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Abstract. In this paper we study three neutral integral equations of the form

(a) y(t) = f(t, y(t − h)) +

Z

t

−∞

Q(s, y(s), y(s − h))C(t − s)ds + p(t),

(b) x(t) = αx(t − h) −

Z

t

−∞

[βx(s) + γx(s − h)]C(t, s)ds + p(t),

and

(c) x(t) = αx(t − h) −

Z

t

−∞

[βx3(s) + γx3(s − h)]C(t, s)ds + p(t).

Using a contraction mapping theorem on (a) and Liapunov functions on (b) and (c) we

find appropriate norms and metrics for the solutions. When the equations are periodic we

use a modification of Krasnoselskii’s fixed point theorem to prove that there is a periodic

solution. These equations arise from the inversion of well-known problems such as neutral

logistic equations.

1. Introduction.

Krasnoselski noted that inversion of a perturbed differential operator frequently yields

the sum of a contraction and compact operator. When a system of perturbed neutral dif-

ferential operators are inverted we obtain very interesting and unusual compact operators

of advanced and retarded types. In the earlier papers ([1] and [2]) we studied the advanced

kinds. Here, we look at retarded types. The first results are parallel to the earlier ones, but

then they become strikingly different. We are most interested in studying the appropriate

fixed point theorems for such operators.

Typeset by AMS-TEX
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These operators can be motivated by inverting a system of neutral predator-prey equa-

tions which have now become quite common ([5], [7]).

Consider the system

x′ = αx′(t− h) + ax− q(t, x, y, x(t − h), y(t − h))

y′ = βy′(t− h) − ky + r(t, x, y, x(t − h), y(t − h)),

which we write as

[

(x− αx(t − h))e−at
]′

= [aαx(t − h) − q(t, x, y, x(t − h), y(t− h)] e−at,

[

(y − βy(t − h))ekt
]′

= [−βky(t− h) + r(t, x, y, x(t − h), y(t − h))] ekt.

If we integrate the first equations from t to ∞ and the second from −∞ to t, we obtain a

system

X(t) = F

(

t,X(t − h),

∫ t

−∞

G(s,X(s),X(s − h))ds,

∫ ∞

t

H(s,X(s),X(s − h))ds

)

.

With a view to eventually understanding such systems, in ([1], [2]) we studied scalar

equations of the type

x(t) = f(t, x(t − h)) +

∫ ∞

t

H(s, x(s), x(s − h))ds

by means of contraction mappings and by a combination of Liapunov’s direct method and

Krasnoselskii-type fixed point theorems (See [6] and [9;p. 31].). Here, we offer a parallel

study of

(1) y(t) = f(t, y(t − h)) +

∫ t

−∞

Q(s, y(s), y(s − h))C(t− s)ds + p(t).

2



2. Small Kernels

We suppose that in

(1) y(t) = f(t, y(t − h)) +

∫ t

−∞

Q(s, y(s), y(s − h))C(t− s)ds + p(t) t ≥ 0,

there are constants α, k and C0 so that

(2) α ∈ [0, 1) and |f(t, x1) − f(t, x2)| ≤ α|x1 − x2| for (t, xi) ∈ R
+ × R,

(3) k ∈ [0, 1] and |Q(t, x1 , x2)−Q(t, x3 , x4)| ≤ k|x1 − x3|+ (1− k)|x2 − x4| for t, xi ∈ R,

(4)

∫ ∞

0

|C(s)|ds =: C0 <∞,

(5) p ∈ C([0,∞),R), C ∈ C([0,∞),R), f ∈ C([0,∞) × R,R), Q ∈ C(R3,R).

From elementary considerations of the method of undetermined coefficients for ordinary

differential equations with constant coefficients, we expect a solution of (1) to follow p(t).

Given a ϕ ∈ C
(

(−∞, 0],R
)

, we seek a solution y(t, 0, ϕ) satisfying (1) for t ≥ 0 and

y(t, 0, ϕ) = ϕ(t) for t < 0. Then for y to be continuous at t = 0, we would need ϕ(0) = y(0),

but

(6) y(0) = f(0, ϕ(−h)) +

∫ 0

−∞

Q(s, ϕ(s), ϕ(s − h))C(−s)ds + p(0),

so unless ϕ is such that

(7) ϕ(0) = f(0, ϕ(−h)) +

∫ 0

−∞

Q(s, ϕ(s), ϕ(s− h))C(−s)ds + p(0),

there will be a discontinuity in y(t, 0, ϕ) at t = 0, and hence at t = nh.

Remark.. We could show, as in [3], that for a ϕ as above satisfying

(8) I(t, ϕ) :=

∫ 0

−∞

Q(s, ϕ(s), ϕ(s− h))C(t− s)ds ∈ C([0,∞),R),
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there is a ϕ∗ arbitrarily near ϕ for which y(t, 0, ϕ∗) is continuous. In fact, this will be

necessary if we are to use Liapunov functions requiring integration by parts on problems

with initial functions. But for Theorem 1 no such continuity is required.

These last two paragraphs tell us the main properties of solutions and how to find them.

First, examine p(t) and in order to construct a weight for a norm on a Banach space,

find a D ∈ C([−h,∞), (0,∞)) with

sup
t≥0

|Q(t, 0, 0)|

D(t)
<∞, sup

t≥0

|f(t, 0, 0)|

D(t)
<∞, sup

t≥0

|p(t)|

D(t)
<∞(9)

and sup
t≥0

D(t − h)

D(t)
= k̂ for some k̂ > 0.

(10) sup
t≥0

∫ t

0

|C(t− s)|
D(s)

D(t)
ds <∞.

Moreover, for the mapping we use to be a contraction, we ask

(11) αk̂ + (k + (1 − k)k̂) sup
t≥0

∫ t

0

|C(t− s)|
D(s)

D(t)
ds =: µ < 1.

Define the Banach space (B, | · |D) where

(12) |ϕ|D := sup
t≥−h

|ϕ(t)|

D(t)
and

B = {ϕ : [−h,∞) → R, ϕ continuous on [(n − 1)h, nh) for n = 0, 1, . . . , lim
t→nh−

ϕ(t)

exists and |ϕ|D <∞}.

Theorem 1. Let (2)-(5) hold and D(t) be such that (9)-(12) hold. Then for each

ϕ ∈ C((−∞, 0],R) satisfying (9) and sup
t≥0

|I(t, ϕ)|

D(t)
< ∞, there is a unique function y :

R → R, y
∣

∣

[−h,∞)
∈ B, such that y(t, 0, ϕ) = ϕ(t) for t < 0, y(t, 0, ϕ) satisfies (1) for t ≥ 0

and sup
t≥0

|y(t, 0, ϕ)|

D(t)
<∞.

