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The classical one way MANOVA model is used to test whether the mean measure-
ments are the same or differ across p groups, and assumes that the covariance matrix of
each group is the same. This work suggests using the Olive (2017abc) bootstrap technique
to develop analogs of one way MANOVA test. A large sample theory test has also been
developed. The bootstrap tests can have considerable outlier resistance, and the tests do
not need the population covariance matrices to be equal. The two sample Hotelling’s 7

test is the special case of the one way MANOVA model when p = 2.
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CHAPTER 1
INTRODUCTION

1.1 MANOVA
Multivariate analysis of variance (MANOVA) is analogous to an ANOVA with more
than one dependent variable. ANOVA tests for the difference in means between two or

more groups, while MANOVA tests for the difference in two or more vectors of means.

Definition. The multivariate analysis of variance (MANOVA) model y, = B'z; + ¢; for
t=1,...,n has m > 2 response variables Y7, ...Y,, and p predictor variables x1, z, ..., ).
The ith case is (x],y!) = (i1, .., Tip, Yi1, oy Yim). If & constant z;; = 1 is in the model,
then x;; could be omitted from the case.

For the MANOVA model predictors are indicator variables. Sometimes the trivial
predictor 1 is also in the model.

The MANOVA model in matrix form is Z = XB 4 E and has FE(€;) = 0 and
Cov(ey) = Xe = (045) for k = 1,...,n. Also E(e;) = 0 while Cov(e;,ej) = 0331, for

1,7 =1,...,m. Then B and X, are unknown matrices of parameters to be estimated.
Vio Yiz o Yiw .
Y1
You Yoo -0 Yo, .
Yo
Yn,l Yn,Q Yn,m

The n x p matrix X is not necessarily of full rank p, and

11 Ti2 - Tip T
Ty
To1 To2 - Tap .
.,
Tpi1 Tp2 -°°° xn,p

where often v; =1

The p x m matrix



ﬂl,l ﬁ1,2 Bl,m

Ba1 Boo o Pom
B—| ™ (g B, B, )
51),1 BPQ T Bp,m
The n x m matrix
€1,1 €12 €1,m
€
€21 €22 €2m .
€,
€n,1 €n2 €n,m

Each response variable in a MANOVA model follows an ANOVA model Y; = X 3;+e;
for j = 1,...,m where it is assumed that E(e;) = 0 and Cov(e;) = 0;;I,.
MANOVA models are often fit by least squares. The least squares estimators Bof B

are
B=(X"X)" X"Z= (3 B, ... B,)
where (X7 X)) is a generalized inverse of X" X. If X has a full rank then (X" X) =

(XTX)_1 and B is unique.

Definition. The predicted values or fitted values

Yiin Yip -+ Yin
Z-XB=(Y, ¥, - ¥, )= .
Anl Yn,Q }A/nm
The residuals E = Z — Z = Z — XB.
Finally,
. (Z-27z-2) EF
262 == .
n—p n—p



1.2 ONE WAY MANOVA

Assume that there are independent random samples of size n; from p different pop-

ulations, or n; cases are randomly assigned to p treatment groups. Let n = > 7  n; be
the total sample size. Also assume that m response variables y,; = (Yij1,- .., Yijm)" are

measured for 7th treatment group and jth case. Assume E(y;;) = p; and Cov(y,;) = Xe.

The one way MANOVA is used to test Hp: g = ptg = -+ = p,,. Note that if m =1
the one way MANOVA model becomes the one way ANOVA model. One might think that
performing m ANOVA tests is sufficient to test the above hypotheses. But the separate
ANOVA tests would not take the correlation between the m variables into account. On the
other hand the MANOVA test will take the correlation into account.

Let y =37 > 7", y;;/n be the overall mean. Let y;, = > 7", y,;/n;. Several m x m
matrices will be useful. Let S; be the sample covariance matrix corresponding to the ith
treatment group. Then the within sum of squares and cross products matrix is W =
(1 =181+ +(n, —1)S, =320, Z;L;l(yij —¥;)(y;; —¥;)". Then Se = W/(n—p).

The treatment or between sum of squares and cross products matrix is
p
Br=> ni(y,— 9@ -9)"
i=1

The total corrected (for the mean) sum of squares and cross products matrix is T' =
Br+W =370 370 (Y — Y)(y;; —Y)"- Note that S = T'/(n — 1) is the usual sample
covariance matrix of the y,; if it is assumed that all n of the y,; are iid so that the p, = p
forie=1,...,p.

The one way MANOVA model is y,; = p; + €;; where the €;; are iid with E(e;;) = 0
and Cov(e€;;) = Xe. The summary one Way MANOVA table is shown bellow.

Source matrix df

Treatment or Between Br p—1
Residual or Error or Within w n—op
Total (Corrected) T n—1

There are three commonly used test statistics to test the above hypotheses. Namely,
1. Hotelling Lawley trace statistic: U = tr(ByW ') = tr(W ' Br).

3



e A~ W]
2. WllkS lambda. A = m

3. Pillai’s trace statistic: V =tr(ByT ') =tr(T 'Br).

If the y,;; — p; are iid with common covariance matrix Xe, and if Hy is true, then

under regularity conditions Fujikoshi (2002) showed
D 2
L. (TL —m—-p—- 1)U — Xm(p—1)7
D
2. —[n—0.5(m+p—2)]log(A) = x5, and
D

Note that the common covariance matrix assumption implies that each of the p treat-
ment groups or populations has the same covariance matrix ¥; = ¢ for i = 1,...,p, an
extremely strong assumption. Kakizawa (2009) and Olive, Pelawa Watagoda, and Ru-
pasinghe Arachchige Don (2015) show that similar results hold for the multivariate linear
model. The common covariance matrix assumption, Cov(ey) = Xe for k = 1, ..., n, is often

reasonable for the multivariate linear regression model.

1.3 TWO GROUP CASE

Suppose there are two independent random samples from two populations or groups.
A common multivariate two sample test of hypotheses is Hy : p; = p, versus Hy @ g # oy
where p, is a population location measure of the ¢th population for i = 1,2. The two sample
Hotelling’s T2 test is the classical method, and is a special case of the one way MANOVA

model if the two populations are assumed to have the same population covariance matrix.

1.3.1 Two Sample Hotelling’s T? Test
Suppose there are two independent random samples @1 1,..., Ty, 1 and X9, ..., Tp,2
from two populations or groups, and that it is desired to test Hy : pu; = py versus Hi :

Wy # o where the p, are p x 1 vectors. Assume that T; satisfy a central limit type theorem
V(T — w;) A N,(0,%;) for ¢ = 1,2 where the 3; are positive definite.



To simplify large sample theory, assume n; = kny for some positive real number k.

Let 3; be a consistent nonsingular estimator of ;. Then

ny (T — 0 . 0
1( 1 .Uq) gsz ’ 1 ’
A/ N9 (TQ — [J,Q) i 0 0 22 ]
or _ -
>
/ne (17 — 0 =0
2 ( 1 ;1,1) 2} ng ’ L
VALY (T2 — [_1,2) | 0 0 EQ |
Hence

VA (T~ o) = G~ ) B (0.3 4 22).

B\
Using nB~! = <—> and nok = ny, if p, = p,, then

n
» -1
1
no(Ty — Tz)T (7 + 22) (Ty = Ty) =
)M YA b
1 2
(T, — Ty)" (— + —> (T1 = T3) = X
ny L)
Hence B
)TNy
Ty = (T~ T)" (—1 + —2> (1 — Tr) B 2. (1.1)
nq N9

Note that k drops out of the above result.

If the sequence of positive integers d,, = oo and Y,, ~ F}, 4, then Y, RS XZ /p. Using an
F, 4, distribution instead of a X?D distribution is similar to using a ¢4, distribution instead
of a standard normal N(0,1) distribution for inference. Instead of rejecting Hy, when

T2 > sz,ké? reject Hy when

PEpd,i-s
T02 > pradn71_5 = p2 X]27,1—5'
Xp1-6
E _ . .
The term % can be regarded as a small sample correction factor that improves the
Xp71—5

test’s performance for small samples. For example, use d,, = min(n; — p,ny — p). Here

P(Y, < x;5) = 0 if Y, has a x7 distribution, and P(Y,, < F,4,s) = 0 if ¥,, has an F 4,

p

distribution.



The two sample Hotelling’s T test is the classical method. If it is not assumed that the
population covariance matrices are equal, then this test uses the sample mean and sample
covariance matrix T, = T; and 3; = S; applied to each sample. This test has considerable
robustness to the assumption that both populations have a multivariate normal distribution
and to the assumption that the populations have a common population covariance matrix
3., but the test can be very poor if outliers are present.

Alternative statistics to the sample mean can be useful, but large sample tests of
the form of (1.1) need practical consistent estimators 3; of the two asymptotic covariance
matrices ;.

Chapter 2 gives theory and methods for bootstrapping hypotheses tests and shows
how to apply the bootstrap to test the hypothesis Hy : p = ¢ versus H; : u # c¢. Chapter 3
suggests using the Olive (2017abc) bootstrap technique to develop analogs of the Hotelling’s
T? test that use a statistic T}, such as the coordinatewise median, applied to the ith sample
for ¢+ = 1,2. These tests are useful if the asymptotic covariance matrix is unknown or
difficult to estimate. The new tests can have considerable outlier resistance, and the tests
do not need the population covariance matrices to be equal. Chapter 4 suggests using the
Olive (2017abc) bootstrap technique to develop analogs of the one way MANOVA test. The
new tests can have considerable outlier resistance, and the tests do not need the population

covariance matrices to be equal. Chapters 5 and 6 give some simulations and examples.



CHAPTER 2
THEORY AND METHODS

2.1 NOTATION
2.1.1 Mahalanobis Distance

Let the p x 1 column vector T be a multivariate location estimator, and let the p X p
symmetric positive definite matrix C' be a dispersion estimator. Then the ith squared

sample Mahalanobis distance is the scalar
D} =D}(T,C) =Dz (T,C) = (x; = T)"C ' (w; = T) (2.1)

for each observation x;. Notice that the Euclidean distance of x; from the estimate of center
T is D;(T,I,) where I, is the p x p identity matrix. The classical Mahalanobis distance

uses (T, C) = (x, S), the sample mean and sample covariance matrix where

T = %Zwi and § = — D (i — =)@ —z)". (2.2)

=1 i=1

2.2 PREDICTION REGION
A large sample 100(1 — §)% prediction region is the hyperellipsoid

{w: D}y(®,S) < D%} = {w: Dw(®, S) < Dy} (2.3)

for appropriate c. Using ¢ = [n(1 — 9)] covers about 100(1 — )% of the training data
cases x;, but the prediction region will have coverage lower than the nominal coverage of
1 — ¢ for moderate n. This result is not surprising since empirically statistical methods
perform worse on test data. Increasing ¢ will improve the coverage for moderate samples.

Let ¢, = min(1 —§ 4+ 0.05,1 — § + p/n) for 6 > 0.1 and
¢n =min(1 —60/2,1 — 3§+ 10dp/n), otherwise. (2.4)

If1-9<0.999 and g, <1 -6+ 0.001, set ¢, =1 — 9.
Let D,y be the 100g,th percentile of the D;. Then the Olive (2013) large sample

100(1 —9)% nonparametric prediction region for a future value x given iid data x4, ..., , @,

7
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{w: Diy(,S) < DY, )}, (25)

while the classical large sample 100(1 — §)% prediction region is

{w: Dyp(@. 8) < xp14}- (2.6)

2.3 PREDICTION REGION METHOD

Olive (2017bc) shows that there is a useful relationship between prediction regions
and confidence regions. Consider predicting a future p x 1 test vector xy, given past
training data @1, ..., x,. A large sample 100(1 — §)% prediction region is a set A,, such that
P(xy € A,) — 1 — 0 while a large sample 100(1 — §)% confidence region for a parameter
p is a set A, such that P(p € A,) - 1 —0 as n — oo. Consider testing Hy : i = ¢ versus
Hy : p # ¢ where ¢ is a known p x 1 vector.

The Olive (2017abc) prediction region method obtains a confidence region for p by
applying the nonparametric prediction region (2.5) to the bootstrap sample 77, ..., T}, and
the theory for the method is sketched below. Let T and S 1 be the sample mean and sample
covariance matrix of the bootstrap sample. Following Bickel and Ren (2001), let the vector
of parameters u = T(F), the statistic T,, = T(F,,), and T* = T(F*) where F is the cdf of
iid @4, ..., x,, F), is the empirical cdf, and F}; is the empirical cdf of 7, ..., ), a sample from
F,, using the nonparametric bootstrap. If \/n(F,, — F) REQpS r, a Gaussian random process,
and if T is sufficiently smooth (Hadamard differentiable with a Hadamard derivative 7'(F)),
then /n(T, — p) 2 X and Vn(Tr =T) B X with X = T(F)zp. Olive (2017bc) uses
these results to show that if X ~ N,(0,X7), then /n(T — T},) 2o, V(T —p) 2 X,
and that the prediction region method large sample 100(1 — 0)% confidence region for p is

{w: (w—T)S7] " (w—T") < Dy, } = {w: Dyy(T", S7) < Diyy,,)} (2.7)

where Df; , is computed from D} = (T} — THT[S5] YT —T") fori =1, ..., B. Note that
the corresponding test for Hy : p = py rejects Hy if (T° — po)T[Se] N T — po) > D(2U3)~
This procedure is basically the one sample Hotelling’s T? test applied to the T using S’

as the estimated covariance matrix and replacing the X;Q),l— s cutoff by D(ZUB).



2.3.1 Testing Hy: p = c versus H; : u # ¢ Using the Prediction Region Method

The prediction region method for testing Hy : u = ¢ versus H; : p # c¢ is simple. Let
f¢ be a consistent estimator of p and make a bootstrap sample w; = fi; —c fori =1, ..., B.
Make the nonparametric prediction region (2.7) for the w; and fail to reject Hy if O is in
the prediction region, reject Hy otherwise.

The Bickel and Ren (2001) hypothesis testing method is equivalent to using confidence
region (2.7) with T replaced by T}, and Up replaced by [B(1 — §)]. If region (2.7) or the
Bickel and Ren (2001) region is a large sample 100(1 — )% confidence region, then so is the
other region if \/E(T* -T,) 2 0. Hadamard differentiability and asymptotic normality are
sufficient conditions for both regions to be large sample confidence regions if S7. 2 Y, but
Bickel and Ren (2001) showed that their method can work when Hadamard differentiability
fails.

