Math 402 Exam 1 is Wed. Feb. 15. You are allowed 12 sheets of notes and a
calculator. The exam covers HW1-3, and Q1-3. Numbers refer to types of problems on
exam. In this class log(t) = In(t) = log,(t) while exp(t) = ¢'. Chapters 2, and 3:

1) Memorize the following distributions:

a) exponential(p)= gamma(v = 1, ) where p > 0 is the force of mortality:

f(z) = pexp(—pz) I(z > 0).

E(X)=1/p, VAR(X)=1/p* F(z) =1— exp(—uz), * > 0. Here I(x > 0) = 1 if
x > 0and I(x > 0) = 0, otherwise. (The parameterization with A = 1/u is common.
Then E(X) = X and V(X) = \2.) S(z) = exp(—px), z > 0.

b) uniform(#;, 65) and De Moivre(f) = unlform(O 0):

1
0y — 0,
F(I) = (f - 91)/(92 — 91) for 0 <z < 0s.
E(X)=(61+05)/2. VAR(X) = (62— 61)%/12.

2) The cdf F(x) = P(X < z), the survival function S(z) = P(X > x), the pdf
f(z) = F'(x), u(x) = force of mortality = hazard rate function, F(X) = e .

3) (z) denotes a person alive at age x.

flx) =

4) Let X = T, where T,, = T'(z) is the time until failure for a person alive at age x.
Then Ty = = + T, given Ty > x. Also, po = So(t) = (TO >t), qo = Fo(t) = P(Ty < t),
and E(T(]) = fooo tf(](t)dt = fooo S(](t)dt if llmt_>oo tS(]( )

5) Let t > 0. Let G, = Gr, where G is T, S, F, ji, or f. If there is no subscript x,
then G = Gj.

S(](ZE + t)

=1— g, =P(T, >t)=P(1y > t| Ty >
So(@) tq ( ) (To > = +t|To > =)

T+t t
= exp(— /m 1y dy) = exp(— /0 fztw dw)
Note that So(x +t) = So(x)Sx(t).

folwt+t) d d

f0($+t) o fm(t)
So(z+1t)  Su(t)

6) If ¢ = 1 the subscript is often suppressed so p, = 1p, = and ¢z = 1¢,.
7) The complete expectation of life at age x or the expected future lifetime at age x

is &= B(Ty) = [ tfo(t)dt = g [ tfolw +t)dt = [5° ipy dt = [5° Sa(t)dt. Note that
eo= E(Ty).

W) flore = pa(t) = po(z+1) =



8) V(T) =
2f000 t tPx =

E( ) =
2 5~

9) Memorize: If T, ~ EX P(u) where p > 0, then for t > 0, pi,44
E (t) =1—e#, S,(t) = e, B(T,) =¢,= 1/pu and V(T
distribution is the only distribution with a constant force of mortality p, (%)
= u for some constant p < 1.

10) Memorize: If T, ~ U(0,

you are told fi,

[E(T,))]? where E(T,) = ¢, and E(T2) = [ t2f,.(t)dt
t) dt. Note that E(T?) can be found using z

Sa(t)

= 0.

= M, fm(t) = He_“t,
») = 1/u?. The exponential
= p. Often

w), then T, has a De Moivre(w — ) distribution:

w—x—1

T, ~ U(0,w — x) with support 0 < t < w — . For such t, S,(t) = p, = ——— =

t
L p(2)
w—
the distribution from ;p,.

:/“’L-'E‘l't:
w —

11) Suppose z > 0 and 0 < ¢ < 1.

and E(T,) =é, =

w—x
w—x :
. Often need to recognize

function to approximate

linear or UDD approx

exponential or constant force approx

So(x +1t) (1 —1)So(x) +tSp(x + 1) [SO(I)]I_t [So(x + 1)]t
P 1 —(qx) (p2)" = exp(—pt)
19z (=1— ips) t(qz) 1- (pm)t =1-(1- qsﬂ)t
M4t 1—q7:(qm) —log(p.) = 1
folt) = tpe pase 0o —(pz)" log(pz) = pexp(—pt)
tqz+ov 1 Eth(i]m) L= (p2)' = 14
(t)qsﬂ t o~
tPz+v 1 - 1 — 'U(qm) (pm) ~ tPz

12) The curtate duration at failure RV K, =

[ T2 ).