Proof of Theorem 1. B∗ is the complete metric space of functions {ϕ : R → R

∣

∣ϕ(t) =

ϕ(t) for t < 0, ϕ
∣

∣

[−h,∞)
∈ B} with the metric d(ϕ,ψ) =

∣

∣ϕ[−h,∞) − ψ[−h,∞)

∣

∣

D
. Define a

mapping P : B∗ → B∗ by ϕ ∈ B∗ implies

(Pϕ)(t) =

{

f(t, ϕ(t − h)) +
∫ t

−∞Q(s, ϕ(s), ϕ(s − h))C(t− s)ds + p(t) t ≥ 0

ϕ(t) t < 0.
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Since ϕ
∣

∣

[−h,∞)
∈ B and ϕ ∈ C((−∞, 0],R), we have that ϕ(t−h) is right continuous at t = 0

and then by the continuity properties in (5) and (8), f(t, ϕ(t − h)),
∫ 0

−∞
Q(s, ϕ(s), ϕ(s −

h))C(t−s)ds and
∫ t

0
Q(s, ϕ(s), ϕ(s−h))C(t−s)ds, and hence (Pϕ)(t), are right continuous

at t = 0.

Similarly, (Pϕ)(t) is continuous on [(n − 1)h, nh) for n = 0, 1, . . . Moreover, by a

similar argument lim
t→nh−

Pϕ(t) exists for n = 0, 1, . . . Since for t ≥ 0, we have that

∣

∣

∣

∣

∣

∣f(t, ϕ(t − h))
∣

∣−
∣

∣f(t, 0)
∣

∣

∣

∣

∣

∣

≤
∣

∣f(t, ϕ(t − h)) − f(t, 0)
∣

∣ ≤ α
∣

∣ϕ(t− h)
∣

∣,

then by (9)

sup
t≥0

|f(t, ϕ(t − h)|

D(t)
≤ sup

t≥0
α
|ϕ(t− h)|

D(t − h)

D(t − h)

D(t)
+

|f(t, 0)|

D(t)
<∞.

Similarly |Q(t, ϕ(t), ϕ(t − h))| ≤ k|ϕ(t)| + (1 − k)|ϕ(t − h)| + |Q(t, 0, 0)|, and

sup
t≥0

|Q(t, ϕ(t), ϕ(t − h))|

D(t)
<∞.

So

sup
t≥0

|(Pϕ)(t)|

D(t)
≤ sup

t≥0

|f(t, ϕ(t − h))|

D(t)
+

∫ t

0

|Q(s, ϕ(s), ϕ(s − h))|

D(s)

D(s)

D(t)
|C(t− s)|ds

+

∫ 0

−∞

|Q(s, ϕ(s), ϕ(s − h))|
|C(t− s)|

D(t)
ds+

|p(t)|

D(t)
<∞

and

|Pϕ|D = sup
t≥−h

(Pϕ)(t)

D(t)
= max

[

sup
−h≤t≤0

|ϕ(t)|

D(t)
, sup

t≥0

|Pϕ(t)|

D(t)

]

<∞.

Then Pϕ
∣

∣

[−h,∞)
∈ B and Pϕ ∈ B∗.
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For ϕ,ψ ∈ B∗,

d(Pϕ,Pψ) =
∣

∣Pϕ|[−h,∞) − Pψ|[−h,∞)

∣

∣

D
= sup

t≥−h

|Pϕ(t) − Pψ(t)|

D(t)
≤

sup
t≥0

|f(t, ϕ(t − h)) − f(t, ψ(t − h))| +
∫ t

−∞
| [Q(s, ϕ(s), ϕ(s − h)) −Q(s, ψ(s), ψ(s − h))] ||C(t− s)|ds

D(t)

≤ sup
t≥0

α
|ϕ(t− h) − ψ(t − h)|

D(t − h)

D(t − h)

D(t)
+

∫ t

0

[

k
|ϕ(s) − ψ(s)|

D(s)

D(s)

D(t)

+ (1 − k)

(

|ϕ(s− h) − ψ(s − h)|

D(s − h)

)

D(s − h)

D(s)

D(s)

D(t)

]

|C(t− s)|ds

≤ αk̂ sup
t≥−h

|ϕ(t) − ψ(t)|

D(t)
+

[

k sup
t≥−h

|ϕ(t) − ψ(t)|

D(t)
+ (1 − k)k̂ sup

t≥0

|ϕ(t) − ψ(t)|

D(t)

]

·

∫ t

0

D(s)

D(t)
|C(t− s)|ds

≤ d(ϕ,ψ)

[

αk̂ +
(

k + (1 − k)k̂)
)

sup
t≥0

∫ t

0

D(s)

D(t)
|C(t− s)|ds

]

= µd(ϕ,ψ).

Thus P is a contraction on B∗ and has a unique fixed point in B∗.

Now consider (1) on the whole axis

(1)′ y(t) = f(t, y(t − h)) +

∫ t

−∞

Q(s, y(s), y(s − h))C(t− s)ds + p(t) t ∈ R

where now there are positive constants T, α, k and µ so that

(2)′ α ∈ [0, 1) and |f(t, x2) − f(t, x2)| ≤ α|x1 − x2| for t ∈ R, xi ∈ R

(3)′

k ∈ [0, 1] and |Q(t, x1 , x2)−Q(t, x3 , x4) ≤ k|x1 − x3|+ (1− k)|x2 − x4| for t ∈ R, xi ∈ R

(4)′ α +

∫ ∞

0

|C(s)|ds =: µ < 1

(5)′ p ∈ C(R,R), C ∈ C(R,R), f ∈ C(R2,R), Q ∈ C(R3,R)

p(t + T ) = p(t), f(t + T, x) = f(t, x) Q(t + T, x1, x2) = Q(t, x1 , x2) for t, xi ∈ R
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Proposition 1. If (2)′-(5)′ hold, then (1)′ has a continuous T -periodic solution on R.

Proof of Proposition 1. Let PT := {ϕ ∈ C(R,R), ϕ(t+ T ) = ϕ(t) t ∈ R} and (PT , || · ||)

denote the Banach space of continuous T -periodic functions on R with the norm ||ϕ|| =

sup
0≤t≤T

|ϕ(s)| .

Define P : PT → PT by ϕ ∈ PT implies

(Pϕ)(t) = f(t, ϕ(t − h)) +

∫ t

−∞

Q(s, ϕ(s), ϕ(s − h))C(t − s)ds + p(t).

By ϕ ∈ PT and (5)′,

(Pϕ)(t + T ) = f(t + T, ϕ(t + T − h)) +

∫ t+T

−∞

Q(s, ϕ(s), ϕ(s − h))C(t+ T − s)ds + p(t+ T )

= f(t, ϕ(t − h)) +

∫ t

−∞

Q(s′ + T, ϕ(s′ + T ), ϕ(s′ + T − h)C(t− s′)ds′ + p(t)

= (Pϕ)(t), so Pϕ ∈ PT .