The location model with means, medians, and trimmed means is one example where
the Bickel and Ren (2001, p. 96) method works. Since the univariate sample mean, sample
median, and sample trimmed mean are Hadamard differentiable and asymptotically normal,
each coordinate satisfies \/n(Ty — T;) 2 0 for i = 1, ..., p. Hence /n(T,, — T") 2 0, and
(2.7) is a large sample 100(1 — 0)% confidence region if T, is the coordinatewise sample
mean, median, or trimmed mean.

Fréchet differentiability implies Hadamard differentiability, and many statistics are
shown to be Hadamard differentiable in Bickel and Ren (2001), Clarke (1986, 2000), Fern-
holtz (1983), and Gill (1989). Also see Ren (1991) and Ren and Sen (1995).

2.4 A RELATIONSHIP BETWEEN THE ONE-WAY MANOVA TEST AND
THE HOTELLING LAWLEY TRACE TEST
An alternative method for one way MANOVA is to use the model Z = X B + FE with
X, Z and B as follows.

Let
Yiji Hij1
Y = : = W, + €, EYj=p, =

Yijm Hijm



fori=1,...;,pand j=1,...,n;
Then X is a full rank where the ith column of X is an indicator for group ¢« — 1 for

1=2,...,p, and Z are as follows.

10



X =

Hy

B T
B_ (g — ) nd

(1 — )"
Then
XX =

and

110 0

1 01 0

1 01 0

1 00 1

1 00 1

1 00 - 0

1 00 0

n ny no Np—1
nq nq 0 0
Mpa O - myy 0
Npy 0 - 0 mpy

11

(2.8)

(2.9)



1
n

—1
-1 1+2 1 1
1 "
(XTXx) ' = —
My
-1 1 14 22 1
Np_2
—1 1 1 1+ -2
Np_1
Then the least square estimators Bof B ,
S’Z; (S’l - S’p)T
o o o \T
po| O g peo| Y
(Yp1 = 5p)" (Yp-1 = ¥p)"
Then L (XTX)f1 L” becomes
14 Z—‘; 1 1 1
- 1 1 142 1 1
L(X™X)'LT=— "2
Tp
1 1 1 1+
Np_1

It can be shown that the inverse of the above matrix is

ni(n —ny) —NiNs —nins
[L (XTX)_I LT] -1 _ 1 —ning  np(n —ng) —ngng
n
—N1Np_1 —NaNpy_1
For convenience, write -L (X T'x )_1 LT} - as follows

L(x'x)" LT]l _

——ﬂ% —T11MN2

—T1ng —ninp—1 ny 0

—niNgy —n% —N9Nng —NoNyp_1 N 0 no
2

—NiNp_1 —NaNp_1 cee —Ny g 0O O

—ninp—1

—NaNp—1

np-1(n — np_1)

(2.10)

(2.11)



Then,

(LB)T [L (X7x)" LT} B (LB) -

1 p—1 p—1 . o ) p—1 ) o B
n Z 2 :ninj(}’i —V)(¥; — YP)T + E ni(¥i — ¥p)(¥i — YP)T =H.
i=1 j=1 i=1

Let X be as in (2.8). Then the multivariate linear regression (MREG) Hotelling
Lawley test statistic for testing Hy : LB = 0 versus Hy : LB # 0 has

U=tr(W'H).

One way MANOVA is used to test Hy : gy = pg = -+ = p,. The Hotelling Lawley

test statistic for testing for above hypotheses is
U= tT(W_lBT)

where

p
W =(n—p)¥e and Br= an(}_’z -9 -y
i=1

Theorem 2.1. The one-way MANOVA test statistic and the Hotelling Lawley trace test

statistic are the same for the design matriz as in (2.8).

To show that the above two test statistics are equal it is sufficient to prove that

H = By.

Proof. Special case I: p =2 (Two group case)
Consider H.
H = —Jmini (51 = ¥2)(91 = ¥2)" +na(91 = ¥2)(91 — ¥2)". Since n=ny + ny,
H = —(nn —ning)(y1 — ¥2)(¥1 — ¥2)" + (1 = y2) (71 — ¥2)"
H = —ni(y1 — ¥2)(y1 —¥2)" + 22(y1 = ¥2) (71 — ¥2) + 1 (y1 = ¥2) (71 — ¥2)"
H = "2 (y; - y2)(y1 — ¥2)"
Now consider By with p = 2.
Note that y = (n1y1 + n2y2)/n and
)T

Br=n (51— 5)§1 = 9)" +n2(y2 - ¥)([F2— ¥

13



Br = 4 (ny1 — my1 — noy2)(ny1 — my1 — mey1)" + B (ny2 — miy1 — n2y2)(nya —
niy1 — noys)"

Br = n;:;% (Y1 —92)(F1 —y2)" + =

Bp =M% (g, —y,)(y1 — ¥2)".

Therefore Br = H when p = 2.

27l _ _ _ _
12 (71— y2) (31 — ¥2)”

Proof. Special case II: n; =n; Vi=1,....,p

HZ—EZZW%(Y Yp)(¥; — ¥p) +Zm Yi -y

Note that the ¢, j running from 1 through p — 1 and ¢, 7 running from 1 through p

would yield the same H. Therefore H can be written as

H:_ﬁzznma(y Yp)(¥i — ¥p) +an Yi }_’p>T'

1 22 _n,2 PP
Doy = ¥ =) = TS (3] vy vy 9
i=1 j=1 =1 j=1

(yiy]) +» (Z yz> Yy + Yy <Z yj> —p ypyp] : (2.12)

Now consider the rest of H,

p p p
m Y (Fi— V) Fi—9) =m > vy —m (Z yz) i —my, (Z vy ) + 1Py, Y.
' i=1 i=1 i=1

(2.13)

i=1 j=1

Therefore by (2.12) and (2.13), it is clear that
=m Z yiyl —— Z >y (2.14)
=1 j=1

Now consider
Br=m)» (yi-9)Fi-y)" (2.15)



Therefore, B becomes
p
Br=m) vyl —— Z Zyzyf (2.16)

=1 =1 j5=1

From (2.15) and (2.16) By = H.

Proof. General case:

p p
IS (3 — 95— )T =
i=1 j=1
1 p p 1 p p 1 p p
- Z Z nin;yiy, + - Z Z nin;yiy, + - Z Z nin;ypy, — Ypyp Z Z nin;
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
’ ’ ’ 21
1 p p 1 p p 1 p p
—ﬁzni}_’izng’}_’f + Ezniyiznﬁg + Eypzniznjy]r — =5y, 1
i=1 j=1 i=1 j=1 =1 =1
_lnyny + — anymyp + 1yannJyj nypyg
— =1
g7 (2.18)

p p
—nyy" +> nyiyy +¥p Y0y, —ny,¥y,-

i=1

Now consider the rest of H,

Jj=1



p p p p
Z ni(§i = ) (3 = ¥p) = Z niyiy, — Z n:Yi¥y — Vv Z ny; +ny,y,.  (2.19)
i=1 i=1 i=1

i—1
Therefore by (2.18) and (2.19)
p
H =) nyy! —nyy". (2.20)
i=1
Now consider
p
By = Zni(yi -9Fi-y)"
i—1
p p p p
By = Z ny.y: — Z ny:y' —§y Z ny; +yy" Z n;
i1 =1 i=1 i1

p
Br =) nyiy, —nyy' —yny’ +nyy"
=1

p
Br =) nyiy, —nyiy". (2.21)
=1

(2.20) and (2.21) proves that H = Br.

2.5 CELL MEANS MODEL

10 0
10 0
0 1 0 pul

X — |, B= and L:(_rpf1 _1)
01 0 ul
0 0 1
00 -~ 1
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. (51— 5)"
Yi (F2—§ )T
B-| : |, B=| V7
T
y _ _
’ (¥p1—9p)"
Then X' X = diag (ny,...,n, 1) and (X" X)~! = diag <nl1, ce n,,l,1> .
Then L (XTX)f1 L™ becomes
1+ 1 1 1
_ 1 1 1+2 1 ... 1
L(X™X)'LT=— a . (2.22)
ny : :
1 I R v

Corollary 2.2. Theorem 2.1 does not depends on the full rank design matrix.

Notice that the matrix equation (2.22) is the exactly same as (2.11). This is an

indication that Theorem 2.1 does not depend on the design matrix.
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CHAPTER 3
BOOTSTRAPPING ANALOGS OF THE TWO SAMPLE HOTELLING’S 7%
TEST

Suppose there are two independent random samples from two populations or groups.
A common multivariate two sample test of hypotheses is Hy : pq = o versus Hy @ py # p
where p, is a population location measure of the ¢th population for i = 1,2. The two sample
Hotelling’s T? test is the classical method, and is a special case of the one way MANOVA
model if the two populations are assumed to have the same population covariance matrix.
This chapter suggests using the Olive (2017abc) bootstrap technique to develop analogs of
Hotelling’s T2 test. The new tests can have considerable outlier resistance, and the tests

do not need the population covariance matrices to be equal.

3.1 APPLYING THE PREDICTION REGION METHOD TO THE TWO
SAMPLE TEST

The two sample test of Hy : py = p, versus Hy @ py # o uses pp = poq — oy = ¢ =0
with w; = T}, — T for i = 1,..., B. Make the prediction region (2.7) where T;* = w;. Fail
to reject Hy if O is in the prediction region, reject Hy otherwise. A sample of size n; is
drawn with replacement from x; ;, ..., ®,,; for i« = 1,2 to obtain the bootstrap sample.

For illustrative purposes, the simulation study will take 7; to be the coordinatewise
median, the (Olive (2017b, ch. 4), Olive and Hawkins (2010), and Zhang, Olive, and Ye
(2012)) RMVN estimator Tryvy, the sample mean, and the 25% trimmed mean. The
asymptotic covariance matrix of the coordinatewise median is difficult to estimate, while
that of the RMVN estimator is unknown. The RMVN estimator has been shown to be
v/n consistent on a large class of elliptically contoured distributions, but has not yet been
shown to be asymptotically normal. Hence the bootstrap “test” for the RMVN estimator
should be used for exploratory purposes.

The RMVN estimator (Tgryvy, Cruvy) uses a concentration algorithm. — Let
(T_1;,C_1,) be the jth start (initial estimator) and compute all n Mahalanobis distances
D;(T_,;,C_1;). At the next iteration, the classical estimator (Tp;, Co;) = (o, So,)
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is computed from the ¢, ~ n/2 cases corresponding to the smallest distances. This it-
eration can be continued for k concentration steps resulting in the sequence of estimators
(1_1;,C_1,),(T0,Co;), ., (I}, Ckj). The result of the iteration (7} ;, Cy ;) is called the
jth attractor. The algorithm estimator uses one of the attractors. The RMVN estimator
uses the same two starts as the Olive (2004) MBA estimator: (&, S) and (MED(n),I,)
where M ED(n) is the coordinatewise median. Then the location estimator Tryvy can be

used to test Hy : p; = po.

3.2 REAL DATA EXAMPLE

The Johnson (1996) STATLIB bodyfat data consists of 252 observations on 15 vari-
ables including the density determined from underwater weighing and the percent body fat
measurement. Consider these two variables with two age groups: age < 50 and age > 50.
The test with the RMVN estimator had Dy = 1.78 while the test with the coordinatewise
median had Dy = 1.35. Both tests had cutoffs near 2.37 and fail to reject Hy. The classical
two sample Hotelling’s T2 test rejects H, with a test statistic of 4.74 and a p-value of 0.001.

The DD plots, shown in Figures 3.1 and 3.2, reveal five outliers. After deleting the
outliers, the three tests all fail to reject Hy. The RMVN test had Dy = 1.63 with cutoff
2.25, the coordinatewise median test had Dy = 1.22 with cutoff 2.38, and the classical test
had test statistic 2.39 with a p-value of 0.09.

See the simulation set up and the simulation results in Chapter 5.
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CHAPTER 4
BOOTSTRAPPING ANALOGS OF THE ONE WAY MANOVA TEST

The classical one way MANOVA model is used to test whether the mean measurements
are the same or differ across p groups, and assumes that the covariance matrix of each
group is the same. This chapter suggests using the Olive (2017abc) bootstrap technique to
develop analogs of the one way MANOVA test. The new tests can have considerable outlier
resistance, and the tests do not need the population covariance matrices to be equal.

The multivariate linear model
yi = BT.’L‘i + €;

fori =1,...,n has m > 2 response variables Y7, ..., Y,, and p predictor variables x1, z, ..., T).
The ith case is (2], y!) = (zi1, Ti2, -, Tip, Yi1, -, Yim). The model is written in matrix
form as Z = X B + E where the matrices are defined below. The model has E(e;) = 0
and Cov(e;) = Xe = (0y;) for k = 1,...,n. Then the p x m coefficient matrix B =
[ B, B, ... B,, |andthemxm covariance matrix Xe are to be estimated, and £(Z) =
X B while E(Y;;) = x]3;. The ¢; are assumed to be iid. The univariate linear model
corresponds to m = 1 response variable, and is written in matrix form as Y = X3 + e.
Subscripts are needed for the m univariate linear models Y; = X3, +e; for j = 1,...,m
where E(e;) = 0. For the multivariate linear model, Cov(e;, e;) = 0;; I, fori,j=1,...m
where I,, is the n X n identity matrix.

The n x m matrix
Z = Y1 Y2 R Ym =

The n x p design matrix X of predictor variables is not necessarily of full rank p, and

X = UV V2 ... Uy | T
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where often v; = 1.

The p x m matrix
B:[ﬂ1 By .. /Bm:|

The n x m matrix
EZ[el e, ... em}z

Considering the ith row of Z, X, and E shows that y! = I B + €!.

The multivariate linear regression model and one way MANOVA model are special
cases of the multivariate linear model, but using double subscripts will be useful for describ-
ing the one way MANOVA model. Suppose there are independent random samples of size
n; from p different populations (treatments), or n; cases are randomly assigned to p treat-
p

ment groups where n = » 7 n;. Assume that m response variables y,; = (Y1, ..., Yijm)"
are measured for the ith treatment group and the jth case (often an individual or thing)
in the group. Hence i = 1,...,p and j = 1,...,n;. The Yj;;, follow different one way ANOVA
models for k =1,...,m. Assume E(y,;) = p; and Cov(y,;) = Xe. Hence the p treatments
have different mean vectors p;, but common covariance matrix Xe.