Here |7.7] = 7. Suppose the

person died in the kth time interval (k — 1, k] which means T is in the time interval
(x+k—1,2+k|, given Ty > x. Then K, = k—1. K, is a discrete random variable where

k=0,1,2,

Suppose the interval of failure for T, is (k, k + 1] (so T} fails in interval

(x + k,z+ k +1]). Then K, = k. The probability (mass) function of K, is

k|Qm :pKz(k) = P(

K, = k)
kPz — k41Ds = Fu(k +1)

=Pk <T, <k+1)

13) The curtate expectation of life at age x is

K,) = ik: P(K

=Plr+k<Ty<z+k+1Ty>z) =

Sy (k + 1).

k=0

14) Know: The probability that (z) will die between x +n and x +n+m is g, =

P(z+n < Ty < x+n+m|Ty > x)
nPz m4z+n- For m = 1, n1qz = n|Qm — P([(m

15) multiplication rule: 1Py = 1Pz mPrtn

=n)= 3Pz uin = Pn<T, <n+1).

nPx — n+mPz = n+mlz— nlz =

16) gr:ﬁl = expected number of years lived in (x,z + n| by a (randomly selected)

survivor to age . (The : 77| in the subscript means take the formula for €, but replace the
upper limit co in the integrand by n.) So gm:m: / Pz dt = / Se(t) dt = / t f.(t)dt
0 0 0

2




1
Chapter 4: 17) From interest theory, i) the compound interest factor v = T4 and
1
0<v<l

1 —
ii) The effective rate of interest i = ~ Y%~ 0. Often i = 0.05.
v
iii) The force of interest 6 = log(1 + i) > 0. Note that 1+ = e’ sov=e".
7
iv) The effective rate of discount d = T
7
18) The life insurance model has a benefit function b, and a discount function v, where
t = the length of time from issue of insurance until death (or until insurance payment).
Often v; = v* and b; = 1 unit. The present value function z; = by is the present value, at
time ¢ from policy issue, of the benefit payment. Let T = T, = insured’s future lifetime
RV and the claim random wvariable or present value random variable Z = zr, = bp,vr,.
Or K, = |T.] = the curtate future lifetime RV, and Z = 21,1k, = b1yk, Vi+k,-

19) E(Z) is the actuarial present value (APV) = expected present value (EPV) = net
single premium (NSP) of the insurance, the expected value of the present value of the
payment.

=w=1—v>0.

20) Formulas are given for unit payment. Let A = E(Z) and ?A = E(Z?). For
nonunit payment ¢, multiply the unit payment formula for A by ¢ and the unit formula
payment for 24 by c2.

21) Suppose (x) buys insurance and dies at ¢t € (k — 1, k] years from purchase so
K, =k —1 where k € {0,1,2,...}. Consider the following discrete life insurance models.

i) (Discrete) whole life insurance makes unit payment at time t = k with v; = v*,;t > 0
and b, = 1,t > 0. Then z = b, = v',t > 0. The present value random variable
Ly = 214K, = pltEe Then the actuarial present value APV = EPV = NSP = A, =

E(Z,) = E(v'tEe) Z V" P(K, = k), and %A, = F[(Z,)?] = E[(v'T)?] =

S I P(K, = k).
k

ii) (Discrete) n year term insurance = (discrete) n year temporary insurance makes
unit payment at time ¢t = k only if £ < n, otherwise no payment is made. Now

1 < ot <
vy = vt >0, bt:{ , T=m {U’ =N The present value

0, t>n and 7z, = byv, = 0, t>n

vt K, <n
random variable (note 1 + K, < n if K, < n)is Z}_ = ’ v Then the
7| 0, K, >n.
n—1
actuarial present value APV = EPV = NSP = Al 7 = E(Z;:m) = > V"P(K, = k),
k=0
and 2AL m = El(Z,n Z 2+ p = k). The 1 above the x means unit benefit

is payable after (z ) dies if death is before time n.

iii) (Discrete) n year deferred insurance makes unit payment at time ¢ = k only if
k > nso k> n+ 1, otherwise no payment is made. Now v, = v', ¢ > 0,

0, t<n _ _ 0, t<n
bt_{l, t>n and Zt_btvt_{vt, t>n.
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. . . 0 K, <
The present value random variable (note 1+ K, > nif K, > n)is,|Z, = UH}(Z K> :

Then the actuarial present value APV = EPV = NSP = n|A =FE(u|Z:) =
Z kaP =k),and ? |4, = E[(x]Z,)%] = Z VPR, = k).

