Chapter 3

Some Useful Distributions

The two stage trimmed means of Chapter 2 are asymptotically equivalent to
a classical trimmed mean provided that A, = MED(n) — kyMAD(n) 2o,
B, = MED(n) + ksMAD(n) 3 b and if 100F(a—) and 100F(b) are not
integers. This result will also hold if k; and ks depend on n. For example take
ki = ky = ¢1 + co/n. Then MED(n) + k&1 MAD(n) EA MED(Y) £ c;MAD(Y).
A trimming rule suggests values for ¢; and ¢ and depends on the distribution
of Y. Sometimes the rule is obtained by transforming the random variable Y
into another random variable W (eg transform a lognormal into a normal)
and then using the rule for W. These rules may not be as resistant to outliers
as rules that do not use a transformation. For example, an observation which
does not seem to be an outlier on the log scale may appear as an outlier on
the original scale.

Several of the trimming rules in this chapter have been tailored so that
the probability is high that none of the observations are trimmed when the
sample size is moderate. Robust (but perhaps ad hoc) analogs of classical
procedures can be obtained by applying the classical procedure to the data
that remains after trimming.

Relationships between the distribution’s parameters and MED(Y) and
MAD(Y') are emphasized. Note that for location-scale families, highly out-
lier resistant estimates for the two parameters can be obtained by replacing
MED(Y') by MED(n) and MAD(Y) by MAD(n).

Definition 3.1. The moment generating function (mgf) of a random

variable Y is
m(t) = E(e™)
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provided that the expectation exists for ¢ in some neighborhood of 0.
Definition 3.2. The characteristic function (chf) of a random variable
Y is A
c(t) = E(e™)
where the complex number ¢ = /—1.
Definition 3.3. The indicator function I[4(z) = I(x € A) =1ifz € A

and 0, otherwise. Sometimes an indicator function such as ¢ )(y) will be
denoted by I(y > 0).

3.1 The Binomial Distribution

If Y has a binomial distribution, Y ~ BIN(k, p), then the probability mass
function (pmf) of Y is

forO<p<landy=0,1,..., k.
The moment generating function m(t) = ((1— p) + pe')*, and the character-
istic function c(t) = ((1 — p) + peit)~.
E(Y) = kp, and
VAR(Y) = kp(1 — p).
The following normal approximation is often used.
Y & N(kp, kp(1 = p))

when kp(1 — p) > 9. Hence

p(ygy)%qy<w>.

kp(1 —p)
Also

1
=y) ~ exp (=57~
) VEp(1—p) V2 ( 2kp(1—p)
See Johnson, Kotz and Kemp (1992, p. 115). This normal approximation
suggests that MED(Y) = kp, and MAD(Y) ~ 0.6745/kp(1 — p). Hamza
(1995) states that |E(Y) — MED(Y)| < max(p,1 — p) and shows that

|E(Y) — MED(Y)]| < log(2).
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Following Olive (2008, ch. 9), let W =3"" | Y; ~ bin(>"._, ki, p) and let
Nw = iy ki Often k; = 1 and then n, = n. Let P(Fy, 4, < Fyy.0,(@0)) =
where Fy, 4, has an F' distribution with d; and dy degrees of freedom. Then
the Clopper Pearson “exact” 100 (1 — «)% CI for p is

1
0 for W=0
( ’ 1 -+ Ty FQTLUHQ(O()) or ’

n
e ;1] for W =ny,
(nw + F272nw(1 - Od) )

and (pr, pv) for 0 < W < n,, with

w
P W (= W+ Do —wrnyaw (1 — 0/2)
and
W+1
pU

W1+ (nw — W)FQ(nu,—W),Q(W‘Fl)(Od/Q)'

Suppose Y1, ..., Y, are iid bin(1, p). Let p = number of “successes” /n and
let P(Z < 21 ap) =1 —0a/2if Z~ N(0,1). Let n = n+2{_, , and

np+0.52;

P= n—i—zf_a/Z

Then the large sample 100 (1 — a)% Agresti Coull CI for p is

i (=7
pj:zl—a/2 u
n

Given a random sample of size n, the classical estimate of p is p = y,,/k.
If each y; is a nonnegative integer between 0 and k, then a trimming rule is
keep y; if
4 4
med(n) — 5.2(1 + —)mad(n) < y; < med(n) + 5.2(1 + —)mad(n).
n n

(This rule can be very bad if the normal approximation is not good.)
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3.2 The Burr Distribution

If Y has a Burr distribution, Y ~ Burr(¢, A), then the probability density
function (pdf) of Y is

1 gyt
A (1 + y¢) T

where y, ¢, and \ are all positive. The cumulative distribution function (cdf)

of Y is
—log(1 + y?
) =1 exp [BL 42

MED(Y) = [eMo#®@ — 1)1/¢_ See Patel, Kapadia and Owen (1976, p. 195).
Assume that ¢ is known. Since W =log(1+ Y?) is EXP()\),

MED (W4, ..., Wy,)
log(2)
is a robust estimator. If all the y; > 0 then a trimming rule is keep y; if

}zl—(l—l—y‘z’)_l/’\ for y > 0.

X:

2
0.0 <w; <9.0(1+ ﬁ)med(n)

where med(n) is applied to wy, . . ., w, with w; = log(1 + ).

3.3 The Cauchy Distribution
If Y has a Cauchy distribution, Y ~ C(u, o), then the pdf of Y is

o 1 L
W = = mo[l+ (E£)2)

where y and p are real numbers and o > 0.

