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Abstract

Schaefer’s fixed point theorem or degree theory is used to study the existence of periodic
solutions in functional differential equations ¥’ = F(t, ) by constructing a compact homotopy.
The construction of such a homotopy is very difficult in practice for nonlinear equations. In this
paper we use the direct fixed point mapping technique to link the homotopy to the right-hand
side of the equation directly and avoid those difficulties. Applications to linear and nonlinear
systems are given. This appeared in Differential Equations and Dynamical Systems, Vol. 6, No.
4, (1998), p. 413-424.

Introduction.

We consider the system of functional differential equations

2 (t) = F(t, z) (1.1)

in which F': R x BC — R™ is continuous and T-periodic in t. BC' is the space of
bounded continuous functions ¢ : (—oo, 0] — R" with the supremum norm || - ||. For
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each t € R, x; is defined by x4(s) = (t + s) for s < 0.

The existence of periodic solutions of Eq.(1.1) has been the subject of extensive
investigations for many years. Our interest here centers on degree-theoretic results,
including Schaefer’s fixed point theorem. Examples of these may be found in Burton,
Eloe, and Islam [2,3], Erbe, Krawcewicz, and Wu [4], Gustafson and Schmitt [5], Hale
and Mawhin [6], Krasnoselskii [7], Mawhin [8], Sadovski [9], Serra [10], and Zhang
[13]. A common method consists of writing the differential equation as an integral
equation which then defines a mapping; if the mapping has a fixed point, then it is
a solution of the differential equation. In this paper we use the direct fixed point
mapping technique introduced in Burton [1] to construct a homotopy directly from
F(t,¢). This involves writing the solution as an integral equation and it eliminates
many of the problems encountered in writing the differential equation as an inte-
gral equation. The main difficulty is in selecting the constant of integration. Several
different kinds of examples are given which illustrate methods of finding that constant.

Let R~, RT, R denote the intervals (—oo, 0], [0, +00), and (—o0, +00) respectively.
|| denotes the Euclidean norm on R™. Let (Pr, ||-||) be the Banach space of continuous
T-periodic functions ¢ : R — R"™ with the supremum norm and

P ={oe Pl [ o(s)ds=0)

2 The main result.
Our result rests on a fixed point theorem of Schaefer [11]. Its relation to Leray-
Schauder degree theorem is explained in Smart [12].

Theorem A (Schaefer). Let V be a normed space, H a continuous mapping of V
into V' which is compact on each bounded subset of V. Then either

(i) the equation = AHx has a solution for A = 1, or

(ii) the set of all such solutions z, for 0 < A < 1, is unbounded.

Theorem 2.1. Suppose that the following conditions hold.

(i) for each ¢ € PP, there is a constant k, € R such that [ F(t,®;)dt =0
where ®(t) = k, + [3 ¢(s)ds for each t € R,



(ii) E: P — Pr defined by E(¢)(t) = ®(t) in (i) is continuous and for each a > 0,
there exists a constant L, > 0 such that |k,| < L, whenever ||¢| < a.

(iii) there is a constant B > 0 such that ||¢|| < B whenever ¢ is a fixed point of
Gy : P2 — P2 defined by G\(¢)(t) = \F(t,®;) for 0 < X < 1.

Then Eq.(1.1) has a T-periodic solution.

Proof. Let G be defined in (iii). It follows from (i) and the continuity of F' that
Gx(¢) € PP. For each a > 0, consider {E(¢) : ¢ € P2 ||¢|| < a}. This set is
uniformly bounded by (ii) and is equicontinuous by the definition of ®. Thus, F
is compact by Ascoli-Arzela’s theorem. This implies that G is compact since F' is
continuous. By (iii), ||¢|| < B whenever ¢ is a fixed point of G\. Applying Schaefer’s
theorem with AH = G, we conclude that GG, has a fixed point ¢ for A = 1. That is
¢ = G1(¢) or ®'(t) = F(t,P;). Thus, ¢ is a T-periodic solution of Eq.(1.1) and the
proof is complete.