=n
iv) (Discrete) n year endowment life insurance makes unit payment at time t = k if
v, t<n
vt >n,

t Ko+l

v t<n . vite K, <n
v"’, ; >_n The present value random variable Z,.z = - ’ K:E .
Note that the n year endowment present value random variable

Zym| = VA 7+ Z 1, the sum of the n year term and n year pure endowment present
7|

value RVs. Then the actuarial present value APV = EPV = NSP = A,z = E[Z,.5]

t <k <nand at timen if ¢ > n. Thenbtzl,tZOandvt:{ and zy =

byvy =

n—1
= Aglg n|‘|‘Am ﬁ| Z Uk'HP = k;)—H}"P(K > n) kz—o k+1P _H} Z P - k)
Similarly, [Z,=]* = [Z,. n|] + [Z ] and 2A4,m = 2AL a 2A 1
Z VPR, = k) + 02" P(K, > n) Z V*FUP(K, = k) + 0™ Y P(K, =

v) (Discrete = continuous) n year pure endowment insurance makes unit payment at
v, t<n
= bt —

time n only if ¢ > n , otherwise no payment is made. Now v, = { ot

< <
{ 0, t=n and z; = byvy = { 0, i=m The present value random variable

1, t>n vt >n.
0, T,<n .

Z 1= " Then the actuarial present value APV =EPV=NSP =4 , =
7| v, T, >n. 7|
E(Z )= ,E, = v"P(T, > n) = v"S;(n) = e"S,(n) and 24 : = F|(Z 1|)2] =
z:n| | |

v P(T, > n) = v*"S,(n) = e *"S,(n). The 1 above the 72| means unit benefit is payable
after (z) dies if death is after time n. Also V(Z 1) = v®" ,pz nqs. Note the book does

M|
not use Z and A for this insurance because payment is made iff T, > n iff K, > n so the
discrete insurance and continuous insurance are technically equivalent.
22) Z, = Z;:ﬁl + ulZe, Ap= AL a WlAe,  [Z2)? = [Z1L, n|] + [alZ.)? %A.
2Ara+ PalAe, Zam = Zym +2 1y Aw = Apm+A . (Zow)* = [Zpm)* + 2 1]2

- 7| @l
and A, = 2AL T 2A

z:n|
23) Suppose (z) buys insurance and dies at t > 0 years from purchase so T' =T, =
t. Consider the following discrete life insurance models (note that 21 v) n year pure
endowment insurance is both continuous and discrete).
i) (Continuous) whole life insurance makes unit payment at time t = k with v, =
vi,t >0and by = 1,¢t > 0. Then z; = bv; = v', ¢t > 0. The present value random variable

4



7. = zr = v’ Then the actuarial present value APV = EPV = NSP =

x E(im) = E('UT) = E(e_éT) = A 'Ut.fT(t) dt = A 6_5t.fT(t) dt = A 'Ut tPx Ma4t dt> and

pN
I

A, = E[(Z,)? = E[(07)2] = E(e~2T) = /0 T (t) dt = /0 T et (1) dt = /0 T 0% e sy dt.

ii) (Continuous) n year term insurance makes unit payment at time ¢ > 0 only if
t < n, otherwise no payment is made. Now v, = v', ¢t > 0,

b 1, t<n b — v, tgnand 7 vls T <n
710, t>n, PR 0, t >, xal 70, T >n.

Then the actuarial present value APV = EPV = NSP =

Aoy = EZy) = [ e fr(t) dt = [ o'fr(t) dt = [0 ipo piose dt, and

Ay = Bl o)) = [ e fr(t) de = "o fr(t) dt = [ 0¥ ip pros dt.
0 0 0

The 1 above the z means unit benefit is payable after (z) dies if death is not after time
n.

iii) (Continuous) n year deferred insurance makes unit payment at time ¢ > 0 only if
t > n, otherwise no payment is made. Now v; = v', ¢t > 0,

b — 0, t<n o — b — 0, t<n and |Z— 0, T<n
P71, t>n, ETUTET) ot t >, MEET W, T o> on.