The cdf of Y is F(y) = L[arctan(*=£) + 7/2]. See Ferguson (1967, p. 102).
This family is a location—scale family that is symmetric about p. The mo-
ments of Y do not exist, but the chf of YV is ¢(t) = exp(itu — |t|o).
MED(Y') = u, the upper quartile = 1 + o, and the lower quartile = pu — o.
MAD(Y) = F71(3/4) — MED(Y') = . For a standard normal random vari-
able, 99% of the mass is between —2.58 and 2.58 while for a standard Cauchy
C'(0,1) random variable 99% of the mass is between —63.66 and 63.66. Hence
a rule which gives weight one to almost all of the observations of a Cauchy
sample will be more susceptible to outliers than rules which do a large amount
of trimming.
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3.4 The Chi Distribution

If Y has a chi distribution, Y ~ x,, then the pdf of Y is

yp_le_y2/2

W) = s
22711 (p/2)

where y > 0 and p is a positive integer.

MED(Y) ~ /p — 2/3.
See Patel, Kapadia and Owen (1976, p. 38). Since W = Y?is x7, a trimming
rule is keep y; if w; = y? would be kept by the trimming rule for X]%.

3.5 The Chi—square Distribution

If Y has a chi-square distribution, ¥ ~ X;, then the pdf of YV is

p_1 ¥
Yz~ e 2
W) = o7
22T g)
where y > 0 and p is a positive integer.
E(Y)=p.
VAR(Y) = 2p.
Since Y is gamma G(v = p/2, A = 2),
2'T(r +p/2)

EY") = , > —p/2.

I'(p/2)

MED(Y) ~ p—2/3. See Pratt (1968, p. 1470) for more terms in the expansion
of MED(Y). Empirically,

2 2 _
MAD(Y) ~ %(1 — %)2 ~ 0.9536,/p.

Note that p ~ MED(Y') +2/3, and VAR(Y) ~ 2MED(Y') +4/3. Let i be an
integer such that i < w < i+ 1. Then define rnd(w) =i if i <w <i+0.5
and rnd(w) =i+ 1if i+ 0.5 <w < i+ 1. Then p = rnd(MED(Y") 4+ 2/3),
and the approximation can be replaced by equality for p =1, ..., 100.
There are several normal approximations for this distribution. For p large,
Y ~ N(p,2p), and
V2Y ~ N(y/2p,1).
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Let
= P(Y < x20) = B(z0)

where @ is the standard normal cdf. Then

1
X]27704 ~ §(Za + \/2p)2.

The Wilson—Hilferty approximation is

v\ 3 2 2
(5) =na- 2.2
P 9 9p

See Bowman and Shenton (1992, p. 6). This approximation gives
x
P(Y < 2) = ()~ 1+2/9p)v/9/2],

and
2 2
2 ~ 1 — — 3
Xp,a p(z 9p + 9p>
The last approximation is good if p > —1.24log(«). See Kennedy and Gentle
(1980, p. 118).
Assume all y; > 0. Let p = rnd(med(n) + 2/3). Then a trimming rule is

keep y; if
. 2 2 3
(=3.5+/2p)%I(p > 15) < y; < p[(3.5+ 2.0/n) _pH__A]'
Another trimming rule would be to let

1/3
w; = - .
p

Then keep y; if the trimming rule for the normal distribution keeps the w;.

3.6 The Double Exponential Distribution

If Y has a double exponential distribution (or Laplace distribution), ¥ ~
DE(6, \), then the pdf of Y is

) = gy (747
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where y is real and A > 0. The cdf of YV is

F(y) =0.5exp (%) if y<ao,

and 0
F(y)=1-0.5exp (#) if y>4.

This family is a location—scale family which is symmetric about 6.

The mgf m(t) = exp(6t)/(1 — N\*t?), |[t| < 1/\ and

the chf c(t) = exp(fit) /(1 + \*t?).

E(Y) =40, and

MED(Y) = 6.

VAR(Y) = 2)?, and

MAD(Y) = log(2) ~ 0.693).

Hence A = MAD(Y)/log(2) ~ 1.443MAD(Y').

To see that MAD(Y') = Alog(2), note that F'(0 + Alog(2)) = 1—0.25 = 0.75.
The maximum likelihood estimators are 0,5 = MED(n) and

. ] —
Mivp =~ Zl |Y; — MED(n)|.

A 100(1 — a)% confidence interval (CI) for A is

(22?1 |Y; = MED(n)| 230, |Y; — MED(n)!)

Y

2 2
Xon—1,1-2 Xon—1,2

and a 100(1 — )% CI for 0 is

Z1—a/2 Z?:l ’Y; - MED(”)’

2
AT = 21 _a)2

where Xfm and z, are the « percentiles of the X; and standard normal dis-
tributions, respectively. See Patel, Kapadia and Owen (1976, p. 194).
A trimming rule is keep y; if

MED(n) +

y; € [med(n) £ 10.0(1 + %)mad(n)],

Note that F'(6 + Alog(1000)) = 0.9995 ~ F(MED(Y') + 10.0MAD(Y")).
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3.7 The Exponential Distribution

If Y has an exponential distribution, Y ~ EXP()), then the pdf of Y is

1 _
fy) = s exp(57) 1y 2 0)

where A > 0 and the indicator I(y > 0) is one if y > 0 and zero otherwise.

The cdf of YV is

F(y)=1—exp(~y/A), y > 0.

The mgf m(t) = 1/(1 — M), t < 1/X and the chf ¢(t) = 1/(1 — iAt).
E(Y) =)\,
and VAR(Y) = A2

Since Y is gamma G(v = 1,\), E(Y") = AXI'(r + 1) for r > —1.
MED(Y) = log(2)A and
MAD(Y') ~ A/2.0781 since it can be shown that

exp(MAD(Y)/A) = 1+ exp(—MAD(Y)/)).

Hence 2.0781 MAD(Y') = A.
A robust estimator is A = MED(n)/log(2).