Corollary 2.1. Suppose that conditions (i), (ii) of Theorem 2.1 hold and
(iv) F': R x Pr — R"™ maps bounded sets into bounded sets,

(v) there exists a constant B > 0 such that ||z|]| < B whenever z = z(t) is a
T-periodic solution of

2'(t) = AF(t,z¢), A€ (0,1). (2.1)
Then Eq.(1.1) has a T-periodic solution.

Proof. We need to show that condition (iii) of Theorem 2.1 holds. Notice that any
fixed point ¢ of G, corresponds to a T- periodic solution of Eq.(2.1). By (iv), there
exists a constant L = L(B) > 0 such that |F(t,®;)| < L whenever ||®|| < B. If ¢ is
a fixed point of Gy, then ¢(t) = ®'(t) = A\F(t, ;). By (v), we have ||®|| < B. Thus
llo|| < L and (iii) of Theorem 2.1 is satisfied.

Corollary 2.2. Suppose that conditions (i), (ii) of Theorem 2.1 hold and there exist
positive constants M, g, 0 < ¢ < 1, such that

(i) [P, B)] < qllé]l + M, for all € P
where ® is defined in (i). Then Eq.(1.1) has a T-periodic solution.
Proof. Let ¢ be a fixed point of G. Then

[o()] = A[E (2, ®1)| < gl + M.
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Thus, ||¢|| < M/(1 — q). By Theorem 2.1, Eq.(1.1) has a T-periodic solution.

Finally in this section, we consider the equation
a'(t) = L(t, z¢) + p(t) (2.2)
where L : R x BC — R"™ is continuous, linear in ¢, T-periodic in ¢, and p € Pr.

Theorem 2.2. Supoose there is an n x n matrix L(t,-) such that for every k € R"
there is the relation L(t,-)k = L(t, k). If the linear function f] L(t,-)dt is invertible
and

(v*) there exists a constant B > 0 such that ||z|| < B whenever z = z(t) is a
T-periodic solution of

2(6) = A[L(t,20) + p(B)], A € (0,1). 2.3
Then Eq.(2.2) has a T-periodic solution.

Proof. Define F(t,¢;) = L(t, ¢:) + p(t). In view of Corollary 2.1, we need to verify
conditions (i) and (ii) of Theorem 2.1. Let ¢ € P? and k € R". Consider

/OTL(t» (k + /Ot ¢(s)ds)t)dt + /(]Tp(s)ds _0

Since L is linear with respect to the second argument, we have

/OTL(t, k:)dt+/0TL(t, (/Ot¢(s)ds)t)dt+/0Tp(s)ds —0.
Thus,

k= (/OTL(t,-)dt)_l[—/OTL(t, (/Otgb(s)ds)t)dt—/()Tp(s)ds]

We designate that unique constant as k. It is clear that E : P — Pr defined by
E(¢) = ® with ®(t) = kg + [! #(s)ds is continuous and [ F(t,®;)dt = 0. Moreover,
there exists a constant v > 0 such that |L(¢, ;)| < v|[¢|| for any ¥ € BC since L is
continuous and linear in 1. Thus,

20 ([ 6(s)ds).)| < 2Tl



and . B
kol < |( [ Lt )dt) " [ Te+ pl)T = Lo

for ||¢|| < a. This completes the proof.

Remark 2.1. If L(t,z,) = A(t)z(t) + [* B(t, s)x(s)ds + X5 Ap(t)z(t — hy), where
A(t), B(t,s), and Ag(t) are n x n matrices and hy > 0, then [ L(t,-)dt is invertible
if and only if the matrix

/OT (A(t) +/_t B(t, s)ds++fAk(t))dt

has an inverse.

3 Examples.

In this section, we give several examples to illustrate how to apply Theorem 2.1 to
some linear and nonlinear delay equations. Our emphasis will be on proving the
existence of k, described in Theorem 2.1 and the use Liapunov functions to derive
a priori bounds on periodic solutions. The examples are shown in simple forms for
illustrative purposes and they can be easily generalized.