For ϕ,ψ ∈ PT , we have for each t ∈ R

|Pϕ(t) − Pψ(t)| ≤ |f(t, ϕ(t − h)) − f(t, ψ(t − h))|

+

∫ t

−∞

|Q(s, ϕ(s), ϕ(s − h)) −Q(s, ψ(s), ψ(s − h))||C(t− s)|ds

≤ α|ϕ(t− h) − ψ(t − h)| +

∫ t

−∞

[k|ϕ(s) − ψ(s)|

+ (1 − k)|ϕ(s− h) − ψ(s − h)|]|C(t− s)|ds

≤

(

α+

∫ ∞

0

|C(s)|ds

)

||ϕ− ψ||,

so ||Pϕ − Pψ|| ≤ µ||ϕ − ψ|| and P is a contraction on PT and so has a unique fixed

point in PT .

Remark. In [1] we had considered the advanced case

x(t) = f(t, x(t − h)) +

∫ ∞

t

ϕ(s, x(s), x(s − h))C(t− s)ds + p(t)

and had obtained a result completely parallel to Theorem 1. An example of the following

sort showed that contractions work in the stable case; that is, we now construct a simple

example satisfying the conditions of the theorem in which solutions go to zero.
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Example 1. Consider

(DE) y(t) = αy(t− h) +

∫ t

−∞

γQ̂(s, y(s), y(s − h))e−a(t−s)ds + e−βt t ≥ 0,

where Q̂ ∈ C(R3,R), sup
t≥0

|Q̂(t, 0, 0)|eβ(t+h) <∞, and for k ∈ [0, 1], |Q̂(t, x1, x2)−Q̂(t, x3, x4)| ≤

k|x1 − x3| + (1 − k)|x2 − x4| for t ≥ 0, xi ∈ R, and α ∈ [0, 1), β < a and

αeβh + (k + (1 + k)eβh) |γ|
a−β =: µ < 1.

Then for each ϕ ∈ C((−∞, 0],R) with
∫ 0

−∞
Q̂(s, ϕ(s), ϕ(s − h))easds < ∞, there is

a unique solution of (DE), y(t, 0, ϕ), satisfying |y(t, 0, ϕ)| ≤ Me−βt for t ≥ 0 and some

constant M(ϕ).

Proof. With Q(t, ϕ(t), ϕ(t − h)) = γQ̂(t, ϕ(t), ϕ(t− h)), f(t, ϕ(t − h)) = αϕ(t− h), C(t) =

e−at, conditions(2)-(5) of Theorem 1 are satisfied and with D(t) = e−β(t+h), conditions

(8)-(11) are satisfied:

sup
t≥0

D(t − h)

D(t)
= eβh,

sup
t≥0

∫ t

0

|C(t− s)|
D(s)

D(t)
ds ≤

1

a− β
,

αeβh + (k + (1 − k)eβh)|γ|
1

a− β
= µ < 1.

Then by Theorem 1, y(t, 0, ϕ) exists and sup
t≥0

|y(t, 0, ϕ)|

D(t)
≤M <∞, so for each t ≥ 0,

|y(t, 0, ϕ)| ≤MD(t) ≤Me−β(t+h) ≤Me−βt.

Remark.. We have just used a fixed point theorem to prove an asymptotic stability result.

We now consider a linear equation

(13) x(t) = αx(t − h) −

∫ t

−∞

[βx(s) + γx(s − h)]C(t, s)ds+ p(t) t ≥ 0,

where

(14) p ∈ C([0,∞),R), C ∈ C(Ω,R) Ω = {(t, s)| −∞ < s ≤ t <∞},
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there exists J > 1 such that

(15) sup
t≥0

{|C(t, t)|

∫ t

−∞

(|C(t, s)| + |Cs(t, s)|(t − s)(t − s+ 1) + |C(t, s)|2)ds} ≤ J,

Cs(t, s) ≥ 0, Cst(t, s) ≤ 0 for (t, s) ∈ Ω(16)

lim
s→−∞

sC(t, s) = 0 for t ∈ [0,∞),

(17) |α| < 1, β − |αβ − γ| − |αγ| > 0.

We also consider its periodic analogue on the whole axis

(13)′ x(t) = αx(t − h) −

∫ t

−∞

[βx(s) + γx(s − h)]C(t, s)ds+ p(t) t ∈ R

where

(14)′
p ∈ C(R,R), C ∈ C(Ω,R) Ω = {(t, s)| −∞ < s ≤ t <∞}, there is a T > 0 with

p(t + T ) = p(t) for t ∈ R, C(t+ T, s + T ) = C(t, s) for (t, s) ∈ Ω,

there exists J > 1 such that

(15)′ sup
t≥0

{

|C(t, t)|

∫ t

−∞

|C(t, s)| + |Cs(t, s)|(t − s)(t − s + T ) + |C(t, s)|2ds

}

≤ J,

(16)′ Cs(t, s) ≥ 0, Cst(t, s) ≤ 0 for (t, s) ∈ Ω, lim
s→−∞

sC(t, s) = 0 for t ∈ R,

(17)′ |α| < 1, β > |αβ − γ| + |αγ|.
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Theorem 2. Suppose (14)-(17) hold. Then there are constants ci ≥ 0 such that whenever

a continuous solution x(t, t0, ϕ) of (13) satisfies |x(t, t0, ϕ)| ≤ X for t ∈ (−∞, t0] for some

t0 ≥ 0 and X > 0, we have that

(i) for t ≥ t0

(∫ t

t0

x2(s)ds

)1/2

≤ c1X + c2

(∫ t

t0

p2(s)ds

)1/2

,

(Here, the ci are independent of the solution.)

(ii) if t ≥ t0 and n = 0, 1, . . . are such that t− nh ≥ t0, with

|x(t)| < |x(t − h)| < |x(t− 2h)| < · · · < |x(t − nh)|

and with |x(t− nh)| ≥ |x(t − (n+ 1)h)|, then

|x(t)| ≤ 1
1−α |p(t− nh)| + c3X + c4

(
∫ t

t0

p2(s)ds

)1/2

,

(iii) for each t ≥ t0, there is an n = 0, 1 . . . such that t− nh ≥ t0 and

|x(t)| ≤ 1
1−|α| |p(t− nh)| + c5X + c6

(∫ t

t0

p2(s)ds

)1/2

,

(iv) for t ≥ t0,

|x(t)| ≤ 1
1−|α| sup

t0≤s≤t
|p(s)| + c5X + c6

(∫ t

t0

p2(s)ds

)1/2

.

Theorem 3. Suppose (14)′-(17)′ hold. Then there are constants ci ≥ 0 such that any

solution x ∈ PT of (13)′ satisfies

(i)
∫ T

0
x2(s)ds ≤ c1

∫ T

0
p2(s)ds

(ii) ‖x‖ ≤ 1
1−|α|‖p‖ + c2

(

∫ T

0 p2(s)ds
)1/2

.
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Proof of Theorem 2 (i). Using (18), choose εi > 0 so that β−|αβ−γ|−|αγ|+ ε1+ε2
2 := µ

2 > 0.