The classical estimator is A =Y, and the 100(1 — «)% CI for E(Y) = A

22 Ys 2.,
’ X%n,%
where P(Y < X%n%) = «a/2if Y is x3,. See Patel, Kapadia and Owen (1976,

p. 188).
If all the y; > 0, then the trimming rule is keep y; if

is

2
Xon,1-g

0.0 < 3 < 9.0(1 + 2)med(n)
n

where ¢y = 2.0 seems to work well. Note that P(Y < 9.0MED(Y")) ~ 0.998.
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3.8 The Two Parameter Exponential Distri-

bution
If Y has a two parameter exponential distribution, Y ~ EXP(6, A), then the
pdf of YV is
1 —(y—20
fly) = 5 exp (%) I(y = 0)

where A > 0 and 8 is real. The cdf of Y is

Fly)=1—exp[—=(y—0)/N)], y =2 0.

This family is an asymmetric location-scale family.
The mgf m(t) = exp(t0)/(1 — At), t < 1/X and
the chf ¢(t) = exp(itd) /(1 — iAt).
EY)=0+ X,
and VAR(Y) = A2
MED(Y) = 6 + Alog(2)

and
MAD(Y') ~ A/2.0781.

Hence § ~ MED(Y) — 2.07811og(2)MAD(Y"). See Rousseeuw and Croux
(1993) for similar results. Note that 2.07811og(2) ~ 1.44.

Let D, = (Vi —Yq)) = nA. Then for n > 2,

2D, 2D,
2 N
X2(n—1),1-a/2 X2(n—1),0/2

is a 100(1 — a)% CI for A, while

(Yo — Al(a)~/=1 1], Y1)

is a 100 (1 — a)% CI for 6.
If 0 is known and T, = > ;(Y; — 6), then a 100(1 — )% CI for X is

27, 27,
X%n,l—a/Q ’ X%n,a/Q
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A trimming rule is keep y; if

med(n) — 1.44(1.0 + %)mad(n) <y <

med(n) — 1.44mad(n) 4+ 9.0(1 + %)med(n)

where co = 2.0 and ¢4 = 2.0 may be good choices.
To see that 2.0781 MAD(Y) ~ A, note that

—exp(—(y —0)/N)dy
+alog(2)-MAD A (= /A

0+ log(2)+MAD 1
0.5 = /
0

assuming Alog(2) > MAD. Plug in MAD = \/2.0781 to get the result.

3.9 The Gamma Distribution

If Y has a gamma distribution, Y ~ G(v, A), then the pdf of YV is
v—1_,—y/\
_y €

where v, A\, and y are positive. The mgf of Y is

m(t) = (;/_At)y - (1 _1)\15)”
() = (1 —12')\15)”'

NT(r+v)
['(v)
Chen and Rubin (1986) show that A\(r — 1/3) < MED(Y) < A\v = E(Y).

Empirically, for v > 3/2,

for t < 1/A. The chf

E(Y) = vA.
VAR(Y) = vA%

EY") = if r>—v.
MED(Y) ~ A(v — 1/3),
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and

AW
MAD(Y) ~ 433"

This family is a scale family for fixed v, so if Y is G(v, \) then ¢Y is G(v, c))
for ¢ > 0. If W is EXP()) then W is G(1, X). If W is x;, then W is G(p/2, 2).
If Y and W are independent and Y is G(v, \) and W is G(¢, \), then Y + W
is G(v + ¢, A).

Some classical estimators are given next. Let

Un
geometric mean(n)

w = log

where geometric mean(n) = (y1ys ... yn)"" = exp[L 3" log(y;)]. Then
Thom’s estimator (Johnson and Kotz 1970a, p. 188) is

0.25(1+ /T +4w/3)
- .

1%

Also
0.5000876 + 0.1648852w — 0.0544274w?

w

~

VMLE =~

for 0 < w < 0.5772, and

8.898919 + 9.059950w + 0.9775374w?
w(17.79728 + 11.968477Tw + w?)

~

VMLE =~

for 0.5772 < w < 17. If w > 17 then estimation is much more difficult, but a
rough approximation is & ~ 1/w for w > 17. See Bowman and Shenton (1988,
p. 46) and Greenwood and Durand (1960). Finally, A\ = 7, /0. Notice that A
may not be very good if o < 1/17. For some M-estimators, see Marazzi and
Ruffieux (1996).

Several normal approximations are available. For large v, Y & N(vA, v\?).
The Wilson—Hilferty approximation says that for v > 0.5,

Y3~ N ((VA)1/3(1 - gi), (m)mi) :

v v
Hence if Y is G(v, A) and

a = PlY <G,],

81



then

3
/1 1
Go =RV | 2o\ —+1— —
v [z 91/+ 91/]

where 2, is the standard normal percentile, & = ®(z,). Bowman and Shenton
(1988, p. 101) include higher order terms.

Next we give some trimming rules. Assume each y; > 0. Assume v > 0.5.
Rule 1. Assume A is known. Let 7 = (med(n)/A\) + (1/3). Keep y; if
y; € [lo, hi] where

1 1
lo = max(0, DX [—(3.5+ 2/n)4/ o7 t1- gﬁ]?’),

1 1
hi = O [(35+2/n)\ [ o + 1= T,

Rule 2. Assume v is known. Let A = med(n)/(v — (1/3)). Keep y; if
y; € [lo, hi] where

and

. 1 1
lo = max(0, v\ [—(3.5+ 2/71)\/ 9% +1- 9_1/]3)7

(3.5—1—2/71)\/931/—#— - 9%] |

Rule 3. Let d = med(n) — ¢ mad(n). Keep y; if

and

hi = v\

dI[d > 0] < y; <med(n) + ¢ mad(n)
where
ce€[9,15].
3.10 The Half Cauchy Distribution

If Y has a half Cauchy distribution, Y ~ HC(u, o), then the pdf of YV is

2
moll+ (527

fly) =
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where y > pu, p is a real number and o > 0. The cdf of YV is

2 Y=
Fly) = = arct
(v) 7Taurc an( . )

for y > p and is 0, otherwise. This distribution is a right skewed location-
scale family.

MED(YY) =u+o.

MAD(Y') = 0.732050.