The one way MANOVA is used to test Hy: py = py = -+ = p,. Often p; = p + 7,
so Hy becomes Hy : 71 = -+ = 7,,. If m = 1, the one way MANOVA model is the one way
ANOVA model. MANOVA is useful since it takes into account the correlations between

the m response variables. The Hotelling’s T2 test that uses a common covariance matrix

is a special case of the one way MANOVA model with p = 2.

4.1 AN ALTERNATIVE TO THE USUAL ONE WAY MANOVA

A useful one way MANOVA model is Z = X B + E where X is the full rank matrix
where the first column of X is v; = 1 and the ith column v; of X is an indicator for group
i—1fori=2,.., p. Forexample, vs = (07, 17,07, ...,07)" where the p vectors in vz have

lengths ny,no, ..., n,, respectively. Then Blk = ?p% = [ipi, for k=1,...,m, and
B =Y 100 — 7p0k = fli—1k — flpk
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for k =1,..,m and i = 2,...,p. Thus testing Hy : p; = --- = p,, is equivalent to testing
Hy: LB = 0 where L = [0 I,4]. Press (2005, p. 262) uses the above model. Then

(#’p—2 - ”’p)T
(’J’pfl - ,J’p)T )

Then a test statistic for the one way Manova model is w given by Equation (4.1) with
T, = pr; =y, where it is assumed that 3, = ¥e fori=1,...,p.

Large sample theory can be used to derive a better test that does not need the equal
population covariance matrix assumption ¥; = Ye. To simplify the large sample theory,

assume n; = m;n where 0 < m; < 1 and Zle m; = 1. Assume H, is true, and let p, = p

for i = 1,...,p. Suppose the p; = p and /n;(T; — p) A N, (0,%,), and /n(T; — p) A
%
Ny, (O, —) . Let

T
T -1,
- T,
w = : (4.1)
Tp—2 - Tp
Then v/nw 2 Ny 1)(0, Sap) with Sep = () where ;; =
b)) ¥, X
L for i # j, and X;; = — + =2 for i = j. Hence
T T T
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as the n; — oo if Hy is true. Here

E+E L % L
no : : : :

is a block matrix where the off diagonal block entries equal Ep /n, and the ith diagonal

block entry is f— + % fori=1,....(p—1).

Reject H, izf to >pm(p — 1) Fop-1),4,(1 — o) where d,, = min(ny,...,n,). It may make
sense to relabel the groups so that n, is the largest n; or f)p /n, has the smallest generalized
variance of the 3 /n;. This test may start to outperform the one way MANOVA test if
n > (m+p)? and n; > 20m for i =1,...,p

Olive (2017b, ch. 10) has the above result where 7; = ¥, is the sample mean and

3, = S, is the sample covariance matrix of the ¢th group. Then X; is the population

covariance matrix of the ith group. The following theorem gives the general result.

Theorem 4.1. If

Vi (T = ) 0 S 0
) D Ny | . ) ’
Ve (T, — ) 0 0 - 3%
then under Hy : p; = = W,
(o) (.5 =05 0%
T Tp Tp Tp Tp
fi=ho ; 5 %,% % 5
v ; B Newo || [ ™ mTmom ™
T, —T ' :
’ ’ 0 El_pp % %I_]: %::11 + %"]_pp
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Proof. To simplify large sample theory, assume n; = mn for some positive real m; and

t=1,---,p. Let 3%, be a consistent nonsingular estimator of ;. Then
\/ N1 (Tl—/.l,l) 0 21 0
X D ) . .
. — Nmp ) )
Vi (T — ) 0 0 - 3
Under Hy: ppy =---p,=p
Vi (Ty — p) 0 o0
: BN | [ ] ¢ 0 0 || = N0, 3).
Vi (T, — ) o) \o . 2

Let A be a (m — 1)p x mp matrix and

I 0 0 - 0o I
oI 0 - 0o I
A=]1001 o0 —I
00 0 - I -1
Then,
Vv (Ty — p) T -1,
A : =./n
vn (T, — p) Ty =1
and
RS YAND S 18 3,
AEAT — 7r'p T2 Tp .7rp Tp
A FD O RSO DA o8
Tp Tp Tp p—1 Tp
Therefore,
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™
¥
¥
¥
¥

mwtEm )
T — TP : 1 & ’ a2 _: “p 2_1; - 2—1;
Jn : B Nowwy || 0] Tooomo v
Ty =1 0 P P %y e P + 2,
L T Tp Tp Tp—1 P -

T = (T7,T5,...T5)", 0 = (u], 13 , ..., ;)" ¢ is a constant vector, and A is a full
rank r X mp matrix with rank r, then a large sample test of the form Hy : A@ = ¢ versus
H, : A0 # c uses

¥ X pX
AVn(T - 0) B N, (o,A diag <—1, =2 —p) AT> .

)
T T9 Tp

When Hj is true, the statistic

N N N —1
lo = [AT — ¢ [A diag (3 = &> AT] AT — ¢ B2

ny Na Ny

The same statistic was used by Zhang and Liu (2013, p. 138) with 7} = g, and 3; = S;.

4.1.1 Test Hy when f]w is unknown or difficult to estimate.

Since the common covariance matrix assumption Cov(ey) = Xe for k = 1,...,p is
extremely strong, using the prediction region method to test Hy : LB = 0 may be a
useful alternative. Take a sample of size n; with replacement from the n; cases for each
group for k = 1,2,...,p. Let Bj be the ith bootstrap estimator of B for i = 1,..., B.
Let the (p — )m x 1 vector w; = vec(LB,) = (1} — )" (o — o))" for i =
1,..., B, where vec(A) stacks columns of a matrix into a vector. For a robust test use
w; = (T7 = T;)",...,(T;_, — T;)")" where T} is a robust location estimator, such as the
coordinatewise median or trimmed mean, applied to the cases in the kth treatment group.
The prediction region method fails to reject Hy if O is in the resulting confidence region.

We likely need n > 40mp, n > (m + p)?, and n; > 40m.
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4.2 POWER COMPARISON AMONG THE TESTS

Figures 4.1, 4.2 and 4.3 try to compare the powers among the tests mentioned above
with the classical test. Here 6, € {0.00,0.04,0.08,0.12,0.16,0.20,0.24,0.30, ...}, 62 = 2 X §;
and d3 = 3 x 6;. Group ¢ has mean p; = 6;1. When 0; increases, the distance between
the mean vectors increases. Figure 4.1 shows the power curve for clean MVN data with
a balanced design where the groups have the same covariance matrices while figure 4.2
shows clean MVN data with m = 5,00 = 1,090 = 2,03 = 5,n; = 200,ny = 400 and
ng = 600. Figure 4.3 uses a mixture distribution. Figure 4.4 is similar to 4.2 except it uses

a multivariate ¢, distribution. See the actual simulation results in Chapter 6.

4.3 REAL DATA EXAMPLE

The North Carolina Crime data consists of 630 observations on 24 variables. This data
set is available online at https://vincentarelbundock.github.io/Rdatasets/datasets.html.
Region is a categorical variable with three categories: Central, West and Other with the
number of observations 232, 146 and 245 respectively, and forms the three groups. This
example uses “wsta” - weekly wage of state employees, “avgsen” - average sentence days,
“prbarr” - ‘probability’ of arrest,“prbconv” - ‘probability’ of conviction and “taxpc” - tax
revenue per capita as variables. The test with the coordinatewise median had Dy = 4.086
with the cutoff of 4.32 and failed to reject Hy. The classical one-way MANOVA test had a
p-value of 0.001 and rejected the null hypothesis.

The DD plots in figure 4.5 reveal a few outliers. Furthermore the boxplots in figure
4.6 and the scatterplot matrix in figure 4.7 shows that the data are highly skewed. Hence
the location measures other than the median likely do differ.

See the simulation set up and the simulation results in Chapter 6.
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Figure 4.1. Power curve for clean MVN data with m = 5,01 = 1,095 =
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CHAPTER 5
SIMULATIONS FOR BOOTSTRAPPING ANALOGS OF THE TWO
SAMPLE HOTELLING’S 7% TEST

5.1 SIMULATION SETUP

The simulation used 5000 runs with B bootstrap samples. Olive (2017bc) suggests that
the prediction region method can give good results when the number of bootstrap samples
B > 50p and if n > 50p, and the simulation used various values of B. See Rupasinghe
Arachchige Don and Pelawa Watagoda (2017).

Four types of data distributions w; were considered that were identical for ¢ = 1, 2.
Then £, = Aw; + 61 and &y, = cAw, where 1 = (1,..,1)T is a vector of ones and

A = diag(1,/2, ...n/D). The w; distributions were:
1. multivariate normal distribution N,(0, I),
2. multivariate ¢ distribution with 4 degrees of freedom,
3. mixture distribution 0.6N,(0, I) + 0.4N,(0,251),

4. multivariate lognormal distribution shifted to have nonzero mean p = 0.649 1, but a

population coordiatewise median of 0.

Note that Cov(zy) = o? Cov(x;), and for the first three distributions, E(x;) =
E(w;) =0if 6 =0.

Adding the same type and proportion of outliers to groups one and two often resulted
in two distributions that were still similar. Hence outliers were added to the first group but
not the second, making the covariance structures of the two groups quite different. The
outlier proportion was 1007%. Let @1 = (x11,...,2p1)". The five outlier types for group 1
were:

1. type 1: a tight cluster at the major axis (0, ...,0,2)7,
T

2. type 2: a tight cluster at the minor axis (z,0,...,0)",
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3. type 3: a mean shift N((z, ..., 2)T, diag(1, ..., p)),
4. type 4: 1, replaced by z, and

5. type b5: xq; replaced by z.

The quantity z determines how far the outliers are from the clean data.

Let the coverage be the proportion of times that Hj is rejected. We want the coverage
near 0.05 when Hj is true and the coverage close to 1.0 for good power when Hj is false.
With 5000 runs, an observed coverage inside of (0.04, 0.06) suggests that the true coverage

is close to the nominal 0.05 coverage when Hj is true.

5.2 SIMULATION OUTPUT
5.2.1 Type I error rates simulation for clean data

Tables 5.1 - 5.6 were for clean elliptically contoured distributions (no outliers present),
where Hj is true and the different location estimators estimate g = 0, the point of sym-
metry for the distribution. The chi-square cutoffs when p = 5 and p = 15 were 11.071
and 24.996, respectively. The coverages were often near the nominal value of 0.05, but the
RMVN coverages were a bit low except for Table 5.4. The classical Hotelling’s T test does
not use the bootstrap, and performed poorly when H, was true and both the sample sizes
and the population covariance matrices were different.

For clean multivariate lognormal data, Hy is true when o = 1 (identical distributions
for both groups), but Hy is not true for the population mean when o = 2. For o = 2, the
coordinatewise median had coverages near the nominal, while the sample mean had good
power with coverages near 1. The RMVN coverage was a bit low when o = 1 with power
that was often less than that of the sample mean when o = 2. See Table 5.7 and 5.8. The

simulated cutoffs were quite similar to the chi-square cutoffs for Tables 5.1 through 5.8.
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Table 5.1. Coverages for clean multivariate normal data p =5

ny MNo O B | Median Mean Tr.Mn RMVN Class
100 100 1 250 | 0.0418 0.0604 0.0546 0.0172
1000 | 0.0452 0.0678 0.0594  0.0198
2 250 | 0.0502 0.0706 0.0596 0.0258
1000 | 0.0470 0.0684 0.0638  0.0220

250 250 1 250 | 0.0470 0.0554 0.0568 0.0402 0.0560
1000 | 0.0440 0.0606 0.0540 0.0414

2 250 | 0.0472 0.0550 0.0574 0.0422 0.0498
1000 | 0.0420 0.0568 0.0538  0.0392
100 200 1 250 | 0.0446 0.0670 0.0600 0.0228
1000 | 0.0434 0.0614 0.0582  0.0254
2 250 | 0.0488 0.0610 0.0568  0.0292
1000 | 0.0422 0.0518 0.0532 0.0234

250 500 1 250 | 0.0490 0.0524 0.0496 0.0394 0.0552
1000 | 0.0462 0.0588 0.0584  0.0448

2 250 | 0.0460 0.0540 0.0524 0.0436 0.0070
1000 | 0.0470 0.0500 0.0534  0.0386
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Table 5.2. Coverages for clean multivariate normal data p = 15

P m Ny O B | Median Mean Tr.Mn RMVN Class
15 300 300 1 750 | 0.0454 0.0666 0.0622 0.0234
1000 | 0.0378 0.0578 0.0554  0.0256
2 750 | 0.0484 0.0752 0.0674 0.0270
1000 | 0.0576 0.0730 0.0732  0.0296

750 750 1 750 | 0.0462 0.0626 0.0622  0.0466 0.0450
1000 | 0.0390 0.0514 0.0470  0.0378

2 750 | 0.0492 0.0598 0.0608 0.0464 0.0516
1000 | 0.0474 0.0556 0.0568  0.0446
300 600 1 750 | 0.0424 0.0650 0.0658  0.0286
1000 | 0.0440 0.0638 0.0592  0.0308
2 750 | 0.0438 0.0578 0.0576  0.0376
1000 | 0.0502 0.0620 0.0630  0.0348

750 1500 1 750 | 0.0466 0.0538 0.0550 0.0466 0.0480
1000 | 0.0492 0.0556 0.0548  0.0444

2 750 | 0.0424 0.0538 0.0520 0.0454 0.0014
1000 | 0.0514 0.0532 0.0542  0.0426
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Table 5.3. Coverages for clean 0.6N,(0, I) + 0.4N,(0,25I) data p =5

P ny no o B | Median Mean Tr.Mn RMVN Class

5 100 100 1 250 | 0.0294 0.0620 0.0388 0.0158
1000 | 0.0390 0.0544 0.0420 0.0130
2 250 | 0.0400 0.0606 0.0416 0.0184
1000 | 0.0422 0.0612 0.0386 0.0162