Let x(t, 0, ϕ) be a continuous solution of (13). Define the Liapunov functional

V (t, xt) =

∫ t

−∞

Cs(t, s)

[∫ t

s

(βx(u) + γx(u− h)du

]2

ds

+ (2|αγ| + |αβ − γ| + ε2)

∫ t

t−h

x2(u)du.

Differentiating it along the solution x(t, 0, ϕ) of (13) yields

V ′(t) =

∫ t

−∞

Cst(t, s)

[∫ t

s

(βx(u) + γx(u− h))du

]2

ds

+ (2|αγ| + |αβ − γ| + ε2)[x
2(t) − x2(t− h)]

+ 2[βx(t) + γx(t− h)]

∫ t

−∞

Cs(t, s)

∫ t

s

(βx(u) + γx(u− h))du ds

≤ (2|αγ|+ |αβ − γ|+ ε2)[x
2(t) − x2(t − h)]

+ 2 [βx(t) + γx(t − h)]

[

C(t, s)

∫ t

s

(βx(u) + γx(u− h)du

∣

∣

∣

∣

t

−∞

+

∫ t

−∞

C(t, s)[(βx(s) + γx(s − h)]ds

]

= (2|αγ|+ |αβ − γ|+ ε2)[x
2(t) − x2(t − h)]

+ 2 [βx(t) + γx(t − h)]

∫ t

−∞

C(t, s)[βx(s) + γx(s − h)]ds

= [2|αγ|+ |αβ − γ| + ε2][x
2(t) − x2(t− h)]

+ 2[βx(t) + γx(t− h)][αx(t − h) + p(t) − x(t)]

= [2|αγ|+ |αβ − γ| + ε2][x
2(t) − x2(t− h)]

+ 2αβx(t)x(t − h) + 2βx(t)p(t)

− 2βx2(t) + 2αγx2(t− h) + 2γx(t− h)p(t) − 2γx(t− h)x(t)

≤ [2|αγ|+ |αβ − γ| + ε2][x
2(t) − x2(t− h)]

− 2βx2(t) + |αβ − γ|
(

x2(t) + x2(t− h)
)

+ 2|αγ|x2(t− h)

+ ε1x
2(t) +

β2

ε1
p2(t) + ε2x

2(t− h) +
γ2

ε2
p2(t)

≤ [−2β + 2|αγ|+ 2|αβ − γ| + ε1 + ε2]x
2(t) +

(

β2

ε1
+
γ2

ε2

)

p2(t)

=: −µx2(t) +Mp2(t).
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Then for t ≥ 0

(18) V ′(t) ≤ −µx2(t) +Mp2(t).

We next show that there is a J∗ > 0, independent of t0 and X so that if |x(t, 0, φ)| < X

on (−∞, t0], then V (t0) ≤ J∗X2. To see this we have

V (t0) =

∫ t0

−∞

Cs(t0, s)

[
∫ t0

s

(βx(u) + γx(u− h)du)

]2

ds

+ (2|αγ|+ |αβ − γ|+ ε2)

∫ t0

t0−h

x2(u)du

≤

∫ t0

−∞

Cs(t0, s)(t0 − s)2(|β| + |γ|)2X2ds+ (2|αγ| + |αβ − γ|+ ε2)hX
2

≤ X2
[

(|β| + |γ|)2J + (2|αγ|+ |αβ − γ|+ ε2)h
]

= J∗X2,

where J∗ is independent of t0 and X.

Then integrating (18) yields

∫ t

t0

V ′(s)ds ≤ −µ

∫ t

t0

x2(s)ds +

∫ t

t0

Mp2(s)ds

V (t) ≤ V (t0) − µ

∫ t

t0

x2(s)ds +

∫ t

t0

Mp2(s)ds

(19)

∫ t

t0

x2(s)ds ≤
J∗X2

µ
+
M

µ

∫ t

t0

p2(s)ds,

and then

(19)′
(
∫ t

t0

x2(s)ds

)1/2

≤ c1X + c2

(
∫ t

t0

p2(s)

)1/2

,

where c1 and c2 are independent of t0, X, and the solution. �

Proof of Theorem 2 (ii).

Suppose t ≥ t0 and n = 0, 1, 2, . . . are such that t− nh ≥ t0,

|x(t)| < |x(t − h)| < |x(t− 2h)| < · · · < |x(t − nh)|

12



and |x(t − nh)| ≥ |x(t− (n + 1)h)|.

Then from (13)

(1 − |α|)|x(t − nh)| ≤

∫ t−nh

−∞

[ (|β| |x(s)| + |γ| |x(s − h)|) |C(t− nh, s)|ds+ |p(t − nh)|

≤

∫ t0

−∞

( |β| + |γ| )X|C(t− nh, s)|ds + |p(t− nh)|

+

∫ t−nh

t0

|β| |x(s)| |C(t − nh, s)|ds +

∫ t−nh

t0

|γ| |x(s− h)| |C(t− nh, s)|ds

≤ J(|β|+ |γ|)X + |p(t − nh)| +

(

∫ t−nh

t0

|β|2|x(s)|2ds

)1/2(
∫ t−nh

t0

|C(t− nh, s)|2ds

)1/2

+

(

∫ t−nh

t0

|γ|2|x(s − h)|2ds

)1/2(
∫ t−nh

t0

|C(t− nh, s)|2ds

)1/2

≤ J(|β|+ |γ|)X + |p(t − nh)| +

(

∫ t−nh

t0

|β|2|x(s)|2ds

)1/2(
∫ t−nh

t0

|C(t− nh, s)2ds

)1/2

+

(

∫ t−(n+1)h

t0−h

|γ|2|x(s)|2ds

)1/2(
∫ t−nh

t0

|C(t− nh, s)|2ds

)1/2

≤ J(|β|+ |γ|)X + |p(t − nh)| + J(|β| + |γ|)

(∫ t

t0−h

|x(s)|2ds

)1/2

≤ J(|β|+ |γ|)X + |p(t − nh)| + J(|β| + |γ|)

(

X2h+

∫ t

t0

|x(s)|2ds

)1/2

≤ (J(|β|+ |γ|) + 2h1/2)X + |p(t − nh)| + J(|β|+ |γ|)2

(∫ t

t0

|x(s)|2ds

)1/2

.

So,

(20) |x(t)| ≤ c∗3X + 1
1−|α|

|p(t − nh)| + c5

(
∫ t

t0

|x(s)|2ds

)1/2

,

and using the results of Theorem 2 (i)

|x(t)| ≤ c∗3X + 1
1−|α| |p(t− nh)| + c∗5

(

c1X + c2

(
∫ t

t0

p2(s)ds

)1/2
)

(21)

≤ c3X + c4

(
∫ t

t0

p2(s)ds

)1/2

+ 1
1−|α| |p(t− nh)|,

13



where the ci are independent of t0 and X. �

Proof of Theorem 2 (iii).