3.11 The Half Logistic Distribution

If Y has a half logistic distribution, ¥ ~ HL(u, o), then the pdf of Y is

 2exp(—(y—mu)/o)
W) = ST e~ = W/

where 0 > 0, y > i and p are real. The cdf of YV is
explly— /o] — 1
F(y) =
1+ exp[(y — p)/o)]
for y > p and 0 otherwise. This family is a right skewed location—scale family.

MED(Y) = p + log(3)o.
MAD(Y) = 0.673460.

3.12 The Half Normal Distribution

If Y has a half normal distribution, ¥ ~ HN(u, o), then the pdf of Y is

_ 2 —(y—p)?
f(y>_\/§o_exp( 20.2 )

where o > 0 and y > p and p is real. Let ®(y) denote the standard normal
cdf. Then the cdf of YV is

Fly) = 20(*—F) — 1

for y > p and F(y) = 0, otherwise. This is an asymmetric location—scale
family that has the same distribution as p + o|Z| where Z ~ N(0,1).
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EY)=p+o0/2/m~ u+0.7978850.

VAR(Y) = =2 ~ (.36338002.

Note that Z? ~ x%. Hence the formula for the rth moment of the x?
random variable can be used to find the moments of Y.

MED(Y) = p + 0.67450.

MAD(Y) = 0.39909160.

Thus i =~ MED(n) — 1.6901MAD(n) and ¢ =~ 2.5057TMAD(n).

Pewsey (2002) shows that classical inference for this distribution is simple.
The MLE of (u,0?) is

LS = vi)?).

=1

~ A2
— (Y. —
(,u,a) ((U’n

A large sample 100(1 — a)% confidence interval for o2 is

( no? no? )
o (1=a/2)" x2_4(a/2) )’
while a large sample 100(1 — )% CI for p is

(ft + 0 log(a) @‘1(% + %) (14+13/n%), f).

Let T;, = > (Y; — p)?. If p is known, then a 100(1 — )% CI for o? is

(e o)
Xa(l=a/2)" X3 (a/2) )
3.13 The Largest Extreme Value Distribution

If Y has a largest extreme value distribution (or extreme value distribution
for the max, or Gumbel distribution), Y ~ LEV (6, ¢), then the pdf of Y is

1 y—0

(0) = = exp(~ () expl- expl(~ (=

)]

where y and 6 are real and o > 0. (Then —Y has the smallest extreme value
distribution or the log—Weibull distribution, see Section 3.24.) The cdf of YV
is

o

y—10

)]

F(y) = exp[— exp(—( .
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This family is an asymmetric location—scale family with a mode at 6.
The mgf m(t) = exp(t0)I'(1 — ot) for |t| < 1/0.

E(Y) =0+ 0577210, and

VAR(Y) = 0?7%/6 ~ 1.644930°2.

MED(Y) = 6 — o log(log(2)) ~ 8 + 0.36651c

and
MAD(Y') ~ 0.7670490.

W =exp(—(Y —6)/0) ~ EXP(1).
A trimming rule is keep y; if

med(n) — 2.5mad(n) < y; < med(n) + Tmad(n).

3.14 The Logistic Distribution

If Y has a logistic distribution, Y ~ L(u, o), then the pdf of Y is

_exp(=(y—p)/o)
LA ey prER Y

where ¢ > 0 and y and p are real. The cdf of Y is

- 1 __exp((y—p)/o)
P e Cu— i) Trep (-]

This family is a symmetric location—scale family.
The mgf of Y is m(t) = wote cse(mot) for |t| < 1/0, and
the chf is c(t) = wiote™ csc(miot) where csc(t) is the cosecant of ¢.
E(Y)=p, and
MED(Y) = p.
VAR(Y) = o?7%/3, and
MAD(Y') = log(3)c ~ 1.0986 o.
Hence 0 = MAD(Y)/log(3).
The estimators it = Y, and 62 = 352 /7 where % = -7 (V; -V ,)?
are sometimes used. A trimming rule is keep y; if

med(n) — 7.6(1 + %)mad(n) < y; < med(n) + 7.6(1 + %)mad(n)
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where ¢, is between 0.0 and 7.0. Note that if

eC

1+ ec

Taking ¢ = .9995 gives ¢ = log(1999) ~ 7.6. To see that MAD(Y) = log(3)a,
note that F'(u + log(3)o) = 0.75, while F'(u — log(3)c) = 0.25 and 0.75 =

exp (log(3))/(1 + exp(log(3)))-

then c= log(%).
—q

q = Fro(c) =

3.15 The Log-Cauchy Distribution

If Y has a log-Cauchy distribution, Y ~ LC(u,0), then the pdf of YV is

1

f(y> = 7T0'y[1 + <log(g)—u>2]

where y > 0, 0 > 0 and g is a real number. This family is a scale family
with scale parameter 7 = e* if ¢ is known.

W =log(Y) has a Cauchy(u, o) distribution.

Robust estimators are i = MED(W, ..., W,,) and 6 = MAD(W7, ..., W,,).

3.16 The Log-Logistic Distribution

If Y has a log-logistic distribution, Y ~ LL(¢,7), then the pdf of Y is

_ or(gy)!
M0 =1 o
where y > 0, ¢ > 0 and 7 > 0. The cdf of YV is
1
Fy)y=1—-————
N

for y > 0. This family is a scale family with scale parameter ¢! if 7 is
known.

MED(Y) = 1/¢.

W = log(Y) has a logistic(u = —log(¢),o = 1/7) distribution. Hence
p=e*and 7= 1/0.

Robust estimators are 7 = log(3)/MAD(W4, ..., W,,) and
¢ =1/MED(Y;, ..., Y;,) since MED(Y) = 1/6.
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3.17 The Lognormal Distribution

If Y has a lognormal distribution, ¥ ~ LN(u, 0?), then the pdf of Y is
1 —(log(y) — u)Q)
= ex
1) yv2ro? P ( 20

where y > 0 and ¢ > 0 and g is real. The cdf of YV is

F(y) :@(M) for y>0

o

where ®(y) is the standard normal N(0,1) cdf. This family is a scale family

with scale parameter 7 = e* if ¢ is known.