250 250 1 250 | 0.0420 0.0560 0.0480 0.0394 0.0462
1000 | 0.0386 0.0532 0.0464 0.0336

2 250 | 0.0454 0.0550 0.0476 0.0416 0.0476
1000 | 0.0370 0.0484 0.0400 0.0368
100 200 1 250 | 0.0364 0.0546 0.0398 0.0190
1000 | 0.0344 0.0632 0.0394  0.0222
2 250 | 0.0372 0.0604 0.0462 0.0238
1000 | 0.0346 0.0616 0.0402  0.0228

250 500 1 250 | 0.0460 0.0542 0.0538 0.0416 0.0470
1000 | 0.0368 0.0502 0.0416  0.0404

2 250 | 0.0480 0.0600 0.0474 0.0390 0.0060
1000 | 0.0416 0.0598 0.0498  0.0416

39



Table 5.4. Coverages for clean 0.6N,(0, I)+ 0.4N,(0,25I) data p = 15

P m Ng O B | Median Mean Tr.Mn RMVN Class
15 300 300 1 750 | 0.0414 0.0598 0.0490 0.0428
1000 | 0.0402 0.0592 0.0484 0.0414
2 750 | 0.0426 0.0620 0.0496 0.0502
1000 | 0.0414 0.0600 0.0448  0.0496

750 750 1 750 | 0.0434 0.0536 0.0540 0.0448 0.0496
1000 | 0.0406 0.0598 0.0474  0.0396

2 750 | 0.0468 0.0626 0.0518 0.0456 0.0464
1000 | 0.0456 0.0566 0.0490  0.0454
300 600 1 750 | 0.0418 0.0582 0.0464 0.0474
1000 | 0.0430 0.0684 0.0514  0.0466
2 750 | 0.0394 0.0578 0.0466 0.0432
1000 | 0.0356 0.0606 0.0470  0.0422

750 1500 1 750 | 0.0456 0.0584 0.0568  0.0488 0.0502
1000 | 0.0426 0.0550 0.0478  0.0438

2 750 | 0.0456 0.0576 0.0508 0.0442 0.0004
1000 | 0.0416 0.0572 0.0488 0.0510
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Table 5.5. Coverages for clean multivariate t, data p =5

P ny ng o B | Median Mean Tr.Mn RMVN Class
100 100 1 250 | 0.0478 0.0610 0.0592 0.0178
1000 | 0.0358 0.0548 0.0518 0.0164
2 250 | 0.0514 0.0608 0.0632 0.0238
1000 | 0.0444 0.0512 0.0558 0.0162

250 250 1 250 | 0.0442 0.0574 0.0570 0.0266 0.0456
1000 | 0.0426 0.0570 0.0530  0.0282

2 250 | 0.0496 0.0618 0.0614 0.0328 0.0542
1000 | 0.0480 0.0558 0.0578  0.0292
100 200 1 250 | 0.0432 0.0556 0.0576 0.0212
1000 | 0.0372 0.0552 0.0522  0.0200
2 250 | 0.0414 0.0586 0.0570 0.0232
1000 | 0.0446 0.0546 0.0568  0.0262

250 500 1 250 | 0.0484 0.0512 0.0540 0.0346 0.0504
1000 | 0.0420 0.0488 0.0494 0.0310

2 250 | 0.0408 0.0580 0.0526 0.0348 0.0058
1000 | 0.0410 0.0492 0.0510 0.0348
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Table 5.6. Coverages for clean multivariate t, data p = 15

P m Ny O B | Median Mean Tr.Mn RMVN Class
15 300 300 1 750 | 0.0392 0.0546 0.0562 0.0158
1000 | 0.0480 0.0590 0.0662  0.0140
2 750 | 0.0478 0.0572 0.0604 0.0134
1000 | 0.0512 0.0632 0.0640 0.0148

750 750 1 750 | 0.0470 0.0550 0.0562 0.0232 0.0414
1000 | 0.0382 0.0526 0.0476  0.0228

2 750 | 0.0472 0.0572 0.0542 0.0248 0.0442
1000 | 0.0502 0.0496 0.0556  0.0258
300 600 1 750 | 0.0448 0.0554 0.0598  0.0158
1000 | 0.0458 0.0602 0.0616 0.0184
2 750 | 0.0450 0.0564 0.0558 0.0178
1000 | 0.0400 0.0498 0.0546  0.0196

750 1500 1 750 | 0.0482 0.0556 0.0528 0.0224 0.0446
1000 | 0.0464 0.0496 0.0528 0.0254

2 750 | 0.0442 0.0534 0.0502 0.0314 0.0016
1000 | 0.0452 0.0508 0.0554  0.0262
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Table 5.7. Coverages for clean lognormal data p =5

P ny ng o B | Median Mean Tr.Mn RMVN Class
5 100 100 1 250 | 0.0330 0.0462 0.0470 0.0096
1000 | 0.0290 0.0508 0.0390  0.0088
2 250 | 0.0442 0.6170 0.0600 0.0340
1000 | 0.0368 0.6200 0.0570  0.0352

250 250 1 250 | 0.0408 0.0460 0.0514 0.0274 0.0470
1000 | 0.0388 0.0494 0.0474 0.0254

2 250 | 0.0436 0.9816 0.0858 0.1108 0.9968
1000 | 0.0398 0.9846 0.0788 0.1168
100 200 1 250 | 0.0346 0.0684 0.0492 0.0204
1000 | 0.0320 0.0548 0.0434 0.0138
2 250 | 0.0400 0.8898 0.0644 0.0692
1000 | 0.0428 0.8962 0.0700  0.0730

250 500 1 250 | 0.0398 0.0540 0.0496 0.0316 0.0472
1000 | 0.0368 0.0588 0.0446  0.0292

2 250 | 0.0418 0.9998 0.1192 0.2492 0.9964
1000 | 0.0424 0.9994 0.1158  0.2520

43



Table 5.8. Covera

ges for clean lognormal data p = 15

P m Ny O B | Median Mean Tr.Mn RMVN Class
15 300 300 1 750 | 0.0326 0.0546 0.0478 0.0106
1000 | 0.0364 0.0558 0.0502  0.0120
2 750 | 0.0446 1.0000 0.1408 0.8530
1000 | 0.0474 1.0000 0.1450  0.8680

750 750 1 750 | 0.0402 0.0506 0.0480 0.0216 0.0502
1000 | 0.0410 0.0444 0.0490 0.0238

2 750 | 0.0506 1.0000 0.3670 1.0000 1.0000
1000 | 0.0510 1.0000 0.3748  1.0000
300 600 1 750 | 0.0422 0.0684 0.0546 0.0188
1000 | 0.0406 0.0736 0.0560 0.0172
2 750 | 0.0396 1.0000 0.2344 0.9984
1000 | 0.0408 1.0000 0.2402  0.9990

750 1500 1 750 | 0.0420 0.0580 0.0514 0.0258 0.0514
1000 | 0.0478 0.0558 0.0608  0.0284

2 750 | 0.0446 1.0000 0.6110 1.0000 1.0000
1000 | 0.0464 1.0000 0.6256  1.0000
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5.2.2 Type I error rates simulation for contaminated data

Table 5.9 illustrates the simulated results where group 1 had outliers. The coordinate-
wise median worked with a little higher type I error rate (around 0.08) than the nominal
level of 0.05 for the mixture, multivariate t, and multivariate log normal distributions, but
failed for the multivariate normal data when v = 0.4. The sample mean (classical and
bootstrap) and 25% trimmed mean failed to achieve the nominal level with any of the dis-
tributions used when H, was true for the clean data. The RMVN estimator worked with
all four distributions with a better type I error rate compared to the other estimators. The
chi-square cutoff was 9.488 since p = 4.

The coordinatewise median can achieve better coverages for smaller proportions of
outliers with higher values of z (not shown in the tables), i.e. the outliers had to be far
from the clean data compared to the RMVN estimator. The RMVN estimator can handle

higher proportions of outliers as shown in the Table 5.9.
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Table 5.9. Coverages and cutoffs with outliers: p = 4,n, = ny = 200, B = 200
Dist. Otype v =z Med Mean Tr.Me RMVN Class

MVN 1 04 10 Cov |0.6946 1.0000 1.0000 0.0330 1.0000
cut | 10.158  9.769  9.798  10.701

2 04 20 Cov|0.5232 1.0000 1.0000 0.0382 1.0000
cut | 9.836 9.776  9.809 9.268

3 04 20 Cov |0.8578 1.0000 1.0000 0.0402 1.0000
cut | 10.214  9.761  9.760 9.288

4 0.1 10 Cov | 0.0980 0.8654 0.1450 0.0382 0.8684
cut | 9.898  9.771  9.777 9.851

Mix 2 04 20 Cov |0.0828 1.0000 1.0000 0.0144 1.0000
cut | 10.542  9.788  9.878  11.300

5 0.1 10 Cov | 0.0820 0.5306 0.1228 0.0184 0.5276
cut | 9.933 9.779 9.881 11.056

MVT 1 04 10 Cov | 0.0854 0.6700 0.1548 0.0204 1.0000
cut | 10.232  9.799  9.787  10.200

5 0.1 20 Cov |0.0864 1.0000 0.1418 0.0304 1.0000
cut | 9924 9.795  9.795 9.830

Log 3 04 20 Cov|0.0778 1.0000 1.0000 0.0162 1.0000
cut | 13.689 9.822  9.827 12.607

4 0.1 10 Cov | 0.0842 0.3158 0.1482 0.0234 0.3044
cut | 10.013  9.875 9.872 10.416
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5.2.3 Power Simulation

In the power simulation, § > 0 was used. Hence for the first three distributions g, = 0
and p; = 6(1,...,1)". Then the Euclidean distance between the two means was,/pd, where
p is the number of parameters. Therefore the distance increases as p increase. The value

of 0 had to be fairly small so that the simulated power was not always 1. Also see Table

5.8 with o = 2.

For Table 5.10, the sample mean (bootstrap and classical) had the best power while
the sample median had the worst power. For Table 5.11, the RMVN estimator had the
best power while the sample mean has the worst power. The trimmed mean had the best

power for Table 5.12. For Table 5.13, the RMVN estimator had poor power when p = 5,

n = 250, and ¢ = 2. No method was always best or worst.

Table 5.10. Coverages when Hj is false for MVN data.

P Ni=ng O B 0 Med Mean Tr.Me RMVN C(Class
5 250 1 250 0.35[0.9598 0.9990 0.9928 0.9942 0.9988
1000 0.35 | 0.9684 0.9994 0.9970 0.9978
2 250 0.35]0.5958 0.8442 0.7672 0.7604 0.8402
1000 0.35 | 0.5832 0.8346 0.7438  0.7470
15 750 1 750 0.15 | 0.7394 0.9552 0.9012 0.9268 0.9556
1000 0.15 | 0.7474 0.9522 0.8984 0.9178
2 750 0.15]0.3078 0.5318 0.4550  0.4468 0.5156
1000 0.15 | 0.3118 0.5218 0.4430 0.4464
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Table 5.11. Coverages when Hj is false for mixture data.

P Ni=nyg O B ) Med Mean Tr.Me RMVN Class
5 250 1 250 0.45 | 0.8826 0.4062 0.9304 0.9938 0.4032
1000 0.45 | 0.8858 0.4058 0.9338  0.9948
2 250 0.45]0.4458 0.1910 0.5222 0.7454 0.1642
1000 0.45 | 0.4656 0.1890 0.5386  0.7626
15 750 1 750 0.20 | 0.6204 0.2274 0.7148 0.9492 0.2114
1000 0.20 | 0.6316 0.2228 0.7190  0.9494
2 750 0.20]0.2318 0.1154 0.2894 0.5034 0.1042
1000 0.20 | 0.2438 0.1092 0.2916  0.4980

Table 5.12. Coverages when Hj is false for multivariate ¢, data.

p ny=nyg O B ) Med Mean Tr.Me RMVN  Class
5 250 1 250 0.38 [ 0.9642 0.9562 0.9916 0.9878 0.9548
1000 0.38 | 0.9728 0.9572 0.9944  0.9880
2 250 0.38]0.5958 0.5960 0.7198 0.6488 0.6074
1000 0.38 | 0.6188 0.6152 0.7490 0.6636
15 750 1 750 0.20 | 0.9418 0.9270 0.9868 0.9714 0.9232
1000 0.20 | 0.9422 0.9304 0.9860 0.9724
2 750 0.20 | 0.4934 0.4932 0.6422 0.5384 0.4754
1000 0.20 | 0.4842 0.4916 0.6362 0.5252
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Table 5.13. Coverages when Hy is false for lognormal data.

P Ni=nyg o B 0 | Median Mean Tr.Me RMVN Class

5 250 1 250 0.45| 0.9982 0.8256 0.9994 0.879 0.8208
1000 0.45 | 0.9980 0.8324 0.9996 0.883

2 250 0.45| 0.8210 0.4704 0.6488 0.0914 0.4630
1000 0.45 | 0.8378 0.4646 0.6624 0.1038

15 750 1 750 0.30 | 1.0000 0.9186 1.0000 0.8514 0.9120
1000 0.30 | 1.0000 0.9178 1.0000 0.8544

2 750 0.30 | 0.9436 1.0000 0.5042 0.9438 1.0000
1000 0.30 | 0.9484 1.0000 0.5022  0.9424
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CHAPTER 6
SIMULATIONS WITH THREE SAMPLES FOR BOOTSTRAPPING
ANALOGS OF THE ONE-WAY MANOVA TEST

6.1 SIMULATION SETUP

The simulation used 5000 runs with B bootstrap samples and p = 3 groups. Olive
(2017bc) suggests that the prediction region method can give good results when the number
of bootstrap samples B > 50m(p—1) and if n > 50m(p—1), and the simulation used various
values of B. The sample mean, coordinatewise median, and coordinatewise 25% trimmed
mean were the statistics T' used. The classical one way MANOVA Hotelling Lawley test
statistic was also used.

