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Differential fields

A differential field is a (characteristic zero) field F with δ : F → F ,
an additive function satisfying the Leibniz rule δ(xy) = δ(x)y + xδ(y).

Let a = (a1, ..., an). We set δ(a) = (δ(a1), ..., δ(an)).

δn(a) = δ(· · · (δ(a)) · · · ).
Denote the differential field generated by F and a by F ⟨a⟩.
(L, δ′) is differential field extension of (F , δ) if L ⊇ F and δ′|F = δ.

Example

(C(t), δ) where δ = d
dt .

(C, δ) where δ(x) = 0 is a differential sub-field.

Fix (U , δ) a differentially closed differential field: every consistent
system of finitely many differential polynomial equations and
in-equations has a solution in U .
Let C = {a ∈ U | δ(a) = 0}, the field of constants for U .
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System of algebraic differential equations

Let (F , δ) be a differential field and f1, . . . , fn ∈ F [x1, . . . , xn].
We look at systems of of order one ordinary differential equations of the
form

(E ) =

⎧⎪⎪⎨⎪⎪⎩
δ(x1) = f1(x1, . . . , xn)
...

δ(xn) = fn(x1, . . . , xn).

When can (E ) be “built” from the constants?
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The basic model theory

ACF0

Language of rings

Models are algebraically closed
fields

Strongly minimal theory,
eliminates imaginaries, admits
quantifier elimination

dcl(A) is field-theoretic
closure, acl(A) is
field-theoretic algebraic closure

definable sets are finite
Boolean combinations of
Zariski closed sets

DCF0

Lδ = {0, 1,+,−,×, δ}

Models are differentially closed
fields

ω-stable theory, eliminates
imaginaries, admits quantifier
elimination

dcl(A) = ⟨A⟩ and
acl(A) = ⟨A⟩alg

definable sets are finite
Boolean combinations of
Kolchin closed sets (zero sets
of differential polynomials)
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DCF0

Fix (U , δ), a sufficiently saturated model of DCF0.

▶ Any consistent system of differential polynomial equations and
in-equations with coefficients in a small differential subfield of U has a
solution in (U , δ).

▶ Any isomorphism between small differential subfields of (U , δ) extends
to an automorphism of (U , δ).

The field of constants C is defined by δ(x) = 0.

The generic type p ∈ S(F ) of a system of differential equations (E )
is the collection
{x ∈ E} ∪ {x ̸∈ Z | Z proper Kolchin closed subset over F}.
We only consider finite dimensional types meaning that for some
a |= p and k ∈ N, δk+1(a) ∈ F (a, δ(a), ..., δk(a)).

dim(p) = trdeg(F ⟨a⟩/F ) = trdeg(F (a, δ(a), ...)/F ).

Let p ∈ S(F ), F = F alg. The non-forking extension of p to
(L, δ) ⊇ (F , δ) is tp(a/L) for some a |= p with dim(a/L) = dim(a/F ).
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Internality and analyzability

Let (F , δ) be an algebraically closed differential field and p ∈ S(F ).

p is almost C-internal if there is (L, δ) ⊇ (F , δ) such that for every a |= p,
a ∈ (L(c1, ..., cm))

alg for some c1, ..., cm ∈ C.

(LV1,b,1,b) =

{︄
δ(x) = x(y + b)

δ(y) = y(x + b)
is not almost C-internal, but there is a

f : tp(u, v/F )→ tp(u − v/F )

where tp(u − v/F ) and the fiber tp(u, v/F (u − v)) are almost C-internal
[4].
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Internality and analyzability

Let (F , δ) be an algebraically closed differential field and p ∈ S(F ).

A fibration is a definable map f : p → q such that every fiber is
stationary.

A type is stationary if there is a unique non-forking extension to any
L ⊇ F .

Every type over an algebraically closed field is stationary.

p ∈ S(F ) is C-analyzable if there is a sequence of fibrations

pn
fn−→ pn−1

fn−1−−→ · · · f1−→ p0 such that

dim(pn) > dim(pn−1) > · · · > dim(p1) > dim(p0) = 0,

pn is interalgebraic with p, and

for all i = 1, ..., n, every fiber of fi is almost internal to the constants.
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Minimal types

Let (F , δ) be algebraically closed. A type is minimal if it has a unique
non-algebraic extension to any differential field extension.

Every 1-dimensional type is minimal.

The generic type of the constants is minimal.