Then the actuarial present value APV = EPV = NSP =
wl Az = E(,|Z2) :/ e O fr(t) dt :/ vl fr(t) dt :/ V' Py fose dt, and
2 |As = El(u]Z,)% = /oo e Pt fp(t) dt = /oo v fr(t) dt = /oo V¥ Py fage dt.

iv) (Continuous) n year endowment life insurance makes unit payment at time t > 0
if t <n and at time n if £ > n. Then b, = 1,¢t > 0 and

Lot< Lot< . L, T<
vt:{v’ =" 2 = by = v =" and Zygm = v ="

vt >n, vt >n, v T > n.
Then Z,m = Zym + Z i Ay = E[Zom) = Ay + A . Zow? = [Zoml® + 12 _1|]2’

and 24, = 2Amn|—|— 24 .
7|
24) KNOW: Let T ~ EXP(u). Then E(T) = [ tue dt = [ e #tdt = 1/p. So
[ tDe P dt = [ et P)dt =1/D for D > 0. Use £ when exponential RV is used.
25) In 24) and 26), often [ is replaced by [°. If D > 0, / De Pdt =1 —eP,

/nDe_tht:e_"D, /Oe_thtZB[l—e" and/ e Pdt = D € e P,

>



26) Whole life insurance with the exponential(;) distribution often has Z = by o7

where b, = ¢%. Now / pe Mtdt =1 so / e Mdt = 1/p if p > 0. Hence
0 0

EZ] = /0 bee pe M dt = /0 e 0t e Mdt = 'u/o e tnto=0l gy — i

vided p 4+ 6 — 0 > 0. Also E[(Z)’] = /oo[bte_ét]j,ue_“tdt = /OO Mt =00t et =
0 0

pro-

,u/ e~ ttoi=05l gy — B provided p+905 — 605 > 0. Note that § = 0 corresponds
0 w—+05—0j
to unit payment.

27) Often unit benefits are not used for continuous insurance. Let B, = Z = 27,
br,vr,. Then A = E[(Z)] = / (beve)’ fr(t)dt. Note that APV = A = E[Z] = E[B, ] =
0

/ byvy fr(t)dt. The bars on A and Z are often omitted. Usually v, = v' = e
0

28) KNOW: Let T' ~ EXP(u). S(t) = e # for t > 0. Often use Z instead of Z.
i) If by = ce’ and Z = bror, then E[Z7] = E|[(brvr)’] = JE[(’Tvr)]. So multiply
¢ = 1 formulas by ¢/. Usually want j = 1, 2.

a) Special whole life insurance: b; = €%, v, = ™, and Z = brvy = eTe™7.
Bz E B it 4 65— 0> 0. See 26).
(Z7) roj g RTI—0 )

b) Whole life insurance: special case of a) with # = 0. See 28i). Z, = 7. A, =
E7m — F —5T£ H dQZm:E 7m2:E —25T£ M )

(7 =B £ L ()= B £ Lo
V(Z,) = %A, — (A,)2

- 1-Z,
c) Whole life annuity. See 32). Y, = 5
— S 1 — V(Z,) A, — (A,)?
EYm:m:/ “Sp(tydt £ ——. V(Y,) = = .
Vi =m = [T eosnd £ s VIV) =1 .

Chapter 5: 29) am:v—l—vz—l—vs—l—---—l—v":Zv’:

’fL

im =1+v+0"+0° +- Zv’

n 1 — "
GmZ/O 'Utdt:T,U.