Four types of data distributions w; were considered that were identical for ¢ = 1,2
and 3. Then y;, = Aw; + 011, y, = 02Aw,, and y; = o3Aw; + d31 or y; = w;
where 1 = (1,..,1)7 is a vector of ones and A = diag(1y/2,..../m). The w; dis-
tributions were the multivariate normal distribution N,,(0,I), the mixture distribution
0.6N,,,(0,1I)+0.4N,,(0,25I), the multivariate ¢ distribution with 4 degrees of freedom, and
the multivariate lognormal distribution shifted to have nonzero mean g = 0.649 1, but a
population coordiatewise median of 0. Note that Cov(y,) = o3 Cov(y,), and for the first
three distributions, E(y,) = E(w;) = 0if §; = d3 = 0. If y; = w3 then Cov(y,) = cI,, for
some constant ¢ > 0. If y; = 03 Aw; + 031, then Cov(y,) = o3 Cov(y,).

Adding the same type and proportion of outliers to all three groups often resulted
in three distributions that were still similar. Hence outliers were added to the first group
but not the second or third, making the covariance structures of the three groups quite
different. The outlier proportion was 1007%. Let y; = (y11,...,Ym1)?. The five outlier
types for group 1 were type 1: a tight cluster at the major axis (0,...,0,2)7, type 2: a
tight cluster at the minor axis (z,0,...,0)T, type 3: N((z,...,2)T, diag(1,...,m)), type 4:
Ym1 replaced by z, and type 5: y1; replaced by z. The quantity z determines how far the
outliers are from the clean data.

Let the coverage be the proportion of times that Hy is rejected. We want the coverage
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near 0.05 when Hj is true and the coverage close to 1.0 for good power when Hj is false.
With 5000 runs, an observed coverage inside of (0.04, 0.06) suggests that the true coverage

is close to the nominal 0.05 coverage when Hj is true.

6.1.1 Simulations for type I error with clean data

Tables 6.1 through 6.8 show simulation results for all for distributions with various
covariance settings. We took 0, = 63 = 0, B : the number of bootstrap steps used also
takes on different values throughout the simulation. Balanced and unbalanced designs
have also been considered. For tables 6.5-6.8 09 = 03 = 1. According to the tables, the
new tests work well with all the distributions and with different covariance settings. The
new tests could handle unbalanced designs as well. The classical test works well with the
multivariate normal data and when the covariance matrices are the same, but the type I
error is higher than the nominal level for different covariance settings. The classical test
can be too conservative when the design is unbalanced. Having an unbalanced design and
different covariance matrices is the worst case scenario for the classical test regardless of

the data distribution.
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Table 6.1. Type I error for clean MVN data with cov3l = F

m | n N9 ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200| 400| 1 1] 0.0422 0.0562 0.0552 0.0460
1000 | 1 1] 0.0486 0.0602 0.0598 0.0510
400 | 2 3| 0.0506 0.0670 0.0606 0.0680
1000 | 2 3| 0.0482 0.0580 0.0590 0.0680
51200 400 600 | 400 | 1 1] 0.0506 0.0542 0.0598 0.0474
1000 | 1 1] 0.0492 0.0542 0.0554 0.0472
400 | 2 3| 0.0474 0.0580 0.0576 0.0066
1000 | 2 3| 0.0532 0.0626 0.0618 0.0074
10 { 400 400 400 | 800 | 1 1] 0.0508 0.0724 0.0712 0.0558
2000 | 1 1| 0.0516 0.0652 0.0644 0.0526
800 | 2 3| 0.0562 0.0640 0.0686 0.0656
2000 | 2 3| 0.0554 0.0624 0.0630 0.0704
10 | 400 800 1200 | 800 | 1 1| 0.0510 0.0594 0.0626 0.0456
2000 | 1 1| 0.0470 0.0578 0.0576 0.0494
800 | 2 3| 0.0468 0.0576 0.0572 0.0008
2000 | 2 3| 0.0440 0.0574 0.0534 0.0034
20 | 800 800 800 | 1600 | 1 1| 0.0474 0.0724 0.0652 0.0496
4000 | 1 1] 0.0504 0.0662 0.0668 0.0494
1600 | 2 3| 0.0566 0.0728 0.0618 0.0772
4000 | 2 3] 0.0592 0.0644 0.0672 0.0638
20 | 800 1600 2400 [ 1600 | 1 1| 0.0562 0.0644 0.0648 0.0492
4000 | 1 1] 0.0504 0.0564 0.0618 0.0462
1600 | 2 3| 0.0530 0.0654 0.0650 0.0000
4000 | 2 3| 0.0472 0.0632 0.0620 0.0008
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Table 6.2. Type I error for clean Mixture data with cov3l = F

m | n N9 ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200| 400| 1 1] 0.0406 0.0526 0.0470 0.0446
1000 | 1 1] 0.0396 0.0600 0.0476 0.0492
400 | 2 3| 0.0448 0.0538 0.0484 0.0682
1000 | 2 3| 0.0418 0.0520 0.0412 0.0692
51200 400 600 | 400 | 1 1] 0.0440 0.0562 0.0438 0.0476
1000 | 1 1] 0.0376 0.0528 0.0486 0.0504
400 | 2 3| 0.0432 0.0518 0.0502 0.0082
1000 | 2 3| 0.0392 0.0528 0.0454 0.0060
10 | 400 400 400 | 800 | 1 1| 0.0446 0.0604 0.0516 0.0498
2000 | 1 1| 0.0438 0.0592 0.0496 0.0502
800 | 2 3| 0.0454 0.0598 0.0478 0.0694
2000 | 2 3| 0.0460 0.0586 0.0468 0.0664
10 { 400 800 1200 | 800 | 1 1] 0.0448 0.0590 0.0458 0.0494
2000 | 1 1| 0.0412 0.0590 0.0512 0.0532
800 | 2 3| 0.0490 0.0600 0.0528 0.0036
2000 | 2 3| 0.0444 0.0524 0.0464 0.0020
20 | 800 800 800 [ 1600 | 1 1| 0.0476 0.0628 0.0530 0.0472
4000 | 1 1] 0.0462 0.0606 0.0498 0.0490
1600 | 2 3| 0.0500 0.0680 0.0522 0.0738
4000 | 2 3| 0.0468 0.0676 0.0516 0.0720
20 | 800 1600 2400 [ 1600 | 1 1| 0.0522 0.0618 0.0560 0.0510
4000 | 1 1] 0.0480 0.0600 0.0504 0.0520
1600 | 2 3| 0.0488 0.0564 0.0566 0.0004
4000 | 2 3| 0.0432 0.0590 0.0476 0.0004
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Table 6.3. Type I error for clean multivariate t data with cov3l = F

m | n N9 ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200| 400| 1 1] 0.0420 0.0566 0.0524 0.0450
1000 | 1 1] 0.0388 0.0528 0.0542 0.0488
400 | 2 3| 0.0534 0.0596 0.0636 0.0666
1000 | 2 3| 0.0450 0.0564 0.0606 0.0650
51200 400 600 | 400 | 1 1] 0.0512 0.0532 0.0578 0.0478
1000 | 1 1] 0.0432 0.0596 0.0536 0.0526
400 | 2 3| 0.0458 0.0516 0.0556 0.0062
1000 | 2 3| 0.0464 0.0564 0.0578 0.0080
10 | 400 400 400 | 800 | 1 1| 0.0448 0.0622 0.0588 0.0480
2000 | 1 1| 0.0490 0.0578 0.0608 0.0488
800 | 2 3| 0.0498 0.0622 0.0654 0.0680
2000 | 2 3| 0.0528 0.0576 0.0576 0.0652
10 { 400 800 1200 | 800 | 1 1| 0.0470 0.0572 0.0530 0.0496
2000 | 1 1| 0.0448 0.0626 0.0544 0.0558
800 | 2 3| 0.0412 0.0508 0.0536 0.0030
2000 | 2 3| 0.0514 0.0582 0.0568 0.0026
20 | 800 800 800 | 1600 | 1 1| 0.0474 0.0620 0.0576 0.0454
4000 | 1 1] 0.0532 0.0604 0.0634 0.0490
1600 | 2 3| 0.0534 0.0652 0.0640 0.0714
4000 | 2 3| 0.0556 0.0644 0.0652 0.0714
20 | 800 1600 2400 | 1600 | 1 1| 0.0568 0.0630 0.0618 0.0504
4000 | 1 1] 0.0492 0.0584 0.0560 0.0532
1600 | 2 3| 0.0546 0.0570 0.0658 0.0008
4000 | 2 3| 0.0488 0.0544 0.0612 0.0004
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Table 6.4. Type I error for clean lognormal data with cov3l = F

m | n N9 ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200| 400| 1 1] 0.0368 0.0628 0.0478 0.0436
1000 | 1 1] 0.0402 0.0596 0.0486 0.0452
400 | 2 3| 0.0432 0.9996 0.1004 0.9994
1000 | 2 3| 0.0448 1.0000 0.0980 0.9996
51200 400 600 | 400 | 1 1] 0.0446 0.0768 0.0568 0.0476
1000 | 1 1] 0.0426 0.0724 0.0530 0.0530
400 | 2 3| 0.0428 1.0000 0.2068 1.0000
1000 | 2 3| 0.0428 1.0000 0.2002 1.0000
10 { 400 400 400 | 800 | 1 1| 0.0450 0.0658 0.0622 0.0450
2000 | 1 1| 0.0472 0.0716 0.0542 0.0498
800 | 2 3| 0.0532 1.0000 0.2858 1.0000
2000 | 2 3| 0.0458 1.0000 0.2706 1.0000
10 | 400 800 1200 | 800 | 1 1| 0.0434 0.0754 0.0542 0.0546
2000 | 1 1| 0.0502 0.0708 0.0526 0.0462
800 | 2 3| 0.0438 1.0000 0.6448 1.0000
2000 | 2 3| 0.0372 1.0000 0.6394 1.0000
20 | 800 800 800 [ 1600 | 1 1| 0.0482 0.0680 0.0580 0.0470
4000 | 1 1] 0.0412 0.0678 0.0582 0.0486
1600 | 2 3| 0.0530 1.0000 0.8714 1.0000
4000 | 2 3] 0.0516 1.0000 0.8622 1.0000
20 | 800 1600 2400 [ 1600 | 1 1| 0.0470 0.0756 0.0648 0.0532
4000 | 1 1] 0.0520 0.0684 0.0652 0.0464
1600 | 2 3| 0.0480 1.0000 0.9980 1.0000
4000 | 2 3| 0.0442 1.0000 0.9988 1.0000
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Table 6.5. Type I error for clean MVN data with cov3l = T

m| n o N3 B | Median | Mean Tr.Mn  Class
51200 200 200 | 400 | 0.0482 | 0.0682 0.0638 0.0650
1000 | 0.0500 | 0.0684 0.0610 0.0592

51200 400 600 | 400 | 0.0566 | 0.0604 0.0648 0.1354
1000 | 0.0472 | 0.0526 0.0534 0.1278

10 | 400 400 400 | 800 | 0.0512 | 0.0636 0.0610 0.0604
2000 | 0.0506 | 0.0608 0.0632 0.0584

10 | 400 800 1200 | 800 | 0.0570 | 0.0658 0.0642 0.2422
2000 | 0.0536 | 0.0536 0.0536 0.2224

20 | 800 800 800 | 1600 | 0.0662 | 0.0740 0.0734 0.0638
4000 | 0.0562 | 0.0668 0.0600 0.0604

20 | 800 1600 2400 | 1600 | 0.0566 | 0.0638 0.0628 0.4308
4000 | 0.0560 | 0.0702 0.0658 0.4308

Table 6.6. Type I error for clean Mixture data with cov3l = T

m| n o n3 B | Median | Mean Tr.Mn  Class
51200 200 200 | 400 | 0.0424 | 0.0614 0.0438 0.0570
1000 | 0.0446 | 0.0618 0.0460 0.0550

51200 400 600 | 400 | 0.0524 | 0.0572 0.0542 0.1284
1000 | 0.0434 | 0.0540 0.0498 0.1270

10 | 400 400 400 | 800 | 0.0422 | 0.0620 0.0542 0.0598
2000 | 0.0450 | 0.0638 0.0524 0.0642

10 | 400 800 1200 | 800 | 0.0468 | 0.0558 0.0484 0.2368
2000 | 0.0522 | 0.0548 0.0518 0.2356

20 | 800 800 800 | 1600 | 0.0520 | 0.0620 0.0560 0.0596
4000 | 0.0492 | 0.0662 0.0518 0.0680

20 | 800 1600 2400 | 1600 | 0.0568 | 0.0598 0.0546 0.4326
4000 | 0.0536 | 0.0614 0.0524 0.4338
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Table 6.7. Type I error for clean Multivariate t data with cov3l = T

m| n o N3 B | Median | Mean Tr.Mn  Class

51200 200 200 | 400 | 0.0396 | 0.0568 0.0538 0.0554
1000 | 0.0464 | 0.0618 0.0552 0.0582
51200 400 600 | 400 | 0.0450 | 0.0568 0.0500 0.1228
1000 | 0.0496 | 0.0588 0.0552 0.1326
10 | 400 400 400 | 800 | 0.0506 | 0.0608 0.0616 0.0582
2000 | 0.0472 | 0.0572 0.0602 0.0612
10 | 400 800 1200 | 800 | 0.0542 | 0.0592 0.0570 0.2294
2000 | 0.0492 | 0.0560 0.0524 0.2372
20 | 800 800 800 | 1600 | 0.0558 | 0.0684 0.0662 0.0642
4000 | 0.0528 | 0.0608 0.0622 0.0610
20 | 800 1600 2400 | 1600 | 0.0574 | 0.0576 0.0654 0.4382
4000 | 0.0602 | 0.0652 0.0636 0.4344

Table 6.8. Type I error for clean lognormal data with cov3l = T

m| n o n3 B | Median | Mean Tr.Mn  Class

51200 200 200 | 400 | 0.0424 | 0.8744 0.0652 0.7208
1000 | 0.0446 | 0.8790 0.0686 0.7220
51200 400 600 | 400 | 0.0470 | 0.9950 0.0864 0.9980
1000 | 0.0460 | 0.9976 0.0884 0.9990

10 | 400 400 400 | 800 | 0.0440 | 1.0000 0.2404 1.0000
2000 | 0.0438 | 1.0000 0.2424 1.0000
10 | 400 800 1200 | 800 | 0.0524 | 1.0000 0.4256 1.0000
2000 | 0.0520 | 1.0000 0.4384 1.0000

