9831 3.9870 2.4526 2.4526 2.4556
vs,0.9 0.9550 0.9710 0.9984 0.9986 0.9948 0.9952 0.9980 0.9414 0.9072 0.9414
len 0.0995 1.5370 1.3017 1.3078 4.2523 4.2523 4.6765 2.4551 2.4551 2.5324

Table 4.75. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =500, n =500, p=10, k=1, a=1, g1 =1

P B1 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1 brl
reg,0 09530 0.9506  0.9524  0.9526 0.9440 0.9446  0.9450  0.9474 0.9472 0.9486
len 0.1223  0.09004 0.0877 0.0875 3.9831 3.9831  3.9871  2.4530 2.4530 2.4650
vs,0 0.9544  0.9584  0.9986  0.9986 0.9980 0.9976  0.9988  0.9532 0.9552 0.9572
len 0.1221  0.0897  0.07219 0.0720 4.3045 4.3045 4.74174 2.4526  2.4526  2.4795
reg,0.32  0.9556  0.9496  0.9540  0.9566 0.9500 0.9508  0.9516  0.9528 0.9536 0.9542
len 0.1222  0.1654  0.1644 0.1644 3.9812 3.9812 3.9854 2.4534 24534 2.4628
vs,0.32  0.9552  0.9558  0.9992  0.9986 0.9974 0.9978  0.9992  0.9558 0.9572 0.9624
len 0.1221  0.1659  0.1374 0.1374 4.2615 4.2615 4.6853  2.4516 2.4516 2.5248
reg,0.9  0.9486  0.9552  0.9556  0.9490 0.9516 0.9520 0.9516  0.9468 0.9496 0.9508
len 0.1221  2.2607  2.2669  2.2586 3.9804 3.9804  3.9848  2.4509 2.4509 2.4595
vs,0.9  0.9554  0.9988  0.9982  0.9982 0.9976 0.9974  0.9998  0.9486 0.9478  0.9626
len 0.1222  2.0697  1.9198 1.9238 4.2353 4.2353  4.6730  2.4416 2.4416 2.5675
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Table 4.76. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =500, n =500, p=10, k=1,a=2, 31 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9510 0.9538 0.9532 0.9518 0.9492 0.9496 0.9508 0.9502 0.9484  0.9482
len 0.0141  0.0038 0.0032 0.0032 3.9798 3.9798 3.9838 2.4524 2.4524  2.4552
vs,0 0.9562  0.9626 0.9982 0.9984 0.9964 0.9960 0.9984 0.9604 0.9602 0.9676
len 0.0141  0.0038 0.0026 0.0026 4.2852 4.2852 4.7196 2.4547 2.4547 2.5141
reg,0.32  0.9578  0.9596 0.9488 0.9524 0.9478 0.9472 0.9478 0.9564 0.9558 0.9562
len 0.0141  0.0064 0.0060 0.0060 3.9796 3.9796 3.9839 2.4526 2.4526  2.4552
vs,0.32 0.9524  0.9630 0.9994 0.9988 0.9980 0.9976 0.9992 0.9562 0.9568 0.9658
len 0.01413 0.0064 0.0050 0.0051 4.2504 4.2504 4.6675 2.4518 2.4518 2.5450
reg,0.9 0.9542  0.9558 0.9584 0.9582 0.9492 0.9496 0.9508 0.9508 0.9506 0.9496
len 0.0141  0.0835 0.0831 0.0832 3.9813 3.9813 3.9856 2.4527 2.4527 2.4551
vs,0.9 0.9562  0.9758 0.9990 0.9992 0.9964 0.9964 0.9992 0.9590 0.9594 0.9654
len 0.0141  0.0835 0.0700 0.0707 4.2465 4.2465 4.6636 2.4508  2.4508 2.5425