E(Y) = exp(u + 0%/2) and

VAR(Y) = exp(0?)(exp(c?) — 1) exp(2p).

For any r, E(Y") = exp(rp + r?c?/2).

MED(Y') = exp(u) and

exp(p)[1 — exp(—0.67440)] < MAD(Y) < exp(u)[1 + exp(0.67440)].
Inference for y and o is simple. Use the fact that W; = log(Y;) ~ N(u, 0?)

and then perform the corresponding normal based inference on the W;. For

example, a the classical (1 — «)100% CI for x when o is unknown is

where

and P(t <t,-11-2) =1 — /2 when ¢ is from a ¢ distribution with n — 1
degrees of freedom.
Robust estimators are

g =MED(Wy,...,W,) and ¢ = 1.483MAD (W, ..., W,,).
Assume all y; > 0. Then a trimming rule is keep y; if

med(n) — 5.2(1 + %)mad(n) < w; < med(n) +5.2(1 + %)mad(n)

where ¢y is between 0.0 and 7.0. Here med(n) and mad(n) are applied to
wy, . .., w, where w; = log(y;).
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3.18 The Maxwell-Boltzmann Distribution

If Y has a Maxwell-Boltzmann distribution, Y ~ M B(u, o), then the pdf of
Y is

2y - p)Pesv

fly) = 7

where p is real, y > p and o > 0. This is a location—scale family.

1

T(3/2)

EY)=pu+aV2

r'(3)

2 2 1 2
VAR(Y) =20 [r<3/2> ~(rem) ] '

MED(Y) = y + 1.53817220 and MAD(Y) = 0.4602440.
Note that W = (Y — pu)? ~ G(3/2,20?).

3.19 The Normal Distribution

If Y has a normal distribution (or Gaussian distribution), Y ~ N(u,o?),
then the pdf of YV is

_ 1 —(y —n)’
f(y) - \/W exXp ( 20_2
where 0 > 0 and g and y are real. Let ®(y) denote the standard normal cdf.
Recall that ®(y) = 1 — ®(—y). The cdf F(y) of Y does not have a closed

form, but
F(y)zé(y_“),

o

and

D(y) ~ 0.5(1 + /1 — exp(—2y2/7) )

for y > 0. See Johnson and Kotz (1970a, p. 57).
The moment generating function is m(t) = exp(ty + t02/2).
The characteristic function is c(t) = exp(itu — t?0?/2).
E(Y)=p and
VAR(Y) = o2,
» 2720 ((r+1)/2)

N
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If k > 2 is an integer, then B(Y*) = (k — 1)a®E(Y*™?) 4 uE(Y* ™).
MED(Y) = p and

MAD(Y) = ®(0.75)0 ~ 0.67450.

Hence o = [®71(0.75)] 'MAD(Y) ~ 1.483MAD(Y).
This family is a location—scale family which is symmetric about pu.
Suggested estimators are

= Sy — Sy
Y,—th 11 e— Y, +t, 11 oa—
( =g 1,1-2 \/ﬁ)
where P(t <t,-11-2) =1— /2 when t is from a ¢ distribution with n — 1
degrees of freedom.
If & = ®(z,), then

Cot+C1m + C2m2
1+ dim + dam? + dsm?

Zo XM —

where
m = [~2log(1 — a)]/2,

co = 2.515517, ¢; = 0.802853, cs = 0.010328, d; = 1.432788, dy = 0.189269,
dy = 0.001308, and 0.5 < a. For 0 < a < 0.5,

2o — —Rl—a-

See Kennedy and Gentle (1980, p. 95).
A trimming rule is keep y; if

med(n) — 5.2(1 + @)mad(n) <y <med(n)+5.2(1+ @)mad(n)
n n
where cs is between 0.0 and 7.0. Using cs = 4.0 seems to be a good choice.

Note that
P(pup—3.50 <Y < u+3.50) = 0.9996.
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To see that MAD(Y) = ®~1(0.75)0, note that 3/4 = F(u + MAD) since YV’
is symmetric about p. However,

F =0 (452)

% _ % (M+<I>_1(3/4)0—u) '

and

o

So p+ MAD = pu+ &'(3/4)0. Cancel p from both sides to get the result.

3.20 The Pareto Distribution

If Y has a Pareto distribution, ¥ ~ PAR(o, A), then the pdf of YV is

lo.l/k
_ A
f(y> - y1+1/>\

where y > o, 0 > 0, and A > 0. The cdf of Y is F(y) = 1 — (¢o/y)"/* for
Yy > 0.
This family is a scale family when X is fixed. E(Y) = ;% for A < 1.

T

o
1—MAr

EYT) = for r < 1/

MED(Y) = 02",
X =log(Y/o) is EXP(A) and W = log(Y') is EXP(6 = log(a), A).
Let D, = > ", (W; — Wi,) = nA where Wy = Wy, For n > 1, a
100(1 — )% CI for 0 is
(len - 5\[(05)_1/(”_1) - 1]7 Wl:n)-

Exponentiate the endpoints for a 100(1 — )% CI for 0. A 100(1 — a)% CI

for A is
2D, 2D,
2 N :
X2(n—1),1-a/2 X2(n—1),0/2

Let § = MED(W, ..., W,,) — 1.440MAD(W/, ..., W,,). Then robust estima-

tors are

G=e’ and \=2.078IMAD(W, ..., W,).
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A trimming rule is keep y; if
med(n) — 1.44mad(n) < w; < 10med(n) — 1.44mad(n)

where med(n) and mad(n) are applied to wy, . .., w, with w; = log(y;).