20 | 800 800 800 | 1600 | 0.0576 | 1.0000 0.9674 1.0000
4000 | 0.0602 | 1.0000 0.9668 1.0000
20 | 800 1600 2400 | 1600 | 0.0588 | 1.0000 0.9994 1.0000
4000 | 0.0504 | 1.0000 0.9996 1.0000
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6.1.2 Simulations for power with clean data

Tables 6.9 through 6.12 show the power simulation results. In the table 6.9, the
bootstrap test with the mean works similar to the classical test for multivariate normal
data and produced the highest power. The test with the median had the worst power in
this case. The classical test had the worst power in table 6.10 while the bootstrap test with
the trimmed mean had the best power. In table 6.11, the bootstrap test with the trimmed
mean was the best. The classical test was the worst except for the balanced design with
the different covariance matrices case where the test with the median was the worst. In
table 6.12, one of the three bootstrap tests was the best or the same (mainly the cases with

power = 1) compared to the classical test.
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Table 6.9. Power for MVN data with 6; = 0.2 and 63 = 0.5

m| m o ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200 | 400 | 1 1] 0.9942 1.0000 1.0000 1.0000
1000 | 1 1] 0.9932 1.0000 0.9996 1.0000
400 | 2 3| 0.4198 0.6798 0.5902 0.8002
1000 | 2 3| 0.3056 0.5260 0.4394 0.6294
51200 400 800 | 400 | 1 1] 1.0000 1.0000 1.0000 1.0000
1000 | 1 1] 1.0000 1.0000 1.0000 1.0000
4001 2 3| 0.8020 0.9738 0.9274 0.9026
1000 | 2 3| 0.8054 0.9648 0.9276 0.9004
10 | 400 400 400 | 800 | 1 1] 1.0000 1.0000 1.0000 1.0000
20001 1 1] 1.0000 1.0000 1.0000 1.0000
800 | 2 3| 0.5860 0.8624 0.7628 0.9282
2000 | 2 3] 0.5942 0.8614 0.7740 0.9240
10 | 400 800 1200 | 800 | 1 1] 1.0000 1.0000 1.0000 1.0000
20001 1 1] 1.0000 1.0000 1.0000 1.0000
800 | 2 3| 09792 0.9998 0.9984 0.9990
2000 | 2 3] 09794 0.9992 0.9970 0.9982
20 | 800 800 800 | 1600 | 1 1| 1.0000 1.0000 1.0000 1.0000
4000 | 1 1| 1.0000 1.0000 1.0000 1.0000
1600 | 2 3| 0.9242 0.9970 0.9854 0.9990
4000 | 2 3| 0.9246 0.9968 0.9876 0.9992
20 | 800 1600 2400 | 1600 | 1 1| 1.0000 1.0000 1.0000 1.0000
4000 | 1 1| 1.0000 1.0000 1.0000 1.0000
1600 | 2 3| 1.0000 1.0000 1.0000 1.0000
4000 | 2 3| 1.0000 1.0000 1.0000 1.0000
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Table 6.10. Power for Mixture data 6; = 0.2 and d3 = 0.5

m| m o ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200 | 400 | 1 1] 0.7742 0.3168 0.8548 0.2912
1000 | 1 1] 0.7954 0.3126 0.8654 0.2868
4001 2 3| 0.1344 0.0876 0.1530 0.1040
1000 | 2 3| 0.1392 0.0824 0.1552 0.0992
51200 400 800 | 400 | 1 1] 0.9994 0.7694 1.0000 0.7646
1000 | 1 1] 0.9996 0.7598 1.0000 0.7550
4001 2 3| 0.3950 0.1566 0.4742 0.0258
1000 | 2 3| 0.4038 0.1582 0.4776 0.0244
10 | 400 400 400 | 800 | 1 1] 0.9928 0.6144 0.9976 0.5868
20001 1 1] 0.9910 0.6104 0.9968 0.5758
800 | 2 3| 0.2520 0.1166 0.3020 0.1500
2000 | 2 3| 0.2474 0.1222 0.2934 0.1568
10 | 400 800 1200 | 800 | 1 1| 1.0000 0.9728 1.0000 0.9714
2000 | 1 1] 1.0000 0.9740 1.0000 0.9720
800 | 2 3| 0.6626 0.2240 0.7466 0.0574
2000 | 2 3] 0.6640 0.2218 0.7498 0.0496
20 | 800 800 800 | 1600 | 1 1| 1.0000 0.9156 1.0000 0.9004
4000 | 1 1| 1.0000 0.9214 1.0000 0.9074
1600 | 2 3| 0.5058 0.1830 0.5920 0.2308
4000 | 2 3| 0.5030 0.1884 0.5914 0.2396
20 | 800 1600 2400 | 1600 | 1 1| 1.0000 0.9998 1.0000 0.9998
4000 | 1 1| 1.0000 1.0000 1.0000 1.0000
1600 | 2 3| 0.9594 0.4310 0.9838 0.0830
4000 | 2 3| 0.9606 0.4208 0.9864 0.0758
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Table 6.11. Power for Multivariate ¢t data d; = 0.2 and 03 = 0.5

m| m o ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200 | 400 | 1 1] 0.9824 0.9790 0.9982 0.9770
1000 | 1 1] 0.9832 0.9806 0.9980 0.9778
400 | 2 3| 0.2564 0.2760 0.3450 0.3448
1000 | 2 3| 0.2622 0.2750 0.3538 0.3490
51200 400 800 | 400 | 1 1] 1.0000 1.0000 1.0000 1.0000
1000 | 1 1] 1.0000 1.0000 1.0000 1.0000
4001 2 3| 0.7328 0.7132 0.8656 0.4634
1000 | 2 3| 0.7382 0.7210 0.8604 0.4620
10 | 400 400 400 | 800 | 1 1] 1.0000 1.0000 1.0000 0.9998
20001 1 1] 1.0000 1.0000 1.0000 1.0000
800 | 2 3| 0.5048 0.5276 0.6646 0.6324
2000 | 2 3] 0.5154 0.5266 0.6750 0.6290
10 | 400 800 1200 | 800 | 1 1] 1.0000 1.0000 1.0000 1.0000
20001 1 1] 1.0000 1.0000 1.0000 1.0000
800 | 2 3| 0.9576 0.9494 0.9908 0.8522
2000 | 2 3] 0.9574 0.9468 0.9892 0.8538
20 | 800 800 800 | 1600 | 1 1| 1.0000 1.0000 1.0000 1.0000
4000 | 1 1| 1.0000 1.0000 1.0000 1.0000
1600 | 2 3| 0.8670 0.8698 0.9582 (.9288
4000 | 2 3| 0.8686 0.8660 0.9600 0.9272
20 | 800 1600 2400 | 1600 | 1 1| 1.0000 1.0000 1.0000 1.0000
4000 | 1 1| 1.0000 1.0000 1.0000 1.0000
1600 | 2 3| 1.0000 0.9996 1.0000 0.9974
4000 | 2 3| 1.0000 0.9998 1.0000 0.9972
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Table 6.12. Power for lognormal data §; = 0.2 and d3 = 0.5

m | n N9 ns B | oy o3| Median Mean Tr.Mn  Class
51200 200 200| 400 | 1 1] 0.9928 0.7360 0.9974 0.6936
1000 | 1 1] 0.9954 0.7500 0.9986 0.7086
400 | 2 3| 0.2712 1.0000 0.5182 0.9998
1000 | 2 3| 0.2810 1.0000 0.5320 1.0000
51200 400 800 | 400 | 1 1| 1.0000 0.9934 1.0000 0.9940
1000 | 1 1] 1.0000 0.9942 1.0000 0.9944
400 | 2 3| 0.7906 1.0000 0.9922 1.0000
1000 | 2 3| 0.7956 1.0000 0.9940 1.0000
10 | 400 400 400 | 800 | 1 1| 1.0000 0.9774 1.0000 0.9670
2000 | 1 1| 1.0000 0.9752 1.0000 0.9662
800 | 2 3| 0.5744 1.0000 0.9402 1.0000
2000 | 2 3| 0.5632 1.0000 0.9404 1.0000
10 { 400 800 1200 | 800 | 1 1| 1.0000 1.0000 1.0000 1.0000
2000 | 1 1| 1.0000 1.0000 1.0000 1.0000
800 | 2 3| 0.9780 1.0000 1.0000 1.0000
2000 | 2 3| 0.9808 1.0000 1.0000 1.0000
20 | 800 800 800 | 1600 | 1 1| 1.0000 1.0000 1.0000 1.0000
4000 | 1 1] 1.0000 0.9998 1.0000 0.9998
1600 | 2 3| 0.9182 1.0000 0.9998 1.0000
4000 | 2 3] 0.9212 1.0000 1.0000 1.0000
20 | 800 1600 2400 | 1600 | 1 1| 1.0000 1.0000 1.0000 1.0000
4000 | 1 1] 1.0000 1.0000 1.0000 1.0000
1600 | 2 3| 1.0000 1.0000 1.0000 1.0000
4000 | 2 3| 1.0000 1.0000 1.0000 1.0000
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6.1.3 Simulations for type I error with contaminated data

For the tables 6.13 through 6.16 the data was contaminated by using the five types
of outliers mentioned earlier, and v = 10% or 5% was used. In table 6.13 the test with
the median works reasonably well (close to the nominal coverage) with 10% of outliers
with all the distribution and for all the outlier types with the exception of outlier type 3.
All the other tests including the classical test failed. Table 6.14 uses 10 parameters with
5% of outliers and results are similar to those in table 6.13. Tables 6.15 and 6.16 uses 20
parameters with 10% and 5% outliers respectively.

Tables 6.17 through 6.20 show the simulations used to get the power curves in section
4.2. It is clear from the graphs that classical test is worst when there is an unbalanced design
with different covariance matrices. Also see figures 4.2-4.4. Figure 4.1 uses a balanced
design with same covariance matrices. Then the bootstrap test with the mean, the large
sample MANOVA type test and the classical test are best and all there of these test almost
overlap. In figure 4.2, the bootstrap test with the mean does best while in 4.3 and 4.4 the

bootstrap test with the trimmed mean does best.
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Table 6.13. Type I error with contaminated data: m =5, vy = 0.1

Dist.

m

Ny = N9 = N3

B

outlier

Median Mean

Tr.Mn

Class

1

5

200

1000

Tt = W N =

0.0638 0.8034
0.0504  0.9826
0.2720  0.9994
0.0966 0.7862
0.0840 0.9854

0.1572
0.1488
0.4024
0.1546
0.1268

0.9302
1.0000
1.0000
0.9236
1.0000

200

1000

Tt = W N =

0.0488 0.1832
0.0376  0.4880
0.1994 0.7502
0.0858 0.1848
0.0780 0.4688

0.1068
0.1042
0.2206
0.1080
0.0974

0.1812
0.5428
0.8978
0.1830
0.5400

200

1000

Tt = W N =

0.0598 0.6046
0.0464 0.9356
0.2590 0.9944
0.0946 0.5824
0.0828 0.9216

0.1554
0.1366
0.3882
0.1486
0.1270

0.7094
0.9946
1.0000
0.6926
0.9928

200

1000

Tt = W N =

0.0426  0.9880
0.0416 0.9924
0.1762 1.0000
0.0708  0.9902
0.0766  0.9950

0.1998
0.1396
0.3980
0.1892
0.1508

0.9624
0.9884
1.0000
0.9674
0.9932
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Table 6.14. Type I error with contaminated data: m = 10, v = 0.05

Dist.

m

Ny = N9 = N3

B

outlier

Median

Mean

Tr.Mn

Class

1

10

800

1000

Tt = W N =

0.0274
0.0192
0.4710
0.0872
0.0756

0.9720
1.0000
1.0000
0.9660
1.0000

0.1318
0.1132
0.6760
0.1264
0.1084

0.9956
1.0000
1.0000
0.9974
1.0000

10

800

1000

Tt = W N =

0.0272
0.0152
0.4288
0.0852
0.0644

0.2586
0.9182
0.9976
0.2454
0.9032

0.1246
0.0992
0.5954
0.1102
0.0898

0.2734
0.9764
1.0000
0.2658
0.9750

10

800

1000

Tt = W N =

0.0252
0.0158
0.4596
0.0954
0.0804

0.8384
0.9996
1.0000
0.8254
1.0000

0.1266
0.1160
0.6544
0.1270
0.1054

0.9178
1.0000
1.0000
0.9158
1.0000

10

800

1000

Tt = W N =

0.0232
0.0146
0.4130
0.0806
0.0714

1.0000
1.0000
1.0000
1.0000
1.0000

0.6856
0.5036
0.9962
0.7362
0.6184

1.0000
1.0000
1.0000
1.0000
1.0000
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Table 6.15. Type I error with contaminated data: m = 20, v = 0.1

Dist.

m

Ny = N9 = N3

B

outlier

Median

Mean

Tr.Mn

Class

1

20

800

2000

Tt = W N =

0.1522
0.0960
0.9986
0.2170
0.1740

0.8752
1.0000
1.0000
0.8612
1.0000

0.3994
0.2958
1.0000
0.3684
0.2890

0.8906
1.0000
1.0000
0.8800
1.0000

20

800

2000

Tt = W N =

0.1256
0.0988
0.9762
0.1994
0.1578

0.1496
0.9434
1.0000
0.1426
0.9438

0.3378
0.2560
0.9924
0.3028
0.2392

0.1342
0.9654
1.0000
0.1210
0.9664

20

800

2000

Tt = W N =

0.1438
0.0904
0.9970
0.2184
0.1546

0.5946
1.0000
1.0000
0.5888
1.0000

0.3928
0.2900
0.9998
0.3598
0.2804

0.5666
1.0000
1.0000
0.5716
1.0000

20

800

2000

Tt = W N =

0.2928
0.0892
0.9912
0.1756
0.1512

1.0000
1.0000
1.0000
1.0000
1.0000

0.8634
0.9490
1.0000
0.9986
0.9920

1.0000
1.0000
1.0000
1.0000
1.0000
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Table 6.16. Type I error with contaminated data: m = 20, v = 0.05

Dist.