30) A (discrete annual) immediate whole life annuity pays (z) 1 unit at times ¢ =
1,2, ...,aslong as (z) survives. For integert, P(K, >t) = P(T, > t) = p,. Let Y, = azg;|
be the present value random variable and let a, = E(Y,) be the APV = EPV = NSP of
1— ke 1

where d = iv = ——, and
1+

the annuity. Then a, = E(Y,) = >°; v' ip,. Then Y, = : = —[1 —(1+19)Z,).
i i
Note the immediate annuity has an 4 in the denominator. Also, V(Y,) = — 2

31) A (discrete annual) whole life annuity-due pays (z) 1 unit at times ¢t = 0,1, 2, .
as long as () survives. Let Y, be the present value random variable and let G, = E (Y)
be the APV = EPV = NSP of the annuity. Then d, = E(Y) =a;+1=3, v ps.
. 11—t 17,
Y, = gy = ! = = Y, + 1. Note the d in the denominator for an

d d




annuity-due. Then E(Y,) = a, + 1 and V(Y;) = V(Y.

32) A continuous whole life annuity makes a continuous payment at an annual rate

— 11—l
of 1 unit per year as long as (z) survives. The present value RV Y, = gy = =

J

1—-2Z, — 00 00 1
=~ The APV is @, = (V) :/0 ot tpmdt:/o e 8, (1)dt £ —
Ve 7m 2Zm - Zm 2
V(Y = V((;z ) = 52( ) . Note the ¢ in the denominator of the continuous
annuity.

33) The (discrete) immediate n year temporary annuity pays (z) 1 unit at times
t=1,...,nif K, >nandat timest=1,...,k—1if 1 < K, =k—1 <n—1. No payment

n o Km
is made if K, = 0. The present value RV Y.z = Z Z 4= { ek = The APV
=1 x| Aml, K, >n.

Ay = E(Y;g:m) = Zﬂt tPzx-
t=1

34) The (discrete) n year temporary annuity-due pays (x) 1 unit at times ¢ =
0,1,....,n—1if K, > n and at times ¢t = 0,1,....,.k — 1 if K, = k — 1 < n. The present

. n-! 1—Zx .
t=0 it
n—1 1— Amﬁ
Z,Ut tPx = T| = am:m +1-— nEm
t=0

35) A (continuous) temporary n year annuity makes a continuous payment at annual
rate of 1 unit a year for n years if T, > n and for T, years if T,, < n. The present value

S Ve 1—Zen ar, T, < — Yy "o
RV is Ymm = T| == { aaj;"’ Tm = nn Then am:m = E(Y:Em) = ‘/0 € étsm(t)dt

2Zm:ﬁ| - (me)z
52
36) A (discrete) immediate n year deferred whole life annuity makes no payment if
K, <n. It K, = k—1 > n+1, then unit payment is made at times t = n+1,n+2, ..., k—1.

The present value RV ,|Y, =Y, — Y57 = Z Z 1. The APV

t=n+1 |

n|am - E(nD/m) = Gy — am:m = Z 'Ut tPz-

t=n-+1
37) A (discrete) n year deferred whole life annuity-due makes no payment if K, < n.
If K, = k—1 > n, then unit payment is made at timest =n,n+1,n+2,....k — 1. The

present value RV n|Ym =Y, — Ym:m =7 _1| + Y, = Z Z 1. The APV

T i=n T
oo
t=n

38) A (continuous) n year deferred annuity makes no payment if 7, < n. f T, =t > n
then continuous payment at annual unit rate is made from time n to time ¢. The present

T 0 T, < _
value RV is ,|Y, =Y, — Y, 5 = { g ' T >_nn Then |G, = E(,|Y,) =
Tr—nl? z :

7



2n — 2 —
0" De [Apin — “Apin] Where Gpp, =

00 _ 2
o 5t 21 _ ~
7 ~ T | e s, E[6IY2)] = 5
/0 ¢3S, (D)t and 2y, = /0 e=BtS, L (1)dt.

39) Contingent annuities paid mthly are paid m times a year with payment 1/m
where m > 1. So annual payment is 1 unit per year. A discrete immediate mthly whole
life annuity pays 1/m units at the end of each mthly time interval while (z) survives. The
APV is a{™. A discrete mthly whole life annuity-due pays 1/m units at the beginning
of each mthly time interval while (z) survives. The APV is d{™ = a{™ + L. The

2
Woolhouse approximation is a{™ =~ a, + m=1 R oag + m 1 + m 1
v 2m 2m 12m?

1 -1
Then dim) = a;m) + — & ay — mT where d, is given by the illustrative life table. Also

(e + 9).

i, ~ a, + 1. Also dgznw i, — 0.5 Qam + 0.5~ d, — 0.5 — (u, + d)/12 since a continuous
annuity is the limiting case of an mthly annuity as m — oo. The approximation is good
for m > 12.