Table 4.77. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 500, n = 500, p =10, k =8, and m =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl
reg,0 0.9538  0.9440 0.9460 0.9472  0.9460 0.9540 0.9540 0.9720 0.9788 0.9832
len 0.4645  0.8490 0.8490 0.7938  1.9627 1.9627 1.9661 4.2335 4.2335 4.2981
vs,0 0.9544  0.9492 0.9518 0.9972  0.9962 0.9542 0.9962 0.9828 0.9900 0.9924
len 0.4642  0.8493 0.8510 0.6577  2.1467 2.1467 2.3943 4.2601 4.2601 4.3244
reg,0.32 0.9484  0.9530 0.9460 0.9526  0.9488 0.9554 0.9556 0.9646 0.9732 0.9762
len 0.4647  3.7136 3.7238 3.7066  1.9629 1.9629 1.9662 4.2270 4.2270 4.2633
vs,0.32  0.9482  0.9200 0.9256 0.9980 0.9970 0.9436 0.9970 0.9908 0.9788 0.9952
len 0.4625  3.2758 3.2683 3.1466  2.1063 2.1063 2.3407 4.3015 4.3015 4.6969
reg,0.9 0.9546  0.9516 0.9508 0.9562  0.9524 0.9594 0.9596 0.9698 0.9800 0.9808
len 0.4648 57.8391 57.7643 57.8039 1.9613 1.9613 1.9639 4.2203 4.2203 4.2299
vs,0.9 0.9492  0.9756 0.9704 0.9988  0.9984 0.9610 0.9986 0.9986 0.9988 0.9998
len 0.4611 49.1314 49.0763 49.2604 2.1079 2.1079 2.3291 4.4702 4.4702 4.8812
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Table 4.78. Bootstrapping Binomial Logistic Regression, Backward
Elimination with AIC B = 500, n = 500, p = 10, k = 8, and m = 20

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9534  0.9536 0.9576 0.9578  0.9506 0.9516 0.9518 0.9498 0.9502 0.9510
len 0.0995  0.1802 0.1802 0.1691  1.9589 1.9589 1.9605 4.1660 4.1660 4.1731
vs,0 0.9510  0.9510 0.9458 0.9986  0.9970 0.9416 0.9970 0.9518 0.9544 0.9552
len 0.0995  0.1804 0.1803 0.1390  2.1515 2.1515 2.3993 4.1646 4.1646 4.1726
reg,0.32  0.9570  0.9518 0.9558 0.9530  0.9480 0.9482 0.9492 0.9548 0.9570 0.9566
len 0.0994  0.7929 0.7938 0.7907  1.9592 1.9592 1.9616 4.1644 4.1644 4.1703
vs,0.32  0.9528  0.9506 0.9472 0.9982  0.9974 0.9414 0.9974 0.9774 0.9802 0.9822
len 0.0997  0.7995 0.7991 0.6510  2.1384 2.1384 2.3935 4.2160 4.2160 4.2603
reg,0.9  0.9544  0.9558 0.9538 0.9512  0.9438 0.9446 0.9456 0.9530 0.9544 0.9554
len 0.0995 12.3362 12.3417 12.3316 1.9584 1.9584 1.9607 4.1637 4.1637 4.1685
vs,0.9 0.9526  0.9794 0.9795 0.9988  0.9980 0.9442 0.9986 0.9984 0.9982 0.9996

len 0.0995 10.5014 10.5028 10.4758 2.1139 2.1139 2.3534 4.4007 4.4007 4.8202

Table 4.79. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =500, n =500, p=10, k=8, a=1, g1 =1

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hybl brl

reg,0 0.9536  0.9532 0.9558 0.9498  0.9478 0.9478 0.9474 0.9524 0.9544 0.9560
len 0.1222  0.2487 0.2485 0.2478  1.9580 1.9580 1.9602 4.1648 4.1648 4.1771
vs,0 0.9532  0.9576 0.9576 0.9982  0.9976 0.9424 0.9976 0.9472 0.9486 0.9510
len 0.1221  0.2484 0.2484 0.2030  2.1365 2.1365 2.3779 4.1656 4.1656 4.1808
reg,0.32  0.9492  0.9528 0.9548 0.9490  0.9422 0.9426 0.9432 0.9522 0.9524 0.9548
len 0.1223 1.1606  1.15916 1.1605  1.9598 1.9598 1.9613 4.1676 4.1676 4.1774
vs,0.32  0.9488  0.9388 0.9360 0.9986  0.9982 0.9490 0.9982 0.9552 0.9262 0.9470
len 0.1223 1.2037 1.1997 0.9697  2.1407 2.1407 2.3882 4.2821 4.2821 4.3774
reg,0.9  0.9512  0.9568 0.9526 0.9526  0.9508 0.9488 0.9496 0.9468 0.9466 0.9494
len 0.1223 18.0816 18.1049 18.0943 1.9581 1.9581 1.9604 4.1644 4.1644 4.1740

vs,0.9 0.9558  0.9764 0.9769 0.9984  0.9976 0.9658 0.9978 0.9982 0.9980 0.9994

len 0.1221  15.3179 15.4078 15.3875 2.1044 2.1044 2.3140 4.4053 4.4053 4.8336
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Table 4.80. Bootstrapping Poisson Regression, Backward Elimination
with AIC B =500, n =500, p=10, k=8, a=2, 31 =5