Given t ≥ t0, choose n̂ = 0, 1 . . . so that t − n̂h ∈ [t0, t0 + h]. If n̂ is such that

|x(t − n̂h)| > |x(t − (n̂ − 1)h)| > · · · > |x(t)|, then following the proof of Theorem 2(ii),

|x(t − n̂h)| ≤

|α||x(t− (n̂ + 1)h)| +

∫ t−n̂h

−∞

( |β| |x(s)| + |γ| |x(s − h)| ) |C(t− n̂h, s)|ds+ |p(t− n̂h)|

≤ |α|X +

∫ t0

−∞

( |β| + |γ| )X|C(t− n̂h, s)|ds + |p(t− n̂h)|

+

∫ t−n̂h

t0

|β| |x(s)| |C(t− n̂h, s)|ds +

∫ t−n̂h

t0

|γ| |x(s − h)| |C(t− n̂h, s)|ds

≤ (|α| + J(|β| + |γ|) + h1/2)X + |p(t− n̂h)| + J(|β|+ |γ|)

(∫ t

t0

|x(s)|2ds

)1/2

and using Theorem 2(i),

|x(t)| ≤ |x(t − n̂h)| ≤ c∗3X + |p(t− n̂h)| + c5

(∫ t

t0

|x(s)|2ds

)1/2

≤ c∗3X + |p(t − n̂h)| + c∗5

(

c1X + c2

(∫ t

t0

p2(s)ds

)1/2
)

≤ c3X + c4

(∫ t

t0

p2(s)ds

)1/2

+ 1
1−|α| |p(t− n̂h)|,

where the ci are independent of t0 and X.

Alternatively, if

{

|x(t − kh)|

}k=n̂

k=0

fails to be a strictly increasing sequence, then for the

largest n ∈ {0, . . . n̂− 1} for which

{

|x(t − kh)|

}k=n

k=0

is a strictly increasing sequence, we

have that |x(t− nh)| > |x(t− (n− 1)h)| > · · · > |x(t)|, and |x(t− (n+1)h)| ≤ |x(t−nh)|.

Using the results of Theorem 2 (i) and (ii) we have

|x(t)| ≤ c3X + c4

(
∫ t

t0

p2(s)ds

)1/2

+ 1
1−|α| |p(t− nh)|

14



where the ci are independent of t0 and X. This proves (iii). In particular then (iv) is also

true. �

Proof of Theorem 3.

From the proof of Theorem 2 (i), V ′(t, xt) ≤ −µx2(t) +Mp2(t) and then since x ∈ PT

implies V (t) = V (0), we have by integration
∫ T

0
V ′(s)ds ≤ −µ

∫ T

0
x2(s)ds +M

∫ T

0
p2(s)ds

or
∫ T

0 x2(s)ds ≤ M
µ

∫ T

0 p2(s)ds.

Note that I(u) = [2β2x2(u) + 2γ2x2(u− h)] is T -periodic in u, so that its integral over

every interval of length T is given by

∫ T

0

(2β2 + 2γ2)x2(u)du,

and then for any s, t : −∞ < s ≤ t < ∞ if we denote the greatest integer function by

b| (t−s)
T |c we have

∫ t

s

[2β2x2(u) + 2γ2x2(u− h)]du =

i=b|
(t−s)

T
|c

∑

i=1

∫ s+iT

s+(i−1)T

[2β2x2(u) + 2γ2x2(u− h)]du

+

∫ t

s+b|
(t−s)

T
T |c

[2β2x2(u) + 2γ2x2(u− h)]du

≤

i=b|
(t−s)

T
|c

∑

i=1

∫ T

0

[2β2 + 2γ2]x2(u)du+

∫ t

t−T

[2β2x2(u) + 2γ2x2(u− h)]du

≤ (b|
(t− s)

T
|c + 1)[2β2 + 2γ2]

∫ T

0

x2(u)du

≤ (
t− s

T
+ 1)[2β2 + 2γ2]

∫ T

0

x2(u)du

≤ (t− s+ T )[2β2 + 2γ2]
1

T

∫ T

0

x2(u)du.

Using this inequality, we integrate by parts, use Schwarz’ inequality, and then Cauchy’s

15



inequality to obtain

[x(t) − αx(t− h) − p(t)]2

≤

[∫ t

−∞

(βx(s) + γx(s− h))C(t, s)ds

]2

≤ C(t, t)

∫ t

−∞

Cs(t, s)(t − s)

∫ t

s

[2β2x2(u) + 2γ2x2(u− h)]du ds

≤ C(t, t)

∫ t

−∞

Cs(t, s)(t − s)(t − s + T )ds[2β2 + 2γ2]
1

T

∫ T

0

x2(u)du,

and using Theorem 3(i)

|x(t)| ≤ |α| |x(t − h)| + |p(t)| + c

(

∫ T

0

x2(s)ds

)1/2

≤ |α| |x(t − h)| + |p(t)| + c

(

∫ T

0

p2(s)ds

)1/2

.

Then taking the supremum for t ∈ [0, T ], in the above inequality and rearranging we get

Theorem 3(ii). �

Definition. For x : [0,∞) → R, define the norm

|x|D = sup
t≥0

|x(t)| +
(

∫ t

0
x2(s)ds

)1/2

1 + sup
0≤s≤t

|p(s)| +
(

∫ t

0 p
2(s)ds

)1/2
,

if it exists, and for x, p ∈ PT , the norm

|x|PT
= sup

0≤t≤T

|x(t)| +
(

∫ t

0
x2(s)ds

)1/2

1 + |p(t)| +
(

∫ t

0 p
2(s)ds

)1/2
.

Theorem 4. Suppose (14)′-(17)′ hold. Then there are constants ci ≥ 0 such that

(i) any solution x ∈ PT of (13)′ satisfies

|x|PT
≤ 1

1−|α| sup
t≥0

|p(t)| + c1

(

∫ T

0

p2(s)ds

)1/2

,
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(ii) any continuous solution x(t, 0, ϕ) of (13) with bounded φ satisfies

|x|D ≤ c6||ϕ||+
1

1−|α| sup
t≥0

|p(t)| + c7

(

∫ T

0

p2(s)ds

)1/2

,

where ||ϕ|| = sup
t≤0

|ϕ(s)|.

Proof of Theorem 4.

(i) Using the result of Theorem 3,

|x|PT
= sup

0≤t≤T

|x(t)| +
(

∫ t

0 x
2(s)ds

)1/2

1 + |p(t)| +
(

∫ t

0
p2(s)ds

)1/2
≤ sup

0≤t≤T

1
1−|α| |p(t)| + c3

(

∫ T

0 p2(s)ds
)1/2

1 + |p(t)| +
(

∫ T

0
p2(s)ds

)1/2

≤
1

1 − |α|
sup

0≤t≤T
|p(t)| + c4

(

∫ T

0

p2(s)ds

)1/2

.