End of Math 401 Material



Chapter 10

40) Multiple life functions consider failure or survival of a status of multiple lives.
Insurance is payable when the status fails. Annuities are payable as long as the status
survives. For 2 life functions the x and y are separated by a colon. So think of (zy) as
(x:y), and (Ty) as (T y). Notation x +n : y + n is also used. Let T}, 1L T}, mean that T},
and T, are independent. Usually assume T, LT, 1L ... LT, .

41) A joint life status for (xy) fails as soon as x or y dies. Let T, = min(7,,T,) =
time until 1st death. Convert ¢’s to p’s, then convert back to ¢’s if needed.

42) If n = 10, x = 40, and y = 20, want Tyo.20, STy000(t) = Sa0:20(t) =  +Pa0:20,
Fio0(t) = tqa020, f10:20(t), frao:20(t), 10/Ga0:20, €40:20, Koao:20, €a0:20 and €40.90.7.

43) Know: Consider a joint life status (zy) and T,

i) survival function: Syy(t) = puy = P(Thy > t). U T, LT, then pyy = (p2)( tpy)-

i) cdf: Foy(t) = 1quy = P(Tyy <t). U T, LT, then gy = 1z + 19y — ( 1G2)( 1qy)-

d —d

iii) pdf: fo,(t) = %me(t) = ESmy(t). If T, LT, then fu,(t) = 1Duy(fote + fytt)-

iv) force of mortality: fu,(t) = émy((?) If T, L T, then pipy(t) = pose + fyrt =
zy

Nm—l—t:y—l—t-
n+1Px
V) a) n|me = nPzy — n+1Pzy = P(’)’L < Tmy S n+ 1) Let Pr4ny+n = % and
nPzry

Qr4n:y+n = 1- Pr+ny+n- Then n|me = npmy(l - pm—l—n:y—l—n) = nPzy Qzt+n:y+n- If Tm A Ty>
then 4 |¢zy = (wp2) (nPy) = (n41D2) (n41Dy)-

b) nmGry = nPry metnytn = nPzy — ntmPzy = P(TL < Tmy S n —+ m) See 14)*15)
for more formulas.

C) n+mPzy = nPzy mPz+ny+n-

Vi) €py= E(Tmy):/o tfzy(t)dt:/o Dyt

vii) E[(T,)?] = /0 T (f)dt =2 /0 R

viii) Let K,y = |14y, | be the curtate duration at failure of the joint status (zy) (the
number of whole years of survival left to the status (zy)). Then P(K,y = k) = ,|quy-

ix) The curtate expectation of future lifetime for the joint status is ey, = Z kDzy =
k=1
E[K,,| is the average number of whole years of survival left to the joint status (zy).

n

x) The temporary curtate lifetime is eyym = Z kPzy = average number of whole
k=1
years of survival within the next n years (for time ¢ € (0,n]) of the joint status (zy).

xi) Still have ypy + gz = 1.

44) Poy = 1Pey = Sty (1) and oy = 1qey = 1 — 102y = Frp, (1).

45) If T, ~ EXP(p,) LT, ~ EXP(py), then Ty, = min(T,,T,) ~ EX P, + py).
)

46) A two life last survivor status for (77y) fails after both x and y die. Let
T = max(T;,T,) = time until 2nd death. Then T, + T3 = T, + T,. Convert p’s to



q’s, then convert back to p’s if needed.
47) If n = 10, z = 40 and y = 20, want Tz, St—(t) = Swao(t) = P20,

Fao(t) = 420, fro90(t)s Hagao(t), 10lda0:20, g40:20> K595, €590 and €10:20:10-

48) Know: Consider a last survivor status (7g) and Tg;.