m

Ny = N9 = N3

B

outlier

Median

Mean

Tr.Mn

Class

1

20

800

1000

Tt = W N =

0.0046
0.0010
0.5950
0.0886
0.0878

0.7012
0.9974
0.9998
0.6820
0.9972

0.1330
0.1148
0.7496
0.1218
0.1138

0.7932
1.0000
1.0000
0.7758
1.0000

20

800

1000

Tt = W N =

0.0044
0.0014
0.5116
0.0800
0.0696

0.1468
0.7946
0.9776
0.1434
0.7718

0.1064
0.0960
0.6054
0.1038
0.0850

0.1338
0.9004
1.0000
0.1294
0.8908

20

800

1000

Tt = W N =

0.0032
0.0020
0.5762
0.0816
0.0784

0.4786
0.9908
0.9992
0.4524
0.9888

0.1346
0.1076
0.7190
0.1136
0.1020

0.5006
1.0000
1.0000
0.4848
1.0000

20

800

1000

Tt = W N =

0.0016
0.0014
0.4778
0.0822
0.0720

1.0000
1.0000
1.0000
1.0000
1.0000

0.9664
0.9216
1.0000
0.9892
0.9768

1.0000
1.0000
1.0000
1.0000
1.0000
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Table 6.17. Power curve for MVN data with m = 5,00 = 1,09
1,03 = 1,n1 = 200, ny = 200 and nz = 200

01 o 03 Med Mean Tr.Me Clas MaTyp

0 0 0| 0.0442 0.0588 0.0562 0.0502  0.0470
0.04 0.08 0.12]0.0700 0.1206 0.1048 0.1070 0.1072
0.08 0.16 0.24|0.1776 0.326 0.2714 0.2992  0.2982
0.12 0.24 0.36 | 0.4308 0.696 0.6002 0.6758 0.6694
0.16 0.32 0.48 | 0.7266 0.9442 0.8836 0.9384  0.9364
0.20 0.40 0.60 | 0.9142 0.9952 0.9834 0.9958  0.9948
0.24 048 0.72 ] 0.9876 0.9998 0.9994 0.9998  0.9998
0.30 0.60 0.90 | 0.9998 1 1 1 1
0.35 0.70 1.05 1 1 1 1 1

Table 6.18. Power curve for MVN data with m = 5,00 = 1,09
2,03 = 5,n1 = 200,19 = 400 and ng = 600

01 0o 03 Med Mean Tr.Me Clas MaTyp

0 0 00.0492 0.0510 0.0542 0.0034 0.0446
0.04 0.08 0.12]0.0636 0.0786 0.0726 0.0062 0.0654
0.08 0.16 0.24 | 0.0804 0.1224 0.1086 0.0060 0.1044
0.12 0.24 0.36 | 0.1400 0.2322 0.1942 0.0146 0.2158
0.16 0.32 0.48 | 0.2388 0.4204 0.3494 0.0334  0.3956
020 0.4 0.6]0.3836 0.6438 0.5372 0.0710 0.6186
0.24 0.48 0.72 ] 0.5538 0.8280 0.7278 0.1240 0.8126
0.30 0.60 0.90 | 0.7922 0.9648 0.9200 0.2868  0.9590
0.35 0.70 1.05|0.9170 0.9964 0.9832 0.4898  0.9958
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Table 6.19. Power curve for Mixture data with m = 5,01 = 1,09 =
2,03 = 5,n1 = 200,19 = 400 and ng = 600

o1 09 03 Med Mean Tr.Me Clas MaTyp

0 0 0| 0.0486 0.0522 0.0524 0.0474  0.0054
0.04 0.08 0.12]0.0504 0.0602 0.0520 0.0510 0.0034
0.08 0.16 0.24 | 0.0588 0.0624 0.0670 0.0540 0.0042
0.12 0.24 0.36 | 0.1196 0.0688 0.1356  0.059  0.0054
0.16 0.32 0.48 | 0.1178 0.0820 0.1350 0.0708  0.0068
0.20 0.40 0.60 | 0.3846 0.6354 0.5432 0.6148 0.0644
0.24 048 0.72]0.2350 0.1120 0.2948 0.0964 0.0078
0.30 0.60 0.90 | 0.3826 0.1570 0.4650 0.1378  0.0086
0.40 0.80 1.20 | 0.689 0.2602 0.7726 0.2326 0.0190
0.45 0.90 1.35|0.8032 0.3134 0.8646 0.2916  0.0250

0.50 1.00 1.50 | 0.9006 0.3698 0.9396 0.3518 0.0312
0.60 1.20 1.80 | 0.9780 0.5592 0.9868 0.5370  0.0538
0.80 1.60 2.40 | 0.9998 0.8450 0.9998 0.8296 0.1358
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Table 6.20. Power curve for Multivariate t4 data with m = 5,00 =
1,0’2 = 2,0'3 = 5,711 = 200,712 =400 and ng = 600

o1 o 03 Med Mean Tr.Me Clas MaTyp

0 0 0 | 0.0500 0.0530 0.0572 0.0046  0.0450
0.04 0.08 0.12]0.0516 0.0650 0.0652 0.0042 0.0560
0.08 0.16 0.24 | 0.0750 0.0814 0.0940 0.0056 0.0714
0.12 0.24 0.36 | 0.1304 0.1460 0.1770 0.0098  0.1308
0.16 0.32 0.48 | 0.2102 0.2214 0.2888 0.013 0.2038
0.20 0.40 0.60 | 0.3302 0.338 0.4618 0.0198  0.3168
0.24 048 0.72 | 0.487 0.4758 0.6278 0.0380 0.4572
0.30 0.60 0.90 | 0.7344 0.7122 0.8526 0.0858  0.7004
0.35 0.70 1.05| 0.873 0.8572 0.9520 0.1462 0.8440
0.40 0.80 1.20 | 0.9576 0.9472 0.9900 0.2586  0.9416
0.45 0.90 1.35]0.9892 0.9848 0.9994 0.3768  0.9826
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CHAPTER 7
DISCUSSION

The first part of this dissertation suggests a practical method to perform a multivariate
two sample test when the asymptotic covariance matrix of the statistic 7T; is difficult to
estimate. Such tests may be useful when the data distribution is unknown or outliers are
present. The method was illustrated with the coordinatewise median, sample mean, 25%
trimmed mean, and RMVN estimators. All four estimators work well when the prediction
region method was applied to the clean data, although care needs to be taken with the
multivariate lognormal distribution where the four estimators T; are estimating different
parameters fip,.

Both the sample mean and the 25% trimmed mean failed to achieve the nominal
coverage when Hj is true with the contaminated data. The coordinatewise median could
handle up to 10% outliers, while the RMVN estimator could handle up to 40% outliers.
Both estimators were robust to the equal covariance assumption.

This work also gives practical alternatives for the classical one way MANOVA test.
One novel large sample test was given. This test does not use the unreasonably strong equal
covariance assumption and worked well in the simulations. Another practical method to
bootstrap analogs of the one way MANOVA test was also suggested. Such tests may be
useful when the data distribution is unknown or outliers are present. The method was
illustrated with the coordinatewise median, sample mean, 25% trimmed mean. All three
estimators work well when the prediction region method was applied to the clean data.
The classical test does not work well when the assumptions are not met. The classical test
is worst in terms of type I error and power when working with an unbalanced design and
the equal covariance assumption is violated.

The bootstrap test with the coordinatewise median is recommended when the outliers
are present. To make the bootstrap test more efficient with outliers, a robust location
estimator can be used (e.g. RMVN location estimator) as in the two sample case.

Konietschke, Bathke, Harrar, and Pauly (2015) suggest a method for bootstrapping
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the MANOVA model, and Willems, Pison, Rousseeuw, and Van Aelst (2002) suggest a
robust one sample Hotelling’s T type test. References for robust one way MANOVA tests
are in Finch and French (2013), Todorov and Filzmoser (2010), Van Aelst and Willems
(2011), and Wilcox (1995).

The R software was used in the simulation. See R Core Team (2016). Pro-
grams are in the Olive (2017b) collection of R functions mpack.tzt available from
(http://lagrange.math.siu.edu/Olive/mpack.txt). The function hot2sim was used to sim-
ulate the two sample tests of hypotheses, The Curran (2013) R package Hotelling was
used to perform the classical 2 sample Hotelling’s T2 test. The function manbtsim2 was
used to simulate the bootstrapped one way MANOVA tests, predreg computes the con-
fidence region given the bootstrap values from rhot2boot, and manbtsim4 simulates the

large sample one way MANOVA type test and to produce the power curves.
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APPENDICES



R CODES FOR THE SIMULATIONS

APPENDIX I

The following is the R code for the simulations for Bootstrapping Analogs of the Two
Sample Hotelling’s T2 Test.

source("http://lagrange.math.siu.edu/0live/mpack.txt")
library (MASS)

hot2sim<-function(n = 100, n2 = 100, p = 2, csteps = 5, B= 100, gam = 0.4,
nruns = 100, xtype = 1, outliers = 0, z = 10, sig = 1, eps = 0.4,

dd=4, delta = 0){

# This R function simulates the two sample Hotelling’s T"2 test based on the
#bootstrap. Here x2 is clean, x = x1 may have outliers.

# Uses the coordinatewise mean, median, 25% trimmed mean, and RMVN location

estimators.

# Need p > 1. Want n > 20p, n2 > 20p, B > 20p.

# Multiply x by A where xtype = 1 for MVN Np(0,I),

# 2, (with delta = eps) for (1 - delta) Np(0,I) + delta Np(0, 25 I)
# 3 for multivariate t_d with d = dd

# 4 for lognormal.

# outliers = 0 for no outliers and X"N(0,diag(l,...,p)),

# 1 for outliers a tight cluster at major axis (0,...,0,z)’

# 2 for outliers a tight cluster at minor axis (z,0, ...,0)’

# 3 for outliers X"N((z,...,z)’,diag(1,...,p))

# 4 for outliers X[i,p] = z

# 5 for outliers X[i,1] = z

# For the point mass outlier types 4 and 5, need gam much smaller than 0.4.
# Power can be estimated by increasing delta so mu = delta(l,...,1)
# and mu2 = (0, ..., 0).
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# Cov(x) = diag(1,2,...,p), Cov(x2) = sig™2 Cov(x) for clean data.
# For outliers=0, want hquant and rquant approx 1.
A <- sqrt(diag(1l:p))
munot <- 0 * (1:p)
mu <- delta * (1 + munot)
val <- floor(gam * n)
indx <- 1:n
indx2 <- 1:n2
medmus <- matrix(0,nrow=B,ncol=p)
mnmus <- medmus
tmnmus <- medmus
rmvnmus <- medmus
medcv <- 0
mncv <- 0
tmncv <- 0
rmvncv <- 0
chisqcut <- qchisq(p=0.95,df=p)
cutoffs <- matrix(0,nrow=nruns,ncol=4)
for(i in 1:nruns) {
#make data
x <- matrix(rnorm(n * p), ncol = p, nrow = n)
x2 <- matrix(rnorm(n2 * p), ncol = p, nrow = n2)
if (xtype == 2) {
zu <- runif(n)
x[zu < eps, ] <- x[zu < eps, ] x5
zu <- runif(n2)
x2[zu < eps, ] <- x2[zu < eps, ] * 5
}
if (xtype == 3) {
zu <- sqrt(rchisq(n, dd)/dd)
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X <- x/zu
zu <- sqrt(rchisq(n2, dd)/dd)
x2 <- x2/zu
}
if (xtype == 4){ #Want pop coord med(x) = 0.
x <- exp((x)
x <-x -1
x2 <- exp(x2)
x2 <-x2 -1
}
x <= x %*% A
x2 <= x2 %x% A
x2 <- sig * x2
if (outliers == 1) {
x[1:val, ] <- matrix(rnorm(val * p, sd = 0.01), ncol
= p, nrow = val)
x[1:val, p] <- x[1l:val, p] + z
}
if (outliers == 2) {
x[1:val, ] <- matrix(rnorm(val * p, sd = 0.01), ncol
= p, nrow = val)
x[1:val, 1] <- x[1:val, 1] + z
}
if (outliers == 3) {
tem <- z + 0 *x 1:p
x[1:val, ] <- x[1:val, ] + tem
}
if (outliers == 4) {

x[1:val, p] <- z
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if (outliers == 5) {
x[1:val, 1] <- z
}
X <-mu + X
#clean x has mean mu =delta(l,...,1)°T, x2 has mean (0,...,0)°T

#get bootstrapped Tx - Tx2 for various statistics T
for(j in 1:B){
tem <- sample(indx,n,replace=T)
medx <- apply(x[tem,],2,median)
mnx <- apply(x[tem,],2,mean)
tmnx <- apply(x[tem,],2,tmn)
rmvnx <- covrmvn(x[tem,])$center
tem <- sample(indx2,n2,replace=T)
medx2 <- apply(x2[tem,],2,median)
mnx2 <- apply(x2[tem,],2,mean)
tmnx2 <- apply(x2[tem,],2,tmn)
rmvnx2 <- covrmvn(x2[tem,])$center
medmus [j,] <- medx-medx2
mnmus [j,] <- mnx-mnx?2
tmnmus[j,] <- tmnx-tmnx2

rmvomus [j,] <- rmvnx-rmvnx2

outmed<-predreg(medmus)
medcv <- medcv + outmed$inr
outmn <- predreg(mnmus)
mncv <- mncv + outmn$inr
outtmn <- predreg(tmnmus)
tmncv <- tmncv + outtmn$inr
outrmvn <- predreg(rmvnmus)

rmvncv <- rmvncv + outrmvn$inr
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cutoffs[i,]<-
c(outmed$cuplim,outmn$cuplim, outtmn$cuplim,outrmvn$cuplim) ~2
}
medcv <- 1 - medcv/nruns #prop of times Ho is rejected
mncv <- 1 - mncv/nruns
tmncv <- 1 - tmncv/nruns
rmvncv <- 1 - rmvncv/nruns
mncut <- apply(cutoffs,2,mean)
list(chisqcut = chisqcut, mncut=mncut, medcv = medcv,

mncv = mncv,tmncv=tmncv,rmvicv=rmvicv)

tmn<-function(x, tp = 0.25)
{# computes 100tp), trimmed mean

mean(x, trim = tp)
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The following is the R code for the simulations for Bootstrapping Analogs of the
One-Way MANOVA Test.

library (MASS)

source("http://lagrange.math.siu.edu/0live/mpack.txt")

manbtsim2<-function(n = 100, n2 = 100, n3 = 100, m = 2, csteps = 5, B= 100,
gam = 0.4, nruns = 100, ytype = 1, outliers = 0, z = 10, sig2 =1, sig3 = 1,
0.4, dd=4, delta = 0, delta3 = 0, cov3I = F){

eps
# This R function simulates a one way Manova type bootstrap test for
# Ho: mu_1 = mu_2 = mu_3 where p = g = 3 = number of groups.
#Here y2 and y3 are clean, y = yl may have outliers, and y is m by 1.
# Uses the coordinatewise mean, median, and 257% trimmed mean.