3.21 The Poisson Distribution

If Y has a Poisson distribution, ¥ ~ POIS(#), then the pmf of Y is
e oY
y!
for y = 0,1,..., where §# > 0. The mgf of Y is m(t) = exp(f(e’ — 1)), and
the chf of Y is ¢(t) = exp(6(e™ — 1)).
E(Y) = 0, and Chen and Rubin (1986) and Adell and Jodrd (2005) show
that —1 < MED(Y) — E(Y) < 1/3.
VAR(Y) = 6. o
The classical estimator of 6 is § = Y,,. Let W = >""" |'Y; and suppose

that W = w is observed. Let P(T < x3(a)) = a if T~ x%. Then an “exact”
100 (1 — )% CI for 0 is

on ' on

2
Xa(1 —a)
for w = 0.

The approximations Y ~ N(6,6) and 2v/Y ~ N(2/0,1) are sometimes
used.

Suppose each y; is a nonnegative integer. Then a trimming rule is keep
yi if w; = 2,/y; is kept when a normal trimming rule is applied to the wjs.
(This rule can be very bad if the normal approximation is not good.)

(X%w(%) X3uwia(1 — %))

for w # 0 and

3.22 The Power Distribution

If Y has a power distribution, Y ~ POW(\), then the pdf of YV is
11,

fly) = W
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where A > 0 and 0 <y < 1. The cdf of Y is F(y) = y*/* for 0 <y < 1.
MED(Y) = (1/2)*.

W = —log(Y) is EXP(A).

Let T,, = — > log(Y;). A 100(1 — @)% CI for A is

27, 27,
X%n,l—a/Q ’ X%n,a/Q

If all the y; € [0, 1], then a cleaning rule is keep y; if

2
0.0 <w; <9.0(1+ ﬁ)med(n)

where med(n) is applied to wy, ..., w, with w; = —log(y;). See Problem 3.7
for robust estimators.

3.23 The Rayleigh Distribution

If Y has a Rayleigh distribution, Y ~ R(u, o), then the pdf of Y is

1 (y—p\’
p 2 o
where o > 0, u is real, and y > u. See Cohen and Whitten (1988, Ch. 10).
This is an asymmetric location—scale family. The cdf of YV is

F(y)=1—exp [—% (y;“y]

for y > p, and F(y) = 0, otherwise.

EY)=pu+o/n/2~ p+ 1.2533140.

VAR(Y) = 02(4 — 7)/2 ~ 0.4292040°2.

MED(Y) = pu+ o+/log(4) ~ 1+ 1.177410.

Hence p = MED(Y) — 2.6255MAD(Y') and o ~ 2.230MAD(Y).
Let 0D = MAD(Y). If ¢ =0, and o =1, then

0.5 = exp[—0.5(y/log(4) — D)?] — exp[—0.5(1/log(4) + D)?].
Hence D = 0.448453 and MAD(Y') & 0.4484530.
It can be shown that W = (Y — pu)? ~ EXP(20?).

Other parameterizations for the Rayleigh distribution are possible. See
Problem 3.9.

fly) = y;u ex
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3.24 The Smallest Extreme Value Distribu-
tion
If Y has a smallest extreme value distribution (or log-Weibull distribution),

Y ~ SEV(6,0), then the pdf of Y is

1 y—10 y—0

£() = = exp(—=) expl— exp(—)]

where y and 6 are real and ¢ > 0. The cdf of YV is

F(y) =1— exp[— exp(y;—e)]-

This family is an asymmetric location-scale family with a longer left tail than
right.

E(Y)~60—0.577210, and

VAR(Y) = 0?7%/6 ~ 1.6449302.

MED(Y) = 0 — o log(log(2)).

MAD(Y') = 0.7670490.

If Y has a SEV(0,0) distribution, then W = —Y has an LEV(—6,0)
distribution.

3.25 The Student’s t Distribution

If Y has a Student’s ¢ distribution, ¥ ~ ¢, then the pdf of V" is

F ]il 2 p+1
%(1 TERNE
(pm)'2L(p/2)"  p
where p is a positive integer and y is real. This family is symmetric about
0. The ¢; distribution is the Cauchy(0, 1) distribution. If Z is N(0,1) and is
independent of W ~ x2, then

fly) =

A
W
(E)i
1s tp.
E(Y)=0forp>2.
MED(Y) = 0.
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VAR(Y) =p/(p — 2) for p > 3, and
MAD(Y) = tp70.75 where p(tp S tp70.75) = 0.75.

If « = P(t, <t,.a), then Cooke, Craven, and Clarke (1982, p. 84) suggest
the approximation

wy
tpa & \/p[exp(—) —1)]
p
where
~ 2a(8p +3)
- 8p+1

2o 18 the standard normal cutoff: o = ®(z,), and 0.5 < . If 0 < a < 0.5,
then

e} Y

lpa = —lpi-a-

This approximation seems to get better as the degrees of freedom increase.
A trimming rule for p > 3 is keep y; if y; € [£5.2(1 + 10/n)mad(n)].

3.26 The Truncated Extreme Value Distribu-
tion
If Y has a truncated extreme value distribution, Y ~ TEV(A), then the pdf

of Y is . —
f(y)zxexp(y—e A_ )

where y > 0 and A > 0. The cdf of Y is

(e - 1>]

F(y)zl—eXpl 5

for y > 0.
MED(Y') = log(1 + Alog(2)).

W =e" —1is EXP(\).
Let T, = > (e¥ —1). A 100(1 — )% CT for A is

27, 27,
X%n,l—a/Q ’ X%n,a/Q
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If all the y; > 0, then a trimming rule is keep y; if
2
0.0 < w; <9.0(1 + —)med(n)
n

where med(n) is applied to wy, . . ., w, with w; = e¥ — 1. See Problem 3.8 for
robust estimators.