i) survival function: STﬁ(t) = Sa(t) = e = P(Teg > 1) = 1pe + Py — tPay- f
T, LTy, then prg =1—(1q2)(+qy) = Pz + Py — (P2)( tDy)-

ii) cdf: Fog(t) = 1qzg = P(I5g <t) =1 — Sz(t). Y T, LT, then
tqzg = (142)( 1qy) = Fu(1)Fy(t) = Fr, (1) Fr, (1)

i) pdf: far(t) — %F@(t) _ d—tdS@(t) — L)+ £y (1) — fuylt) =
(ep2) (pate)+(epy) (yt) = (ePay) (gt ye) = (D) (Hare) T Caepy) () — (eDay) (Hattege) -
fzz(t) _ (p2) (pat) + (epy) (Hyst) — (ePay) (Hartiy+t)

iv) force of mortality: jiz;(t) =

B Sﬁ(t) tPx + tpy - tpmy
If T, 1L T}, then pmp(t) = (142) (ePy) (g 41) :;_( 1y)( tpm)(/*j“m-l-t)‘
tMTy

V) a) n|Qﬁ: nPzy — n+1p@:P(n<T@§n+l) = nlqe + n|Qy - n|me:
P(Kz =n). See 14)-15) for more formulas.
b) nmlzm = wPzg — nemPay = P(n < Tz <n+m). See 14) for more formulas.

Vi) exg = E(Tay) = /0 tfag(t)dt = /0 Dy dt = €5 + €, — €y

vit) E[(To)?] = /0 T ()t =2 /0 T ey dt.

viii) Let Kzy = |I%;| be the curtate duration at failure of the status (7y)
(the number of whole years of survival left to the last survivor status (77)).

iX) €z7 = Y kPzg = €z + €y — €zy = E[Kz] is the average number of whole years of
k=1

survival left to the last survivor status (zy).

X) ezgm| = Z KDy = Ca:n| + €ym| — €xym| = average number of whole years of survival
k=1
within the next n years (for time ¢t € (0,n]) of the last survivor status (77).
49) pzy = 1Pey = Szy(1) and qzy = 1qzy = 1 — 1psy = Fay(1).
50) Ty is one of T, or T, and T is the other. Hence T, + T% = T, + T, and
Teg =Ty + Ty — Tyy. Similarly, P(T,, > t) + P(T& > t) = P(T, > t) + P(T, > t), and

P(Tey > t) = P(T, > t) + P(T, > t) — P(T, > t). See point 48) i) and vi).
5 Elmin(X, )] = [ afx(yds+ [~ ifs(epts = [ oo +iSx()
52) Elmax(X. j) = [ " j el + [ wix(@ar = iFxG) + [ apx(a)de
53) P[(x) fails before (y)] = P(Th < T)) = woq’, = /0 - /t Y fron (ts)dsdt =

o)

[T [t slt)ds fr(de = [ P(T > T, = ) fr, (t)dt. 1 T, LT, then
0 t 0
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(e}

P(T, < 1)) = wahy = ElSn(@)] = [T S,0L08% = [y we s dt =
/0 h tPay Mate dt.

54) If T, L T,, then P[(x) fails after (y)] = P(T, > T,) = ooqiy =1- ooq;y.

55) f T, 1L T}, then P[(x) fails before (y) and within n years| = nq;y = /On tDay Matt dt.

56) If T, L T}, then P[(x) fails after (y) and within n years] = nqiy = /0 Fy(t) fo(t)dt =

Qe — nq;y. (The 2 means (x) is the 2nd failure.)
57) T, 1L T, then P[(y) fails before (z) and within n years| = ,q 1= / tDay Myt At =
x 0
/ Sz(t)fy(t)dt. (The 1 means (y) is the 1st failure.)
0

58) If T, 1L T;,, then P|(y) fails after (x) and within n years| = ,q 2= / F.(t) f,(t)dt =
@ 0

ndy = nd 1. Note that the superscript 2 is for the 2nd failure and the 1 for the 1st.
60) n(ﬁy + nqmé = nlzy

o

61) 6my:ﬁ|:A tpmy dt

62) E[(T.,)*] = 2/ t 1puy dt, and E[(Ti)?] = 2/ t +pzy dt. See 43 vii) and 48 vii).
0 0
63) A generalized DeMoivre GD(«, 6) distribution has survival function