## Does not use the slow RMVN location estimators.

# Need m > 1. Want n > 20m, n2 > 20m, n3 > 20m, B > 20m.

# Multiply y by A where ytype = 1 for MVN Nm(O,I),

# 2 for (1 - eps) Nm(0,I) + eps Nm(0, 25 I),

# 3 for multivariate t_d with d = dd,

# 4 for lognormal.

# outliers = 0 for no outliers and Y"N(O0,diag(l,...,m)),

# 1 for outliers a tight cluster at major axis (0,...,0,z)’

# 2 for outliers a tight cluster at minor axis (z,0, ...,0)’

# 3 for outliers Y'N((z,...,z)’,diag(1l,...,m))

# 4 for outliers Y[i,m] = z

# 5 for outliers Y[i,1] = z

# For the point mass outlier types 4 and 5, need gam much smaller than 0.4.
# Power can be estimated by increasing delta so mul = delta(l,...,1)
# and mu2 = (0, ..., 0), mu3 = delta3(1,...,1).

# Cov(y) = diag(1,2,...,m), Cov(y2) = sig”2 Cov(y) for clean data.

#

Cov(y3) = sig™3 Cov(y) for clean data if cov3I = F,
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# or Cov(y3) = cI_3 if cov3I = T.
# For outliers=0, want hquant and rquant approx 1.
A <- sqrt(diag(l:m))
munot <- 0 * (1:m)
mu <- delta * (1 + munot)
mu3 <- delta3 * (1 + munot)
val <- floor(gam * n)
indx <- 1:n
indx2 <- 1:n2
indx3 <- 1:n3
medmus <- matrix(0,nrow=B,ncol=2%m)
mnmus <- medmus
tmnmus <- medmus
medcv <- O
mncv <- 0
tmncv <- 0
crej <- 0
gp <= 0
grp <- 0
pval <= 0

out <- 0

chisqcut <- qchisq(p=0.95,df=2*m)
cutoffs <- matrix(0,nrow=nruns,ncol=3)
for(i in 1:nruns) {

#make data

y <- matrix(rnorm(n * m), ncol = m, nrow = n)

y2 <- matrix(rnorm(n2 * m), ncol = m, nrow = n2)

y3 <- matrix(rnorm(n3 * m), ncol m, nrow =n3)

if (ytype == 2) {
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zu <- runif(n)

ylzu < eps, ] <- ylzu < eps, ] * 5
zu <- runif(n2)

y2[zu < eps, ] <- y2[zu < eps, ] * 5
zu <- runif(n3)

y3[zu < eps, ] <- y3[zu < eps, ] * 5

}

if (ytype == 3) {

zu <- sqrt(rchisq(n, dd)/dd)

y <= y/zu

zu <- sqrt(rchisq(n2, dd)/dd)
y2 <= y2/zu

zu <- sqrt(rchisq(n3, dd)/dd)
y3 <- y3/zu
}

if (ytype == 4){ #Want pop coord med(y) = 0.
y <= exp(y)

y<-y-1

y2 <- exp(y2)

y2 <-y2 -1

y3 <- exp(y3)

y3 <-y3 -1

Y <y Wxh A
y2 <= y2 Ux*% A
y2 <- sig2 * y2
if( cov3I != T){
y3 <= y3 U%x% A
y3 <- sig3 * y3}

if (outliers == 1) {
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y[l:val, ] <- matrix(rnorm(val * m, sd = 0.01), ncol
= m, nrow = val)
y[1:val, m] <- y[1l:val, m] + z
}
if (outliers == 2) {
y[l:val, ] <- matrix(rnorm(val * m, sd = 0.01), ncol
= m, nrow = val)
y[1:val, 1] <- y[1l:val, 1] + z
}
if (outliers == 3) {
tem <- z + 0 *x 1:m
y[l:val, ] <- y[il:val, ] + tem
}
if (outliers == 4) {
yll:val, m] <- z
}
if (outliers == 5) {
yll:val, 1] <- z
}
y<-mu+ty
y3 <= mu3d + y3
#clean y has mean mu =delta(l,...,1)°T,
#y2 has mean (0,..,0)"T and y3 has mean delta3d (1,...,1)°T
#get bootstrapped Ty - Ty3, Ty2 - Ty3 for various statistics T
for(j in 1:B){
tem <- sample(indx,n,replace=T)
medy <- apply(y[tem,],2,median)
mny <- apply(yl[tem,],2,mean)
tmny <- apply(yl[tem,],2,tmn)

tem <- sample(indx2,n2,replace=T)
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medy2 <- apply(y2[tem,],2,median)

mny2 <- apply(y2[tem,],2,mean)

tmny2 <- apply(y2[tem,],2,tmn)

tem <- sample(indx3,n3,replace=T)
medy3 <- apply(y3[tem,],2,median)

mny3 <- apply(y3[tem,],2,mean)

tmny3 <- apply(y3[tem,],2,tmn)

medmus [j,] <- c(medy-medy3,medy2-medy3)
mnmus [j,] <- c(mny-mny3,mny2-mny3)

tmnmus [j,] <- c(tmny-tmny3,tmny2-tmny3)

outmed<-predreg(medmus)
medcv <- medcv + outmed$inr
outmn <- predreg(mnmus)
mncv <- mncv + outmn$inr
outtmn <- predreg(tmnmus)
tmncv <- tmncv + outtmn$inr

cutoffs[i,]<-c(outmed$cuplim,outmn$cuplim,outtmn$cuplim) "2

#Get the classical test coverage
yall<-rbind(y,y2,y3)
yall<-as.matrix(yall)

gp <- c(rep(1, n),rep(2, n2),rep(3, n3))
grp<-factor(gp)

out<-manova(yall~grp)

pval <- summary(out,test="Hotelling-Lawley")$stats[1,6]

#pvalue for Hotelling-Lawley’s test

if (pval < 0.05){
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crej <- crej +1

b

+

medcv <- 1 - medcv/nruns #prop of times Ho is rejected
mncv <- 1 - mncv/nruns
tmncv <- 1 - tmncv/nruns
mncut <- apply(cutoffs,2,mean)

ccv <- crej/nruns

list(chisqcut = chisqcut, mncut=mncut, medcv = medcv,

mncv = mncv,tmncv=tmncv,ccv=ccv)

83



The following is the R code for the power curves for Bootstrapping Analogs of the
One-Way MANOVA Test and the large sample test from the section 4.1.

manbtsim4 <- function(nl = 100, n2 = 100, n3 = 100, m = 2, csteps = 5, B= 100,

gam = 0.4, nruns = 100, ytype = 1, outliers = 0, z = 10, sig2 =1, sig3 = 1,

eps = 0.4, dd=4, deltal = 0, delta2 = 0, delta3 = 0, cov3I = F){
#needs library(MASS)

# This R function simulates one way Manova type tests for

# Ho: mu_1 = mu_2 = mu_3 where p = g = 3 = number of groups.

#Can vary the mean vectors mui better than in manbtsim2.

#Has one more test than manbtsim3.

#Here y2 and y3 are clean, 7yl may have outliers, and yl is m by 1.
# Uses the coordinatewise mean, median, and 25% trimmed mean.

#Also does the classical Hotelling Lawley one way MANOVA test.
#Partially written by Hasthika S. Rupasinghe Arachchige Don.

## Does not use the slow RMVN location estimators.

# Need m > 1. Want n > 20m, n2 > 20m, n3 > 20m, B > 20m.

# Multiply y by A where ytype = 1 for MVN Nm(O,I),

# 2 for (1 - eps) Nm(0,I) + eps Nm(0, 25 I),

# 3 for multivariate t_d with d = dd,

# 4 for lognormal.

# outliers = 0 for no outliers and Y'N(0,diag(l,...,m)),

# 1 for outliers a tight cluster at major axis (0,...,0,z)’

# 2 for outliers a tight cluster at minor axis (z,0, ...,0)’

# 3 for outliers Y'N((z,...,z)’,diag(1,...,m))

# 4 for outliers Y[i,m] = z

# 5 for outliers Y[i,1] = z

# For the point mass outlier types 4 and 5, need gam much smaller than 0.4.
# Power can be estimated by using unequal deltai so mul = deltal(l,...,1)
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# and mu2 = delta2(l, ..., 1), mu3 = delta3(1,...,1).
# Cov(yl) = diag(1,2,...,m), Cov(y2) = sig”"2 Cov(yl) for clean data.
# Cov(y3) = sig™3 Cov(yl) for clean data if cov3I = F,

# or Cov(y3) = cI_3 if cov3I = T.
# For outliers=0, want hquant and rquant approx 1.
A <- sqrt(diag(l:m))
munot <- 0 * (1:m)
mul <- deltal * (1 + munot)
mu2 <- delta2 * (1 + munot)
mu3 <- delta3 * (1 + munot)
val <- floor(gam * nl)
indxl <- 1:nl
indx2 <- 1:n2
indx3 <- 1:n3
medmus <- matrix(0,nrow=B,ncol=2%m)
mnmus <- medmus
tmnmus <- medmus
medcv <- 0O
mncv <- 0
tmncv <- 0
mantcov <- 0
crej <- 0
gp <= 0
grp <- 0
pval <- 0

out <- 0

chisqcut <- qchisq(p=0.95,df=2%m)
cutoffs <- matrix(0,nrow=nruns,ncol=3)

for(i in 1l:nruns) {
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#make data

yl <- matrix(rnorm(nl * m), ncol = m, nrow = nl)
y2 <- matrix(rnorm(n2 * m), ncol = m, nrow = n2)
y3 <- matrix(rnorm(n3 * m), ncol = m, nrow = n3)

if (ytype == 2) {
zu <- runif(n)
yi[zu < eps, ] <- yl[zu < eps, ] * 5
zu <- runif(n2)
y2[zu < eps, ] <- y2[zu < eps, ] * 5
zu <- runif (n3)
y3[zu < eps, ] <- y3[zu < eps, ] x5
}
if (ytype == 3) {
zu <- sqrt(rchisq(nl, dd)/dd)
yl <- y1/zu
zu <- sqrt(rchisq(n2, dd)/dd)
y2 <- y2/zu
zu <- sqrt(rchisq(n3, dd)/dd)
y3 <- y3/zu
}
if (ytype == 4){ #Want pop coord med(y) = 0.
yl <- exp(yl)
yl <-y1 -1
y2 <- exp(y2)
y2 <-y2 -1
y3 <- exp(y3)
y3 <-y3 -1
}
vl <= y1 %% A
y2 <= y2 Jx*% A
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y2 <- sig2 * y2
if( cov3I != T){
y3 <= y3 Yx*% A
y3 <- sig3 * y3%}
if (outliers == 1) {
yl[1l:val, ] <- matrix(rnorm(val * m, sd = 0.01), ncol
= m, nrow = val)
yi[il:val, m] <- yi[l:val, m] + z
}
if (outliers == 2) {
y1[1l:val, ] <- matrix(rnorm(val * m, sd = 0.01), ncol
= m, nrow = val)
yi[1l:val, 1] <- yi[l:val, 1] + z
}
if (outliers == 3) {
tem <- z + 0 * 1:m
yi[il:val, ] <- yi[il:val, ] + tem
}
if (outliers == 4) {
yi[il:val, m] <- z
}
if (outliers == 5) {
yi[l:val, 1] <- z
}
y1l <= mul + yi
y2 <- mu2 + y2
y3 <- mu3 + y3
#clean yl1 has mean mul =deltal(l,...,1)°T,
#y2 has mean delta2(1,..,1)°T and y3 has mean delta3d (1,...,1)°T

#get bootstrapped Ty - Ty3, Ty2 - Ty3 for various statistics T
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for(j in 1:B){

tem <- sample(indxl,nl,replace=T)
medy <- apply(yl[tem,],2,median)
mny <- apply(yl[tem,],2,mean)

tmny <- apply(yl[tem,],2,tmn)

tem <- sample(indx2,n2,replace=T)
medy2 <- apply(y2[tem,],2,median)
mny2 <- apply(y2[tem,],2,mean)
tmny2 <- apply(y2[tem,],2,tmn)
tem <- sample(indx3,n3,replace=T)
medy3 <- apply(y3[tem,],2,median)
mny3 <- apply(y3[tem,],2,mean)
tmny3 <- apply(y3[tem,],2,tmn)
medmus [j,] <- c(medy-medy3,medy2-medy3)
mnmus [j,] <- c(mny-mny3,mny2-mny3)

tmnmus [j,] <- c(tmny-tmny3,tmny2-tmny3)

outmed<-predreg (medmus)
medcv <- medcv + outmed$inr
outmn <- predreg(mnmus)
mncv <- mncv + outmn$inr
outtmn <- predreg(tmnmus)
tmncv <- tmncv + outtmn$inr

cutoffs[i,]<-c(outmed$cuplim,outmn$cuplim,outtmn$cuplim) "2

#Get the classical test coverage
yall<-rbind(yl,y2,y3)
yall<-as.matrix(yall)

gp <- c(rep(l, nl),rep(2, n2),rep(3, n3))
grp<-factor(gp)
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out<-manova(yall~grp)

pval <- summary(out,test="Hotelling-Lawley")$stats[1,6]

#Hotelling-Lawley’s test

if (pval < 0.05){
crej <- crej +1
}
#large sample Manova type test based on the sample mean
pval <- mantyp(y=yall,p=3,group=grp)$pval
if(pval < 0.05) mantcov <- mantcov + 1
}
medcv <- 1 - medcv/nruns #prop of times Ho is rejected
mncv <- 1 - mncv/nruns
tmncv <- 1 - tmncv/nruns
mncut <- apply(cutoffs,2,mean)
ccv <- crej/nruns

mantcov <- mantcov/nruns

list(chisqcut = chisqcut, mncut=mncut, medcv = medcv,

mncv = mncv,tmncv=tmncv,ccv=ccv,mantcov=mantcov)
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