Math 401 Exam 1 is Wed. Sept. 18. You are allowed 4 sheets of notes and a
calculator. The exam covers HW1-3, part of HW4, and Q1-3. Numbers refer to types
of problems on exam.

In this class log(t) = In(t) = log,(t) while exp(t) = €.

0) Memorize the following distributions:

a) Bernoulli(p) = binomial(n = 1,p): p(z) = p*(1 — p)'=* for z =0, 1.

E(X) =p. VAR(X) =p(1—p).

b) binomial(n, p):

p(x) = <n>pm(1—p)"_m for x=0,1,...,n where 0 <p< 1.

E(X)=np. VAR(X)=mnp(1l—p).
¢) exponential(#)= gamma(v = 1, §):

f(z) = Bexp(—px) I(x > 0) where (5 >0.

E(X)=1/3, VAR(X)=1/p% F(z) =1 —exp(—fx), * > 0. Here I(x > 0) = 1 if
x > 0and I(x > 0) = 0, otherwise. (The parameterization with A = 1/3 is common.
Then F(X) =\ and V(X) = \2)

d) gamma(a, 5):
— ﬁa a—1

2% 1e™P® where a, f and x are positive.
I(c)

()

E(X)=a/3. VARX)=a/B%
(The parameterization with A = 1/3 is common. Then E(X) = a)X and V(X) = a\?.)

e) N(u,o?): 1 ( "
—(x—p
fle) = V2mwo? P ( 202 )

where ¢ > 0 and p and x are real.
E(X)=pu VAR(X) = o%

x— pu
Flz)=2
0= (ZF)

f) Poisson(\):

6—)\)\m

p(z) = " for x=0,1,..., where A > 0.
E(X)=\=VAR(X).
g) uniform(6y, 02):
1
f(f) 1(91§$§92).

T 0,— 6,

F(l’) = (a:—@l)/(eg—@l) for 91 Sl’ S 92.
E(X) = (61 +60:)/2. VAR(X) = (62 — 6,)%/12.
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Let X =Tj > 0 be a nonnegative random variable.
Then the cumulative distribution function (cdf) Fo(t) = P(To < t). Since Ty > 0,
Fy(0) =0, Fo(oo) = 1, and Fy(t) is nondecreasing,.
The probability density function (pdf) fo(t) = Fj(t).
The survival (distribution) function Sy(t) = P(7y > t). Sp(0) = 1, 5(c0) = 0
and Sy(t) is nonincreasing.
fot)  fol?)

1—Fo(t)  So(t)

The hazard (rate) function A\o(t) = force of mortality = o(t) =

for t > 0 and Fy(t) < 1. Note that po(t) > 0 if Fy(t) < 1.
The cumulative hazard function Ag(t) = [J uo(y)dy for t > 0. It is true that
Ao(0) = 0, Ag(00) = oo, and Ay(t) is nondecreasing,.

1) Given one of Fy(t), fo(t), So(t), po(t) or Ag(t), be able to find the other 4 quantities
for t > 0. See HW2: 1,3.

A) Fo(t) = Jy fo(y)dy =1 — So(t) = 1 — exp[—Ao(t)] = 1 — exp[— [y po(y)dy).

B) folt) = Fy(t) = —Sh(t) = mo(®)[1 — Fo(t)] = po(t)So(t) = puo(t) exp[—Ao(t)] =
A () exp[—Ao(£)].

C) So(t) = 1=Fy(t) = 1—fy foy)dy = [° foly)dy = exp[—No(t)] = exp[— [y o(y)dy].

D) plt) = (2o = 20— T — S0 S hoelSa(e)] = i)
E) Ao(t) = Jy no(y)dy = —log[So(t)] = —log[1 — Fy(t)].
Tip: if F(t) =1 — exp[G(t)] for t > 0, then A(t) = —G(t) and S(t) = exp[G(t)].
Tip: For S(t) > 0, note that S(t) = exp[log(S(t))] = exp|—A(t)]. Finding exp[log(S(?))]
and setting A(t) = —log[S(t)] is easier than integrating p(t).
2) Actuarial notation: p corresponds to a probability, possibly conditional, that X

is greater than some value. Then ¢ = 1 — p corresponds to the probability that X is less
than or equal to that value. Let X = Tj,

3) tpo = So(t) = P(To > 1)
4) 1q0 = Fo(t) = P(Tp < t).
5) Let T(] > 0. If llmt_>oo tS(](t) = 0, then E(T(]) = fooo tf(](t)dt = fooo S(](t)dt
= J5°[1— Fo(t)]dt. Hence in a graph of Fi(t), the mean E(Tj) equals the area to the right
of the vertical axis t = 0 and between the horizontal line at height 1 and Fy(t).

6) Actuarial notation: p stands for force of mortality and e stands for expectation.
7) ue = p(t) = force of mortality = hazard rate function

8) E(T,) = ¢y, = complete expectation of life at birth.

9) The median y,, of a distribution satisfies P(Ty < yar) > 0.5 and P(To > yu) > 0.5.
For a continuous RV Ty, Fo(yay) = So(yar) = 0.5. The median need not be unique.