(ii) Using the results of Theorem 2 (iv),

|x|D = sup
t≥0

|x(t)| +
(

∫ t

0
x2(s)ds

)1/2

1 + sup
0≤s≤t

|p(s)| +
(

∫ t

0 p
2(s)ds

)1/2
≤ sup

t≥0

1
1−|α| sup

0≤s≤t
|p(s)| + c1||ϕ||+ c2

(

∫ t

0
p2(s)ds

)1/2

1 + sup
0≤s≤t

|p(s)| +
(

∫ t

0 p
2(s)ds

)1/2

≤
1

1 − |α|
sup
t≥0

|p(t)| + c6||ϕ||+ c7

(
∫ t

0

p2(s)ds

)1/2

. �

Remark. There are other forms for Theorem 4. Clearly, |x|PT
≤ c3 + 1

1−|α| ; but that does

not reflect the fact that |x|PT
→ 0 as ‖p‖ → 0. Also, |x|D ≤ 1

1−|α| + c6‖φ‖; but that also

fails to reflect smallness related to p.

Theorem 5. Suppose p ∈ L2[0,∞) and x(t, 0, ϕ) is a continuous solution of (14), and

V (t) is the Liapunov function in the proof of Theorem 2 (i).

Then x ∈ L2[0,∞), V (∞) = lim
t→∞

V (t) exists and

∫ ∞

t

x2(s)ds ≤
1

µ
[V (t) − V (∞)] +

M

µ

∫ ∞

t

p2(s)ds.
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Proof of Theorem 5. By the inequality in the proof of Theorem 2(i)

V ′(t) ≤ −µx2(t) +Mp2(t) t > 0,

so for any ρ > 0

∫ t+ρ

t

V ′(s)ds ≤ −µ

∫ t+ρ

t

x2(s)ds +M

∫ t+ρ

t

p2(s)ds

and taking the lim
ρ→∞

yields

V (∞) + µ

∫ ∞

t

x2(s)ds ≤ V (t) +M

∫ ∞

t

p2(s)ds. �

We now use a combination of results of Krasnoselskii [5] and Schaefer [7].

Theorem (Burton-Kirk[3]). Let (S, || · ||) be a Banach space, A,B : S → S, B a

contraction, A continuous and compact. Either

(i) x = λB(x/λ) + λAx has a solution for λ = 1 or

(ii) the set of all such solutions, 0 < λ < 1, is unbounded.

Proposition 2. If (14)′-(17)′ hold, then (13)′ has a continuous T -periodic solution on R.

Proof of Proposition 2. Let (PT , || · ||) denote the Banach space of T -periodic continuous

functions on R with the sup norm.

Define A,B : PT → PT by x ∈ PT implies

(Ax)(t) = −

∫ t

−∞

[βx(s) + γx(s − h)]C(t, s) + p(t)

(Bx)(t) = αx(t − h).

Then B is a contraction on PT .

If xn → x in PT , then

|(Axn)(t) − (Ax)(t)| = |

∫ t

−∞

β[xn(s) − x(s)] + γ[xn(s − h) − x(s − h)]C(t, s)ds|

≤ J(|β|+ |γ|)||xn − x||;
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thus, ||Axn − Ax|| → 0 if ||xn − x|| → 0, and A is continuous in PT . Let xi ∈ PT , then

|(Ax1)(t) − (Ax2)(t)| ≤ J(|β| + |γ|)||x1 − x2|| or ||(Ax1)(t) − (Ax2)(t)|| ≤ C ||x1 − x2|| so

A takes PT into an equicontinuous set. If K is a bounded set in PT and x ∈ K with

||x|| ≤ M, then ||Ax|| ≤ J(|β| + |γ|)||x|| + ||p|| ≤ M ′ so AK is uniformly bounded and

equicontinuous, hence precompact in PT . So A is a compact map.

Consider then

x(t) = αx(t − h) − λ

[
∫ t

−∞

[βx(s) + γx(s − h)]C(t, s)ds + p(t)

]

t ∈ R

and for A and B defined as in the proof of Proposition 2 we write this as

(13)′λ x = λB(x/λ) + λAx.

For x ∈ PT , λ ∈ (0, 1) and ε2 as in the proof of Theorem 2 (i), define

Vλ(t) =

∫ t

−∞

Cs(t, s)

[∫ t

s

(λβx(u) + λγx(u− h))du

]2

ds

+ (2αλγ + |αλβ − λγ| + λε2)

∫ t

t−h

x2(u)du

so V ′
λ(t) ≤ −µλx2(t) +Mλp2(t) and

∫ t

0

V ′
λ(s)ds ≤ −µλ

∫ t

0

x2(s)ds +Mλ

∫ T

0

p2(s)ds.

But V (t) = V (0) since x ∈ PT and so for x ∈ PT

(22)

∫ T

0

x2(s)ds ≤
M

µ

∫ T

0

p2(s)ds := M̂.

By the same argument used in the proof of Theorem 3, for any s, t : −∞ < s ≤ t <∞ we

have

∫ t

s

[2β2x2(u) + (γ2 + 1)x2(u− h)]du ≤ (b|t− s|c + T )[2β2 + γ2 + 1]
1

T

∫ T

0

x2(u)du.
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Then by (13)′λ

(x(t) − αx(t − h) − λp(t))2 ≤ λ2

[
∫ t

−∞

[βx(s) + γx(s − h)]C(t, s)ds

]2

≤ λ2

[

−C(t, s)

∫ t

s

βx(u) + γx(u− h)du

∣

∣

∣

∣

t

−∞

+

∫ t

−∞

Cs(t, s)

∫ t

s

βx(u) + γx(u− h)du ds

]2

≤ λ2

[∫ t

−∞

Cs(t, s)

∫ t

s

βx(u) + γx(u− h)du ds

]2

≤ λ2

[
∫ t

−∞

√

Cs(t, s)
√

Cs(t, s)

∫ t

s

βx(u) + γx(u− h)du ds

]2

≤ λ2

∫ t

−∞

Cs(t, s)ds

∫ t

−∞

Cs(t, s)

[∫ t

s

βx(u) + γx(u− h)du

]2

ds

≤ λ2C(t, t)

∫ t

−∞

Cs(t, s)

∫ t

s

12du

∫ t

s

[βx(u) + γx(u− h)]2du ds

≤ λ2C(t, t)

∫ t

−∞

Cs(t, s)(t − s)

∫ t

s

[2β2x2(u) + 2γ2x2(u− h)]du ds

≤ λ2C(t, t)

∫ t

−∞

Cs(t, s)(t − s)(t − s + T )[2β2 + 2γ2]ds
1

T

∫ T

0

x2(u)du ≤ Y 2,

for some Y .