3.27 The Uniform Distribution

If Y has a uniform distribution, Y ~ U(6y,605), then the pdf of Y is
B 1
6, — 6,

The cdf of YV is F(y) = (y — 91)/(92 - 91) for 91 < Yy < 92.
This family is a location-scale family which is symmetric about (61 + 60)/2.
By definition, m(0) = ¢(0) = 1. For ¢ # 0, the mgf of Y is

f()

I(6, <y <6s).

et@g _ €t91

m(t) = (=A%

and the chf of Y is A A
€Zt92 _ elt91

O =G =i
E(Y)= (61 +62)/2, and
MED(Y) = (61 + 02)/2.
VAR(Y) = (92 — 91)2/12, and
MAD(Y) = (62 — 61)/4.
Note that §; = MED(Y) — 2MAD(Y") and 0> = MED(Y') + 2MAD(Y").
Some classical estimators are él = Y{;) and 92 = Y(,). A trimming rule is
keep y; if

med(n) — 2.0(1 + %)mad(n) <y <med(n)+2.0(1+ 9)maud(n)
n
where co is between 0.0 and 5.0. Replacing 2.0 by 2.00001 yields a rule for

which the cleaned data will equal the actual data for large enough n (with
probability increasing to one).
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3.28 The Weibull Distribution

If Y has a Weibull distribution, Y ~ W (¢, A), then the pdf of YV is
s
A

f) = Sype

where A\, y, and ¢ are all positive. For fixed ¢, this is a scale family in
o= A9 The cdf of Y is F(y) = 1 — exp(—y®/\) for y > 0.
EY)=X/?T(1+1/¢).

VAR(Y) = N/°T(1+2/¢) — (E(Y))%

B(Y") = N/? (1 + g) for r > —¢.
MED(Y) = (Alog(2))'/?. Note that

(MED(Y))?
log(2)

Since W = Y*¢ is EXP()), if all the y; > 0 and if ¢ is known, then a
cleaning rule is keep y; if

A:

2
0.0 <w; <9.0(1 + —)med(n)
n

where med(n) is applied to wy, ..., w, with w; = yf’

W = log(Y) has a smallest extreme value SEV (0 = log(A\/?),0 = 1/¢)
distribution.

See Olive (2006) and Problem 3.10c for robust estimators of ¢ and .

3.29 Complements

Many of the distribution results used in this chapter came from Johnson and
Kotz (1970ab) and Patel, Kapadia and Owen (1976). Bickel and Doksum
(2007), Castillo (1988), Cohen and Whitten (1988), Cramér (1946), DeG-
root and Schervish (2001), Ferguson (1967), Hastings and Peacock (1975)
Kennedy and Gentle (1980), Leemis and McQuestion (2008), Lehmann (1983),
Meeker and Escobar (1998), Abuhassan and Olive (2008) and Olive (2008)
also have useful results on distributions. Also see articlesin Kotz and Johnson
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(1982ab,1983ab, 1985ab, 1986, 1988ab) and Armitrage and Colton (1998a-
f). Often an entire book is devoted to a single distribution, see for example,
Bowman and Shenton (1988).

Many of the robust point estimators in this chapter are due to Olive
(2006). These robust estimators are usually inefficient, but can be used as
starting values for iterative procedures such as maximum likelihood and as a
quick check for outliers. These estimators can also be used to create a robust
fully efficient cross checking estimator.

If no outliers are present and the sample size is large, then the robust
and classical methods should give similar estimates. If the estimates differ,
then outliers may be present or the assumed distribution may be incorrect.
Although a plot is the best way to check for univariate outliers, many users
of statistics plug in data and then take the result from the computer without
checking assumptions. If the software would print the robust estimates be-
sides the classical estimates and warn that the assumptions might be invalid
if the robust and classical estimates disagree, more users of statistics would
use plots and other diagnostics to check model assumptions.

3.30 Problems

PROBLEMS WITH AN ASTERISK * ARE ESPECIALLY USE-
FUL.

3.1. Verify the formula for the cdf F' for the following distributions.

a) Cauchy (u, o).

b) Double exponential (6, \).

c) Exponential ().
d) Logistic (u,0).
e) Pareto (o, \).
f) Power (\).
g) Uniform (64, 62).
h) Weibull W (¢, A).

3.2*. Verify the formula for MED(Y") for the following distributions.
a) Exponential ().
b) Lognormal (u,0?). (Hint: ®(0) = 0.5.)
c) Pareto (o, A).
d) Power ().
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e) Uniform (64, 65).
£) Weibull (¢, ).

3.3*. Verify the formula for MAD(Y') for the following distributions.
(Hint: Some of the formulas may need to be verified numerically. Find the
cdf in the appropriate section of Chapter 3. Then find the population median
MED(Y) = M. The following trick can be used except for part c¢). If the
distribution is symmetric, find U = yp.75. Then D = MAD(Y) =U — M.)

a) Cauchy (u, o).

b) Double exponential (6, \).
c) Exponential (A).

d) Logistic (u,0).

e) Normal (u, o?).

f) Uniform (91, 6s).

3.4. Verify the formula for the expected value E(Y) for the following

distributions.

a) Binomial (k, p).

b) Double exponential (6, \).
c) Exponential ().
d) gamma (v, \).
e) Logistic (i, o). (Hint from deCani and Stine (1986): Let Y = [u+ W] so
EY)=p+ocE(W) where W ~ L(0,1). Hence

<mw3:/iyr513@.

1+ eY]

Use substitution with

Then )
E(W*) = /0 [log(u) — log(1 — u)]*du.

Also use the fact that
lim v log(v) =0

v—0

to show E (W) =0.)
f) Lognormal (u,0?).
g) Normal (u, 0?).
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h) Pareto (o, \).

i) Poisson (0).

j) Uniform (6, 62).
k) Weibull (¢, A).