Example 3.1. Consider the scalar equation
2'(t) = a(t)z(t) + b(t)z(t — h) + p(t) (3.1)

where h > 0 and a, b, p are continuous and T-periodic. If a(t) is of one sign with
J& a(t)dt # 0 and there exists a constant N > 1 such that |a(t)] — N|b(t + h)| > 0,
then Eq.(3.1) has a T-periodic solution.

Proof. Let L(t,z:) = a(t)x(t) + b(t)x(t — h). Then L(t,-) = a(t) + b(t). We claim
that [7 L(t,-)dt # 0. Without loss of generality, we assume that a(t) > 0. Since
b(t 4+ h) is also T-periodic, it follows that

/OT |b(t)|dt = /j_h |b(s + h)|ds = /OT |b(s + h)|ds.

Using the condition |a(t)| — N|b(t + h)| > 0, we have
/OT (a(t)+b(t))dtz/0T(|a(t)|—|b(t)|)dt:/0T(|a(t)|—|b(t+h)|)dt
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:¥/0 a(t dt+N/ N|b(t+h)|)dtzN]\;l/oTa(t)dt>0.
Next, let V(z) = |z| and z = z(t) be a T-periodic solution of
' (t) = Ma(t)x(t) + b(t)z(t — h) + p(t)]. (3.2)
Then

V/(z(t)) 2 Ala(®)z(@)| = [b(@)]|x(t = k)| = p@)]].

Integrate the above inequality from 0 to 7" to obtain

0 = V(z(T)) - V(2(0))

> A [ aleolde— [ 1o0)lete—mlde = [ 1pte)lo]

AL atoletolde— [ oo+ kel — [ ool

Notice that b(t + h)x(t) is T-periodic. We have

0 2 A[[ el [+ mleolde— [ p))a]
= A[ [ (alt) ~ [b(e + W) (o)) - / p(t)dt]
_ )\:N]\;l OTa ()] (t |dt+N/ — N|B(E + b)) (6)]dE — /|p )t
> AN [ kol ol T]

This implies that fo la(t)||z(t)|dt < ||p||TN/(N — 1) =: By. There exists t* € [0, 7]
such that |z(t*)| Ji |a(t)|dt < ||p|TN/(N —1). Thus,

2(t)] < [P TN /[ —1/ la(t)|dt] =

It follows from Eq.(3.2) that

[ olar < [Cla@lelde+ [l nd+ ol

= [ lalleldr + [ o+ (ol + T
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T
< 2/0 la(®)[|=(t)|dt + [[p T < 2By + |[p[ T

For t € [0, 7], we have
T
[z(t)] < |x(t7)] +/0 |2/ (s)|ds < By 4 2B1 + ||p||T =: B.
By Theorem 2.2, Eq.(3.1) has a T-periodic solution.

Example 3.2. Consider the linear Volterra equation

2(t) = )+ / s)ds + p(t) (3.3)

where A, B are n x n matrix functions, A(t),p(t) are continuous on R, and B(t, s)
is continuous on —oco < s < t + oo. There exists a constant 7' > 0 such that
Alt+T) = A(t), Blt+T,s+T) = B(t,s), p(t +T) = p(t) for all t € R and
—o0 < s <t < 4o00. Suppose that

(i) D :/ +/ B(t,s) ds dt is invertible

(ii) sup ’A —I—/ B(t s)ds’KT—l— (|A(t)| —l—/_too | B(t, s)|ds)T} =a<l

t€[0,7

where K = |D7Y [T (|A(u)| + [“. |B(u,s)|ds)du. Then Eq.(3.3) has a T-periodic
solution.

Proof. Let F(t,z;) = A(t)x(t)+ ' B(t,s)x(s)ds+p(t). It follows from Theorem 2.2
and (i) that for each ¢ € P2, there exists a unique ks € R such that f§ F(t,®;)dt =0
where ®(t) = k4 + J3 #(s)ds. Moreover, the function E : PY — Pp defined by
E(¢) = @ is continuous on P and

ky = D! /0 ' (At /0 " o(s)ds + /_t _B(t.s) /0 " G(u)duds + p(t)) dt.