So, |x− αx(t − h) − λp(t)| ≤ Y and |x(t)| ≤ α|x(t − h)| + Y + λ||p|| ≤ α|x(t − h)| + δ,

and for 0 ≤ t ≤ T , the same argument can be applied as in Theorem 3 to establish that

lim
n→∞

|x(t+nh)| = δ/(1−|α|). Then by periodicity, |x(t)| ≤ δ/(1−|α|) for all t ∈ R; that is

solutions of x = λB(x/λ) + λAx for 0 < λ < 1 are bounded. Then (ii) of the Burton-Kirk

theorem cannot happen and since all the conditions are present, (i) must be fulfilled; that

is, (13)′λ has a solution in PT for λ = 1. This means that (13)′ has a T -periodic continuous

solution on R. �

Remark. In Theorem 2 the inclusion of t0 as the lower limit of the integrals, instead of
∫ t

0

is crucial to understanding the behavior of the solution. If we take t0 = 0, then a solution

x(t) could remain very small and
∫ t

0 x
2(s)ds could remain very small for a very long time

so that
∫ t

0
p2(s)ds could become very large, even if |p(t)| remains very small. Suddenly,
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|x(t)| could become very large. With the inclusion of t0, we can see that the growth of

|x(t)| is controlled by |p(t)|.

Equation (19) will define a weighted norm on a solution space and can be used to obtain

existence results. But this weight ceases to make a norm in the nonlinear case, as we now

show.

It is now interesting to see how nonlinearities affect (19). We consider an equation

x(t) = αx(t − h) −

∫ t

−∞

[g(x(s)) + r(x(s − h))]C(t, s)ds + p(t).

The inequalities which we encounter work when

g(x) =
∞
∑

n=0

anx
2n+1 an ≥ 0,

and r(x) is dominated by g(x), but the details became cumbersome. All of the ideas

emerge in the equation

(23) x(t) = αx(t − h) −

∫ t

−∞

[βx3(s) + γx3(s − h)]C(t, s)ds + p(t) t ≥ 0,

(24) p ∈ C [ [0,∞),R ] , C ∈ C(Ω,R) Ω = {(t, s)| −∞ < s ≤ t <∞},

there is a J > 1 such that

(25) sup
t≥0

|C(t, t)|

∫ t

−∞

|C(t, s)| + C4(t, s) + |Cs(t, s)|(t − s + h)1/3(t − s + 1)ds ≤ J,

(26) Cs(t, s) ≥ 0, Cst(t, s) ≤ 0 for (t, s) ∈ Ω lim
s→∞

sC(t, s) = 0 for t ∈ [0,∞),

(27) |α| < 1 β > |αβ|+ |γ|+ |αγ|.

We also consider its periodic analogue on the whole axis
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(23)′ x(t) =

[

αx(t − h) −

∫ t

−∞

[βx3(s) + γx3(s − h)]ds+ p(t)

]

λ, t ∈ R

where

(24)′

p ∈ C(R, R), C ∈ C(Ω, R) Ω = {(t, s)| −∞ < s ≤ t <∞} and there is a T > 0 with

p(t + T ) = p(t) t ∈ R, C(t+ T, s + T ) = C(t, s) for (t, s) ∈ Ω

there is J > 1 such that

(25)′ sup
t≥0

|C(t, t)|

∫ t

−∞

|C(t, s)| + C4(t, s) + |Cs(t, s)|(t − s+ h)1/3(t− s+ T )ds ≤ J,

(26)′ Cs(t, s) ≥ 0, Cst(t, s) ≤ 0 for (t, s) ∈ Ω lim
s→−∞

sC(t, s) = 0 for t ∈ [0,∞),

and

(28)′ |α| < 1 β > |αβ|+ |γ|+ |αγ|.

Theorem 6. Suppose (24)-(27) hold. Then there are constants ci ≥ 0 such that whenever

a continuous solution x(t, t0, ϕ) of (23) satisfies |x(t, t0, ϕ)| ≤ X for t ∈ (−∞, t0] for some

t0 ≥ 0 and X > 1, we have

(i) for t ≥ t0

(∫ t

t0

x4(s)ds

)1/4

≤ c1X
3/2 + c2

(∫ t

t0

p4(s)ds

)1/4

,

(ii) if t ≥ t0 and n = 0, 1 . . . are such that t− nh ≥ t0,

|x(t)| < |x(t− h)| < · · · < |x(t − nh)|

and |x(t − nh)| ≥ |x(t − (n+ 1)h), then

|x(t)| ≤ 1
1−α |p(t − nh)| + c3X

9/2 + c4

(
∫ t

t0

p4(s)ds

)3/4

,
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(iii) for each t ≥ t0, there is an n = 0, 1 . . . such that t− nh ≥ t0 and

|x(t)| ≤ 1
1−|α| |p(t − nh)| + c5X

9/2 + c6

(∫ t

t0

p4(s)ds

)3/4

,

(iv) for t ≥ t0,

|x(t)| ≤ 1
1−|α|

sup
t0≤s≤t

|p(s)| + c5X
9/2 + c6

(
∫ t

t0

p4(s)ds

)3/4

.

Proof of Theorem 6(i). Using (27), choose εi > 0 so that |β| − |αβ| − |γ| − |αγ|+ ε1+ε2
2 =

µ
2 > 0. Let x(t, 0, ϕ) be a continuous solution of (23).

Define

V (t, xt) =

∫ t

−∞

Cs(t, s)

[∫ t

s

(βx3(u) + γx3(u− h)du

]2

ds

+

[

|αβ|

2
+ 2|αγ|+

3

2
|γ|+ 2ε2

]
∫ t

t−h

x4(u)du.
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Then

V ′(t) ≤

∫ t

−∞

Cst(t, s)

[∫ t

s

(βx3(u) + γx3(u− h)du

]2

ds

+ 2

∫ t

−∞

Cs(t, s)[βx
3(t) + γx3(t− h)]

∫ t

s

(βx3(u) + γx3(u− h)du ds

+

(

|αβ|

2
+ 2|αγ|+

3

2
|γ|+ 2ε2

)

[x4(t) − x4(t − h)]

≤

(

|αβ|

2
+ 2|αγ| +

3

2
|γ| + 2ε2

)

[x4(t) − x4(t− h)]

+ 2[βx3(t) + γx3(t − h)]

[

C(t, s)

∫ t

s

(βx3(u) + γx3(u− h)du

∣

∣

∣

∣

t

−∞

+

∫ t

−∞

(βx3(s) + γx3(s − h))C(t, s)ds

]

≤

[

|αβ|

2
+ 2|αγ|+

3

2
|γ|+ 2ε2

]

[x4(t) − x4(t − h)]

+ 2[βx3(t) + γx3(t − h)][αx(t − h) + p(t) − x(t)]

≤

[

|αβ|

2
+ 2|αγ|+

3

2
|γ|+ 2ε2

]

[x4(t) − x4(t − h)]

+ 2[βαx3(t)x(t − h) + βx3(t)p(t) − βx4(t) + |γα|x4(t− h)

+ γx3(t − h)p(t) − γx3(t − h)x(t)]

≤

[

|αβ|

2
+ 2|αγ|+

3

2
|γ|+ 2ε2

]

[x4(t) − x4(t − h)]

+ 2

[

|αβ|

[

3

4
x4(t) +

1

4
x4(t − h)

]

+ ε1x
4(t)

]

+
33/4

47/4

β1/4

ε
3/4
1

p4(t) − βx4(t) + |γα|x4(t − h) + ε2x
4(t− h)

+
33/4

47/4

γ1/4

ε
3/4
2

p4(t) + |γ|

(

x(t)4

4
+

3

4
x4(t − h)

)

≤ 2x4

[

3

4
|αβ| + ε1 − β +

|γ|

4

]

+ x4(t − h)

[

|γβ|

4
+ |γα|+ ε2 +

3

4
|γ|

]

+ p4(t)M̂ +

(

|αβ|

2
+ 2|αγ|+

3

2
|γ| + 2ε2

)

[x4(t) − x4(t − h)]

= 2[−β + |αβ| + |γ|+ ε1 + ε2 + |αγ| ]|x(t)|4 + M̂ |p4(t)|.