Not every minimal type is 1-dimensional.

p is almost internal to a minimal type r if there is (L, δ) ⊃ (F , δ)
such that for all a |= p, a ∈ (L⟨c1, ..., cm⟩)alg for some c1, ..., cm |= r .

A semiminimal analysis for p is a sequence of fibrations

pn
fn−→ pn−1

fn−1−−→ · · · f1−→ p0 such that
▶ dim(pn) > dim(pn−1) > · · · > dim(p1) > dim(p0) = 0,
▶ pn is interalgebraic with p, and
▶ for all i = 1, ..., n, every fiber of fi is almost internal to a minimal type.
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Semiminimal analyses

A semiminimal analysis for p is a sequence of definable fibrations

pn
fn−→ pn−1

fn−1−−→ · · · f1−→ p0 where every fiber of fi is almost internal to a
minimal type.

While not every type is almost internal to a minimal type, every finite rank
type has a semiminimal analysis.

The generic type over F < C, p, of

{︄
δ(x) = x3(x − 1)

δ(y) = xy
is not

C-analyzable [7].

Let q be the generic type of δ(x) = x3(x − 1). This type is minimal
and not almost C-internal.
p

πx−−−−−→
al. C -int.

q −−−−−→
al. q-int.

tp(1/F ) is a semiminimal analysis for p.
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Distinct semiminimal analyses

Let r , s ∈ S(F ) be minimal types which are not interalgebraic over
any L ⊇ F (i.e. orthogonal).

Set r ⊗ s = tp(ab/F ) for some a |= r and b |= s.

We have two distinct semiminimal analyses of r ⊗ s.

r ⊗ s
(a,b)↦→a−−−−−→
al s-int

r −−−−→
al r -int

tp(1/F )

and

r ⊗ s
(a,b)↦→b−−−−−→
al r -int

s −−−−→
al s-int

tp(1/F ).

This can also happen when p is not a product.



Semiminimal analyses

A semiminimal analysis for p is a sequence of definable fibrations

pn
fn−→ pn−1

fn−1−−→ · · · f1−→ p0 where every fiber of fi is almost internal to a
minimal type.

In the general totally transcendental setting we explore these semiminimal
analyses.

Understanding what invariants of a finite rank type are captured by a
semiminimal analysis.

The multiplicity with which a minimal type appears in a semiminimal
analysis p, does not depend on the choice of analysis.

Working now in the general setting, I will replace dim with U, the Lascar
rank. In DCF0, for p, q finite dimensional types,

U(p) ≤ dim(q),

dim(p) ≤ dim(q) if and only if U(p) ≤ U(q).
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While p being minimal did not imply dim(p) = 1, p is minimal if and only
if U(p) = 1 and p is stationary.
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Invariants of the type p

We will say a minimal type r appears in a semiminimal analysis

pn
fn−→ pn−1

fn−1−−→ · · · f1−→ p0 if for some i = 1, ..., n, some fiber of
fi : pi → pi−1 is almost r -internal.

Fact

Let p be stationary and finite rank. Let r be a minimal type. Then r
appears in some semiminimal analysis of p if and only if it appears in every
semiminimal analysis.

That is, the minimal type appearing in a semiminimal analysis is an
invariant of the type p.

Theorem

Let p be stationary and finite rank. Let r be a minimal type. The
“multiplicity” with which r appears in a given semiminimal analysis is an
invariant of p and r , independent of the choice of semiminimal analysis.



Multiplicity of r in p

Theorem (Technical version)

Let p be a stationary type of finite U-rank and f = (fi : pi → pi−1)i=1,...,n

be a semiminimal analysis of p. For any minimal type r , let

Ir := {1 ≤ i ≤ n | some fiber of fi : pi → pi−1 is almost r -internal}

and let mr :=
∑︁
i∈Ir

U(pi )− U(pi−1).← size of the fibers where r appears

Then mr is an invariant of p and r , independent of the semiminimal
analysis f.

We call mr the multiplicity of r in f.

In fact, we can give an intrinsic characterization of multiplicity (which gets
even more technical).
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Multiplicity of r in p

Ir := {1 ≤ i ≤ n | some fiber of fi : pi → pi−1 is almost r -internal}
mr :=

∑︁
i∈Ir

U(pi )− U(pi−1).

1 If p is C-analyzable, then pn
fn−−−−−→

al. C-int
pn−1 −−−−−→

al. C-int
· · · f1−−−−−→

al. C-int
p0,

IC = {1, ...., n} and

mC =
n∑︁

i=1
U(pi )− U(pi−1) = U(pn)− U(p0) = U(p).