Thus, |ky| < KT|¢|| + |D7|[p|| T and

Fee) < (A0 + [ B skl + (1401 + [ 1B, 9)lds)TI9] + o]
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< A+ [ B s)as|(RToll + 1Dl

H1AO1+ [ 1B 9)lds) Tl + ]
< allgl+ M

where M = sup;¢(o 1 |A()+/[* . B(t,s)ds||D~Y||p||T+||p||. By Corollary 2.2, Eq.(3.3)
has a T-periodic solution.

Example 3.3. Consider the two dimensional nonlinear system

2(t) = +/ Ot — 8)g(x(s))ds + p(t) (3.4)

where A = dlag(L _1)7 C(t) = (Cij(t))2><2> g(l’) = ($§7$§)T7 r = ($1>$2)T> p e PIQ
If

0
| Uen) + leas(s)ds < 1, j = 1.2,
then Eq.(3.4) has a T-periodic solution.

Proof. We verify that all conditions of Corollary 2.1 hold. Let
F(t,20) = (it 20, Folt, 2)" = Agla(t) + [ C(t = s)g(a(s))ds + ple).

For ¢ = (¢1,02)" € P%and k € R, we define Q(k) = [i (k+ [! ¢1(s)ds)?dt. Since the
quadratic function Q'(k) = 3 [ (k + Ji ¢1(s)ds)?dt > 0 and limy_+o Q(k) = o0,
there exists a unique k1, € R such that Q(ki14) = 0. Similarly, there exists kyp € R
such that [) (kag + Ji ¢o(s)ds)®dt = 0. Define kg = (kig, kag)”. We claim that
JEF(t, ®)dt = 0, where ®(t) = (®1(t), Po(t))” = ky + JL p(s)ds. Since [{ ¢(s)ds is
T-periodic, for each s € R we have

[ (o [ ostwa) 't = [ (hio+ [ oyturdn) 'at = [ (o) =0

Thus,

t+s

Fit,®) = (ot [ 01()ds) + [ Cul=s)(kio+ [ or(win)’as

0 t+s
[ =)o+ [ oatw)du) ds+ (1)



and
T T 0 T
/ Fui(t, ®)dt = / O3 ()dt + / O (—s)ds / O3 (t)dt (3.5)
0 0
+/ Cra(— ds/ B3t dt+/ pr(t)dt = 0.
0
Similarly, we have
T
/ Fy(t, ®)dt = — / O3 ()dt + / Cor(—5)ds / &3 (t)dt (3.6)
0
+/ Caa(— ds/ o3 (t dt+/ pa(t)dt = 0,
0
Thus, [} F(t,®)dt = 0. Tt is clear that |kjs| < T||¢;| for j = 1,2. Thus, |kg| <
2T||¢||. We now show that F : P — P defined by E(¢)(t) = ®(t) = ks + [§ ¢(s)ds
is continuous. Let {¢,} be a sequence in P? and ¢, — ¢ € P2 as n — +oo. We
show that k4, — ks as n — +oo. By way of contradiction, if k4, / ke, then there
exists a subsequence, say {kg,} again, and g > 0 with |k;, — kg| > p. We may

assume |kig, — kip| > p. Let ¢n = (¢1n, Pon)” and ¢ = (¢1, ¢2)”. By the definitions
of kg, = (k1p,, kag,)T and ky = (kig, k2y)?, we have

T t T .
0 = | /0 (F1gn + /0 d1a(s)ds)’dt /0 (k1o + /0 61(s)ds)’ dt]
= | (o= o [ na(s)s = (1)) (85, 0) + au(000) + ¥5(0))
0 " 0 0 n
where ®1,(t) = k1g, + f(;e ¢1n(s)ds. Since ¢, — ¢, there exists a constant @)1 > 0
such that ||¢,|| < Qp for all n = 1,2,---. Thus, |ky,| < 27@Q; and there exists a

subsequence {k‘¢nj} of {k, } such that kg, — ki = (kix, kos)T as j — +oo. Applying
Lebesgue’s convergence theorem and letting n; — 400 in the above equality, we have

T
0= ’/0 (ke = 1g) (®F.(£) + ()1 (1) + @f(t))dt’
where ®1,(t) = k1. + [i ¢1(s)ds. Thus,
k. — k T
0 > Mokl e ) 4 ato]a