P 51 B2 Bp—1 Bp pr0 hyb0 br0 prl hyb1l brl

reg,0 0.9464 0.9478 0.9508 0.9544 0.9480 0.9490 0.9488 0.9508 0.9512 0.9538
len 0.0141 0.0093 0.0093 0.0091 1.9599 1.9599 1.9616 4.1627 4.1627 4.1666
vs,0 0.9478 0.9552 0.9552 0.9978 0.9966 0.9494 0.9966 0.9522 0.9534 0.9540
len 0.0141 0.0093 0.0093 0.0074 2.1477 2.1477 2.4100 4.1634 4.1634 4.1816
reg,0.32 0.9498 0.9490 0.9518 0.9510 0.9436 0.9448 0.9442 0.9458 0.9452 0.9464
len 0.0141 0.0429 0.0427 0.0427 1.9596 1.9596 1.9617 4.1607 4.1607 4.1656
vs,0.32  0.9510 0.9536 0.9546 0.9994 0.9992 0.9420 0.9992 0.9610 0.9624 0.9670
len 0.0141 0.0427 0.0427 0.0351 2.1533 2.1533 2.3986 4.1987 4.1987 4.2701
reg,0.9 0.9556  0.9508 0.9544 0.9566 0.9510 0.9534 0.9530 0.9484 0.9478 0.9486
len 0.0141 0.6657 0.6670 0.6673 1.9589 1.9589 1.9610 4.1621 4.1621 4.1670
vs,0.9 0.9538 0.9534 0.9576 0.9992 0.9990 0.9408 0.9988 0.9716 0.9722 0.9780
len 0.0141 0.6686 0.6681 0.5469 2.1483 2.1483 2.3925 4.2204 4.2204 4.2986

For multiple linear regression and multivariate linear regression, the residual boot-
strap likely outperforms the parametric bootstrap since the residual bootstrap produces
Y " that is closer to Y unless the error distribution is Gaussian. To bootstrap the mul-

tivariate linear regression model with 8 = Avec(B), make the confidence region using

~ Ak

0, = Avec(B;

mznvov.y)

Following Claeskens and Hjort (2008, pp. 27-28), if S C I;, the GLM estimator

~ ~

51]» satisfies \/ﬁ(ﬁzj - 51]»)
V= Jj_lI_l(ﬁlj)Jj_1 under regularity conditions if the GLM mean function E(Y|xy,) =

2 N,y (0, V) where V; = I7'(3, ) if the GLM is valid, and

E(Y|x) is correct but there is overdispersion, e.g., the Poisson regression model is fit but

the data follow an NBR model. Then E(Y|zr,) = exp(z] B;,) = exp(z”B) = E(Y|x).
Some bootstrap methods, such as the nonparametric bootstrap, may still give good

results when there is overdispersion. The parametric bootstrap is likely affected by overdis-

persion. Hence check the regression model with plots described in Olive (2013b). Compare
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the results for the binomial regression model with the results from the BBR model, and
the results for the Poisson regression model with the results from the NBR model.

Note that there are several important variable selection models, including the model
given by Equation (1.6). Another model is 73 = wgﬁsl for e = 1,..., K. Then there are
K > 2 competing “true” nonnested submodels where B is as, X 1. For example, suppose
the K = 2 models have predictors x1, x2, x3 for S; and 1, x5, x4 for Ss. Then z3 and x4 are
likely to be selected and omitted often by forward selection for the B bootstrap samples.
Hence omitting all predictors z; that have a [§j; = 0 for at least one of the bootstrap
samples j = 1,..., B could result in underfitting, e.g. using just z; and x5 in the above
K = 2 example. If n and B are large enough, the singleton set {0} could still be the
“100%” confidence region for a vector 8,,.

For some data sets, S7. may be singular due to one or more columns of zeroes in the
bootstrap sample for 3, ..., 3,. The variables corresponding to these columns are likely not
needed in the model given that the other predictors are in the model. Confidence intervals
can be computed without S7 for (2.5), (2.6), and (2.7). Also see Efron (2014).

There is a massive literature on variable selection and a fairly large literature for
inference after variable selection. See, for example, Leeb and Pétscher (2006, 2008), Leeb,

Potscher, and Ewald (2015), and Tibshirani, Rinaldo, Tibshirani, and Wasserman (2018).
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