2 Let q be the generic type of δ(x) = x3(x − 1) and

p the generic type of

{︄
δ(x) = x3(x − 1)

δ(y) = yx
over F < C. We have the

semiminimal analysis p
πx−−−−−→

al. C -int.
q −−−−−→

al. q-int.
tp(1/F ).

Then IC = {2} and Iq = {1}. So mC = U(p)− U(q) = 1 and
mq = U(q)− U(1/F ) = U(q) = 1.

3 mr > 0 if and only if r appears in some (any) semiminimal analysis.
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Intrinsic characterization of multiplicity
The idea is to take specific extensions of p and sum the rank of the
parts of these extensions which are almost r -internal.
First, what is the part which is almost r -internal of a type?

Image of
maximal rank which is almost r -internal.

Definition (r -reductions)

Let p = tp(a/A) be stationary. Let r be a minimal type.

An r -reduction of a over A is a tuple b ∈ dcl(Aa) such that:
1 tp(b/A) is almost r -internal, and
2 if c ∈ dcl(Aa) with tp(c/A) almost r -internal, then c ∈ acl(Ab).

An r -reduction of p is tp(b/A) where b is an r -reduction of a over A.

Let q be the generic type of δ(x) = x3(x − 1) and

p the generic type of

{︄
δ(y) = yx

δ(x) = x3(x − 1)
over a field of constants F .

A q-reduction of p is q itself.

A C-reduction of q is tp(1/F ).
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A-conjugacy → the rank of r -reductions of p are all the same



Intrinsic characterization of multiplicity
The idea is to take specific extensions of p and sum the rank of the
parts of these extensions which are almost r -internal.

Which extensions do we consider?

Extensions over level sets.

We only want to consider stationary types; a type over acl(A) is
always stationary.

Definition (Levels)

The zeroth level of a over A is ℓ0,A(a) = A.

The first level of a over A is ℓ1,A(a) = {b ∈ acl(Aa) |
tp(b/ acl(A)) is almost internal to a minimal type}. ← this includes
all b ∈ acl(A)

The n + 1th level of a over A is ℓn+1,A(a) = {b ∈ acl(Aa) |
tp (b/ acl(ℓn,A(a))) is almost internal to a minimal type}.

We say tp(a/A) has m-levels if m is the least k such that a ∈ acl(ℓk,A(a)).

If tp(a/A) is almost internal to a minimal type, then a ∈ ℓ1,A(a) and
so tp(a/A) has 1 level.
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tp (b/ acl(ℓn,A(a))) is almost internal to a minimal type}.

We say tp(a/A) has m-levels if m is the least k such that a ∈ acl(ℓk,A(a)).

If tp(a/A) is non-algebraic and almost internal to a minimal type,
then a ∈ acl(ℓ1,A(a)), and so tp(a/A) has 1 level.

This is not an if and only if!

Let r , s be orthogonal minimal types. Then for any (a, b) |= r ⊗ s,
a, b ∈ acl (ℓ1,A((a, b))) =⇒ (a, b) ∈ acl(ℓ1,A((a, b))). So r ⊗ s is not
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.

A q-reduction of p is q itself, a C-reduction of q is tp(1/F ).

acl(ℓ0,F (a, b)) = acl(F ).

acl(ℓ1,F (a, b)) = acl(Fa).

So tp(a, b/ acl(Fa)) is an extension of the fiber tp(a, b/F (a)) and
thus is C-internal. So, a C-reduction of tp(a, b/ acl(Fa)) is itself.

Hence (a, b) ∈ acl(ℓ2,F ((a, b))).
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Intrinsic characterization of multiplicity

Definition

Let p = tp(a/A) be stationary. Let r be a minimal type.

An r -reduction of a over A is a tuple b such that b ∈ dcl(Aa) and
tp(b/A) is maximally almost r -internal.

An r -reduction of p is tp(b/A) where b is an r -reduction of a over A.

ℓn+1,A(a) = {b ∈ acl(Aa) |
tp (b/ acl(ℓn,A(a))) is almost internal to a minimal type}

Theorem

Let p = tp(a/A) be a stationary, non-algebraic, finite rank type with m+1
levels. Let r be a minimal type. For i = 0, ...,m, let qi be the r-reduction
of tp (a/ acl(ℓi ,A(a))). Then,

mr =
m∑︂
i=0

U(qi ).
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