= P2 Rel T [ o) 4 (bt [ o(s)ds) e
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— Ll* ; | /OT [(kzl* — kg + kig + /Ot ¢1(S)ds)2 + (k:1¢ + /Ot ¢1(5)d5)2}dt
|k‘1*;7’%| /0 ! %(;ﬁ* )2t

1 1
= ZTU{&* — k| > =Tu® > 0,

4
a contradiction. Similarly, we can show that ksg, — kogy. Thus, ke, — k¢ asn — +oo.
It is clear that ’f(f bn(s)ds — [3 gb(s)ds’ < T||¢pn — ¢|| — 0 as n — +oo. This shows
that £ : P2 — Pr is continuous.

It is clear that F : R x Pr — R? maps bounded sets into bounded sets. We
now show there exists a constant B > 0 such that ||z|| < B whenever x = z(¢) is a
T-periodic solution of

() = +/ C(t — s)g(x(s))ds + p(t)] (3.7)

where 0 < A < 1. Let x = (21, 22)7 and define V(z) = —|z1| + |2o]. If z = 2(¢) is a
T-periodic solution of (3.7), then

V') < =Alz1(t)]* + |2a(t) +A/ (lera(=s) + lear(=s) |2t + ) ds

+A/ (lera(=5)| + leaa(=s)Dlwa(t + 5)*ds + Allpall + Allpall.  (3.8)

Integrating (3.8) from 0 to 7', we find constants «;; so that
0 = V(x(T)) = V(x(0))

< A (n@OP + Pyt + A [ (el + len(=s))ds [ ea(o)dr
0 [ (en(=s) + len(=s))ds [ foa(®)at + XT(lpal + 2]

T
= =M1 —ai —a2) |931(t)|3dt — M1 —aug —ag) | |x2(t)Pdt + XT(||pa || + [[p2]))-
0 0

Thus, there exists a constant B; > 0 such that [y |z(t)[>dt < By. It follows from
Eq.(3.7) that

[ lola < [Tallg@oldes [0 [ 10 llotl+ s)ldsdi + o7
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0 T
< (al+ [ C7—s|ds(/ () *dt + pl|T
< (A1+ [ ICE9)ds)By + plT.

By Sobolev’s inequality, there exists a constant B > 0 such that ||z|| < B. Since all
conditions of Corollary 2.1 are satisfied, we conclude that Eq.(3.4) has a T-periodic
solution.

Remark 3.1. It is clear from (3.5) and (3.6) that the same conclusion of Example
3.3 follows if p € P2 is replaced by p € Pr and

0
det D 0, D:A+<O‘“ O‘”), %:/ C

Qo1 (22

Remark 3.2. For nonlinear vector equations there is the problem of deciding the
order in which we should find the appropriate constants k, to satisfy condition (i)
of Theorem 2.1. We now illustrate the order (but not the details) for finding those
constants for the well-known Liénard system

ri(t) = 2a(t) = N(aa (1), (3.9)
zy(t) = —glaa(t — 7)) + p(t, 21(t), 2(1))

where p(t,u,v) is T-periodic in t. Let Fi(t,z;) = x2(t) — N(x1(t)), Fo(t,z;) =
—g(@(t = 1)) + p(t,z1(t), 22(1), and F(t,z,) = (Fi(t,20), Fy(t, z))". For ¢ =
(¢1,2)T € PP and k = (ky, k)T, define ®(t) = k + [; ¢(s)ds. Set

/OTF1(t,<I>t)dt:/0 k‘g—l-/ Pa2(s ds dt — /OT k1+/ d1(s ds
This yields,

/ / po(s)dsdt + / (k1 + / é1(s)ds)dt). (3.10)

Substitute (3.10) into [ Fy(t,z;)dt = 0 to solve k; and then solve for k by (3.10).
Obviously, conditions on the functions must now be given to ensure the requirements
of Theorem 2.1. If p(t,u,v) = p(t), we may solve k; directly from

—/OTg(k:l +/0t¢1(8)ds)dt+/:p($)d$ =

11
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