10) Actuarial notation: (z) denotes a person alive at age z.
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11) T, is the time until failure for a person alive at age z. Ty = (z + T)|(To > ).

12) Let ¢ > 0. Let fm(t) = sz(t)> Fm(t) = FTz(t)7 Sm(t) = STz(t) and ,um(t) = HT, (t)
i)
o= %:1— 4o = P(T, > £) = P(Ty > 2.+ t|Ty > 2) = S, (1

T+t t
= eXp(—/m o dr) = eXp(—/0 fats dS)

Note that So(x +t) = So(x)Sx(t).
i)

_1_ _1_So(l’+t)
tdx = tPz = 750@)

_ P(T, < 1) = P(Ty < 3+ 1Ty > 2) = Fa(t)
iif)
_fo(:l?—l—t)_ o d __i
fa(t) = o) tDx Mot = %Fm(t) = dtSm(t)

iv)
Patt = G0
S(] (l’ + t)
13) Actuarial notation: If ¢ = 1 the subscript is suppressed so
S 1
pr= 10 =P(T, >1)=P(Ty >z + 1Ty > x) = % and
ol
Az = IQm:P(TmSZE‘Fl) :P(T0§$+1|To>$):1—pm.
14) The expected value of T, given Ty > x is called the complete expectation of life
at age x or the expected future lifetime at age x and is denoted by

= puo( +1) = pa (1)

o

e.= BE(T,) = E(Ty|Ty > x) — x.

15) T, > 0 is a nonnegative RV. If the support of Tj is (0, 00) then the support of T,
is (0, 00). If the support of T is (0,w) then the support of T, is (0,w — x).

16) E(Ty), E(T?) V(T,) is better notation than the text notation like V (T} |Ty > ).

17) &,= E(T,) :/Oootfm(t)dt: @/Oootfo(xﬂ)dt:
1 [e'e] [e’e]
=) /0 Sl + t)dt = /0 e dt.

18) V(T,) = E(T?) — [E(T,))]* where E(T},) = & = [ p. dt and E(T?) =
257 t py di.

Also, V(T,) = E(T¢|Ty > =) — [E(Ty|Ty > z)]*.

19) Memorize: Know that if X ~ EXP(3) where § > 0, then u(z) = 3 for z > 0,
f(x) = Be P forx >0, F(z) =1—eP* for x > 0, S(x) = e P% for z > 0, A(x) = Bz
for x > 0, E(X) =1/8 and V(X) = 1/3?. The exponential distribution is the only



distribution with a constant force of mortality p(z) = (. Constant force of mortality
(hazard) means that a used product is as good as a new product.

The pdf can also be wriiten as f(z) = +e~*/* for > 0 and A > 0. Then A = 1/8
and E(X) = A = 1/8. Usually E(X) > 1 and the force of mortality is § < 1 for
human lifetime. Use E(X) > 1 to determine if you are given [ or A. For example,
X ~ EXP(0.1) means E(X) =1/0.1 =10so # = 0.1 and A = 10, while X ~ EX P(10)
means F(X) =10so #=0.1 and A = 10.

20) Memorize: For t > 0, if T, ~ EXP(p), then S,(t) = 0, = € ", 1o (t) = foys =
pand E(T,) = €, = 1/u. If TyEXP(u), then T, ~ EXP().

21) Memorize: If the age at failure RV T has a uniform (0, w) distribution, then this

distribution is known as de Moivre’s law or De Moivre’s law. Then T, ~ U(0,w — x)
—xr—t
with support 0 < t < w — z. For such ¢, S,(t) = p, = worT?t

w—1x

w—
5 .

22) The curtate duration at failure RV K, = |T,|. Here |7.7] = 7. Suppose the
person died in the kth time interval (k — 1, k] which means Tj is in the time interval
(x+k—1,2+ k], given Ty > z. Then K, =k — 1.

1 o
pa(t) = plopr = ———— and E(T,) =€, =
w—x—t

23) K, is a discrete random variable where £k = 0,1,2,..... The probability (mass)
function of K, is

klge =, (k) =P(K,=k)=Plk<T,<k+1)=Pla+k<Ty<z+k+1T)>x) =

kPr — kp1Pr = Fu(k 4+ 1) — Fp(k) = Se(k) — Sz(k 4+ 1).
24) Hence
ke = P(Ky = k) = Pz — k1Dz-

25) Since K, is only defined for Ty > =, F(K,) is better notation than E(K,|Ty > z).
26) The curtate expectation of life at age x is

ex = E(K,) = >k kg
k=0

27) E(K?) =Yk k¢, and V(K,) = E(K?) — [E(K,)]*.
k=0
28) Suppose the interval of failure for 7} is (k, k + 1] (so Tp fails in interval

(x + k,z + k+1]). Then K, = k. Let R, be the continuous RV that represents the
fractional part the time lived during the interval of failure of T,.. If failure occurs at time
R, =r, then T,, = k + r where 0 < r < 1, the support of R,. In general, T, = K, + R,.