3.5. Verify the formula for the variance VAR(Y') for the following distri-
butions.
a) Binomial (k, p).
b) Double exponential (6, ).
c) Exponential (A).
d) gamma (v, \).
e) Logistic (u, o). (Hint from deCani and Stine (1986): Let Y = [u+ 0 X] so
V(Y)=c*V(X) = c*FE(X?) where X ~ L(0,1). Hence

S Y
E(X?) = L
X = [ v

Use substitution with y
e

1+ev

Then )
E(X?) = /0 [log(v) — log(1 — v)]*dv.

Let w = log(v) — log(1 — v) and du = [log(v) — log(1 — v)]dv. Then

1 1
B(X?) = / wdu = uw|y — / udw.
0 0

Now
uw](l) = [vlog(v) + (1 — v) log(1 — v)] w](l) =0
since
lir%vlog(v) = 0.
Now
1 1 1 1 1 1 -
—/ udw = —/ Mdv —/ Mdv =27%/6 = 7%/3
0 0o 1—w 0 v
using
] Mog(1 —
/ Og(/U)d — / Og( /U>d/U — —7T2/6 )
o 1—w 0 v



f) Lognormal (u,c?).
g) Normal (u, 0?).
h) Pareto (o, \).

i) Poisson (0).

j) Uniform (61, 62).
k) Weibull (¢, A).

3.6. Assume that Y is gamma (v, A). Let

a=PlY <G,
Using
1 1
Y1/3 ~ N A 1/3 1 — — Y 2/3 ~
(N1 = ), A ),
show that

/1 1
Gy~ vz —+1— —]?
V[Z 91/+ 91/]

where z, is the standard normal percentile, a = ®(z,).

3.7. Suppose that Y7, ..., Y, are iid from a power () distribution. Suggest
a robust estimator for A

a) based on Y; and
b) based on W; = —log(Y;).

3.8. Suppose that Yi,...,Y, are iid from a truncated extreme value
TEV()) distribution. Find a robust estimator for A

a) based on Y; and
b) based on W; = ¥ — 1.

3.9. Other parameterizations for the Rayleigh distribution are possible.
For example, take g = 0 and A\ = 202. Then W is Rayleigh RAY (), if the

pdf of W is
2w

fw) = ~ exp(—w?/\)

where A\ and w are both positive.
The cdf of W is F(w) = 1 — exp(—w?/\) for w > 0.
E(W)=\/2T(1+1/2).
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VAR(W) = A[(2) — (E(W))%
E(W™) = X2 (1 + g) for > —2,

MED(W) = /A og(2).
W is RAY() if W is Weibull W (), 2). Thus W? ~ EXP (). If all w; > 0,
then a trimming rule is keep w; if 0 < w; < 3.0(1 + 2/n)MED(n).

a) Find the median MED(WW).

b) Suggest a robust estimator for .

3.10. Suppose Y has a smallest extreme value distribution, Y ~ SEV (0, o).
See Section 3.24.

a) Find MED(Y).
b) Find MAD(Y).

c) If X has a Weibull distribution, X ~ W(¢,\), then Y = log(X) is
SEV(6, o) with parameters

0:log()\%) and o = 1/¢.

Use the results of a) and b) to suggest estimators for ¢ and .

3.11. Suppose that Y has a half normal distribution, Y ~ HN(p, o).
a) Show that MED(Y) = p + 0.67450.

b) Show that MAD(Y) = 0.39909160 numerically.

3.12. Suppose that Y has a half Cauchy distribution, Y ~ HC(u, o). See
Section 3.10 for F'(y).

a) Find MED(Y).
b) Find MAD(Y") numerically.

3.13. If Y has a log-Cauchy distribution, Y ~ LC(u,0), then W =
log(Y') has a Cauchy(u, o) distribution. Suggest robust estimators for p and
o based on an iid sample Y3, ..., Y.

3.14. Suppose Y has a half logistic distribution, ¥ ~ HL(u,0). See
Section 3.11 for F(y). Find MED(Y).
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3.15. Suppose Y has a log-logistic distribution, ¥ ~ LL(¢,7), then
W = log(Y) has a logistic(u = —log(¢),c = 1/7) distribution. Hence
¢ =e " and 7 = 1/0. See Kalbfleisch and Prentice (1980, p. 27-28).

a) Using F(y)=1— — for y > 0, find MED(Y").

-
1+ (¢y)

b) Suggest robust estimators for 7 and ¢.

3.16. If Y has a geometric distribution, Y ~ geom(p), then the pmf of
YisPY =y)=p(l—p¥fory=0,1,2,...and 0 < p < 1. The cdf for YV
is F(y)=1—(1—p)»* for y > 0 and F(y) = 0 for y < 0. Use the cdf to
find an approximation for MED(Y').

3.17. Suppose Y has a Maxwell-Boltzmann distribution, Y ~ M B(u, o).
Show that MED(Y') = p + 1.53817220 and MAD(Y') = 0.4602440.

3.18 If Y is Fréchet (u, o, ¢), then the cdf of Y is

Fly) = exp [— (y - “) _1

for y > p and 0 otherwise where o, ¢ > 0. Find MED(Y').

3.19. If Y has an F distribution with degrees of freedom p and n — p,
then ,
D Xp/P
Xn—p/(n = p)
if n is much larger than p (n >> p). Find an approximation for MED(Y") if
n>>p.

Y ~Xa/p

3.20. If Y has a Topp-Leone distribution, ¥ ~ T'L(¢), then the cdf of
Yis F(y) = (2y — y*)? for ¢ > 0 and 0 < y < 1. Find MED(Y).

3.21. If Y has a one sided stable distribution (with index 1/2), then the

cdf
)

for y > 0 where ®(x) is the cdf of a N(0, 1) random variable. Find MED(Y').
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3.22. If Y has a two parameter power distribution, then the pdf

= ()"

for 0 < y < 7 where A > 0 and 7 > 0. Suggest robust estimators for 7 and A
using W = —log(Y) ~ EXP(—log(7), A).
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