0 —t\"
So(t) = (T) for 0 <t < 6 where a > 0. Often § = w—z. If T, ~ DeMoivre(w — ),
w—x—t\*
then o = 1. If T, ~ GD(or,w — x), then for 0 < t < w—x, S,(t) = P = (7> ,
w—x
w—1x—t\" alw—z—t)*!
F.(t) = p=1—|— , Jz(t) = r Hz+t — )
0= e =1- (T5257) Sl = e pen = T
a o w-—=u a(w —z)?
o) = s = — BT =8 =" and V(Ty) = .
Hall) = o w—zx—t (T) = ¢ at+t1 ™ (T2) (14 a)?(2+ o)

If T;,, are independent GD(a;,w — x), then Ty 4y o, = min(Ty,, .. T, ) ~
k
GD(>_ aj,w—=x). Soif T, ~ GD(ay,w —x) LT, ~ GD(ay,w — x), then
i=1
Tyy ~ GD(ay + ay,w — ). Note: only need w, —r =w, —y =w — z.

Hence if T, ~ U(O,w —z) L T, ~ U(0,w — ), then T,, ~ GD(2,w — x) since
DeMoivre(w — z) ~ U(0,w — z) ~ GD(1,w,) has o, = ay = 1. Ty ~ GD(ov,w) = T}, ~
GD(a,w — x).

Insurance and pensions for (zy) and (Ty) are like those for (z), but replace the
subscript x by (zy) or (Zy). Points 64) through 70) are illustrative.

64) T, 1L T,,, discrete whole life insurance for (xy) has Z,, = ’U1+sz, A, =E[Z,,)] =
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Z UkH( k|me) and 2Ary = E[(Zry)z] = Z Uz(k+1)( k|me)-
k=0

k=0

65) T, I T}, discrete whole life insurance for (T7) has Az = E[Zz] = Y_ 0" (t|¢m) =
k=0

Ay + Ay — Ay and 2Ay = E[(Ze)?] = Y. 0* " (4lgmg) = 2A, + 24, — %A,
k=0
66) T, 1L T,, continuous whole life insurance for (zy) has Z,, = v’*v, A,, = E[Z,,] =

/Ooo e_étfmy(t)dt = /Ooo e 0t tDayatty+edt and 2Zmy = E[(?my)z] = /Ooo e_%tfmy(t)dt =

A 6_2& tpmy,um—l—t:y—l—tdt-
67) T, 1. T}, continuous whole life insurance for (7g) has Zzy = v'™, Ay = E[Zx] =

|7 e fepltydt = Ao+ Ay = Ay and Ty = El(Zig)?] = [ 7 gt =
o K - 0
24,42 A, A,

68) T, 1L T,, discrete annual immediate life annuity for (zy) has a,y = E[Ys,] =

Z Uk( kDay)-
k=1

69) T, 1L T}, discrete annual life annuity-due for (T) has dzy = E[Vay] = >0 ( kpay)-
k=0

70) T, 1L T}, a continuous temporary n year annuity for (zy) has Guym = £ (?ry:ﬁl) =

/0 vt tDay dt :/0 e_‘stSsz(t)dt.

71) Given a joint distribution for (T, T},), a) St,.1,(n,n) = P(Tw, > n) = npyy, and
1) Fr () = Py 1) = oy
72) Know: Let T,,,..., T, be independent EXP(y;) RVs. Let u = (x1---x,,) or

u=x1 Ty ThenT =T, =T,, ..., = min(T,,, ..., Ty, ) ~ EXP(Z i;). Then pr(t) =

=1
m

S pay Sr(t) = exp(—t S ), éu= E(T) = 1/(3_ pu) and V(T) = 1/(S7 m)* a)

i=1
For whole life insurance, 4, = E[Z,] = Zi;in'ui, and ?A, = E[(Z.)%] = le—lm'ul
0+ 20 i 20 + 370

— 1 = vd 2Zu - (Zu)z

b) F hole lif ity, @, = E[Y,| = ————, and V[V ,|] = ———F—%.

) For a whole life annuity, @ Y. S and V[Y,] 52
Usually m = 2, 1 = z, and x4 = y.

1

73) For an annuity, Gz = Gy + Gy — Gy, and if T, ~ EXP(p,), then @, = .
[
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