So

(28) V ′(t) ≤ −µx4(t) + M̂p4(t).
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Next, we note that there is a J∗ > 1 with

V (t0) ≤

∫ t0

−∞

Cs(t, s)[|β| + |γ|]2X6(t0 − s)2 +

[

|αβ|

2
+ 2|αγ|+

3

2
|γ| + 2ε2

]

hX4

≤ J [ |β|+ |γ| ]2X6 + cX4 ≤ J∗X6.

Then integrating (28)

∫ t

t0

V ′(s)ds ≤ −µ

∫ t

t0

x4(s)ds + M̂

∫ t

t0

p4(s)ds,

so

0 ≤ V (t) ≤ V (t0) − µ

∫ t

t0

x4(s)ds + M̂

∫ t

t0

p4(s)ds,

(29)

∫ t

t0

x4(s)ds ≤ c1X
6 + c2

∫ t

t0

p4(s)ds

and

(29)′
(∫ t

t0

x4(s)ds

)1/4

≤ c1X
3/2 + c2

(∫ t

t0

p4(s)ds

)1/4

. �

Proof of Theorem 6 (ii). Suppose t ≥ t0 n = 0, 1, . . . are such that t− nh ≥ t0,

|x(t)| < |x(t− h)| < · · · < |x(t − nh)|
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and |x(t − nh)| ≥ |x(t− (n + 1)h)|. Then from (23)

(1 − |α|)|x(t − nh)| ≤

∫ t−nh

−∞

[|β| |x(s)|3 + |γ| |x(s− h)|3]|C(t− nh, s)|ds + |p(t− nh)|

≤

∫ t0

−∞

(|β| + |γ|)X3|C(t− nh, s)|ds

+

∫ t−nh

t0

[|β| |x(s)|3]|C(t− nh, s)|ds

+

∫ t−nh

t0

|γ| |x(s − h)|3|C(t− nh, s)|ds + |p(t− nh)|

≤ |p(t− nh)| + (|β| + |γ|)X3J

+

(

∫ t−nh

t0

|x(s)|4ds

)3/4(
∫ t−nh

t0

|β|4C4(t− nh, s)ds

)1/4

+

(

∫ t−nh−h

t0−h

|γ|4|C4(t, s + h)|ds

)1/4(
∫ t−(n+1)h

t0−h

|x(s)|4ds

)3/4

≤ |p(t− nh)| + (|β| + |γ|)X3J + |β|J

(∫ t

t0

|x(s)4ds

)3/4

+ |γ|J

(∫ t

t0−h

|x(s)4ds

)3/4

≤ |p(t − nh)|+ (|β| + |γ|)X3J

+ |β|J

(∫ t

t0

|x(s)4ds

)3/4

+ |γ|J

(

X4h+

∫ t

t0

|x(s)|4ds

)3/4

≤ |p(t− nh)| + c3X
3 + c4

(∫ t

t0

|x(s)|4ds

)3/4

≤ |p(t− nh)| + c3X
3 + c4

(

c1X
6 + c2

∫ t

t0

|p(s)|4ds

)3/4

.

Then

|x(t)| < |x(t − nh)| ≤ 1
1−|α| |p(t− nh)| + c3X

9/2 + c4

(∫ t

t0

|p4(s)|ds

)3/4

. �

Proof of Theorem 6(iii). Given t ≥ t0, choose n̂ = 0, 1 . . . so that t− n̂h ∈ [t0, t0 + h]. If

n̂ is such that |x(t − n̂h)| > |x(t − (n̂ − 1)h)| > · · · > |x(t)|, then following the proof of
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Theorem 6(ii),

|x(t − n̂h)| ≤

|α||x(t − (n̂+ 1)h)| +

∫ t−n̂h

−∞

(

|β| |x(s)|3 + |γ| |x(s − h)|3
)

|C(t− n̂h, s)|ds+ |p(t− n̂h)|

≤ |α|X +

∫ t0

−∞

( |β|+ |γ| )X3|C(t− n̂h, s)|ds + |p(t − n̂h)|

+

∫ t−n̂h

t0

|β| |x(s)|3 |C(t− n̂h, s)|ds +

∫ t−n̂h

t0

|γ| |x(s − h)|3 |C(t− n̂h, s)|ds

≤ (|α| + J(|β|+ |γ|))X3 + |p(t − n̂h)|
(

∫ t−n̂h

t0

|x(s)|4ds

)3/4(
∫ t−n̂h

t0

|β|4C4(t− nh, s)ds

)1/4

+

(

∫ t−n̂h−h

t0−h

|γ|4|C4(t, s + h)|ds

)1/4(
∫ t−(n̂+1)h

t0−h

|x(s)|4ds

)3/4

≤ |p(t− n̂h)| + (|α| + J(|β|+ |γ|))X3 + |β|J

(∫ t

t0

|x(s)4ds

)3/4

+ |γ|J

(∫ t

t0−h

|x(s)4ds

)3/4

≤ |p(t− n̂h)| + c3X
3

+ |β|J

(
∫ t

t0

|x(s)4ds

)3/4

+ |γ|J

(

X4h+

∫ t

t0

|x(s)|4ds

)3/4

≤ |p(t− n̂h)| + c3X
3 + c4

(
∫ t

t0

|x(s)|4ds

)3/4

≤ |p(t− n̂h)| + c3X
3 + c4

(

c1X
6 + c2

∫ t

t0

|p(s)|4ds

)3/4

,

by (29). Thus,

|x(t)| ≤ |x(t − n̂h)| ≤ c∗3X
9/2 + |p(t − n̂h)| + c5

(
∫ t

t0

p4(s)ds

)3/4

≤ c3X
9/2 + 1

1−|α| |p(t− n̂h)| + c4

(∫ t

t0

p4(s)ds

)3/4

,
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where the ci are independent of t0 and X.

Alternatively, if

{

|x(t − kh)|

}k=n̂

k=0

fails to be a strictly increasing sequence, then for the

largest n ∈ {0, . . . n̂− 1} for which

{

|x(t − kh)|

}k=n

k=0

is a strictly increasing sequence, we

have that |x(t− nh)| > |x(t− (n− 1)h)| > · · · > |x(t)|, and |x(t− (n+1)h)| ≤ |x(t−nh)|.

Using the results of Theorem 6 (i) and (ii) we have

|x(t)| ≤ c3X
9/2 + c4

(∫ t

t0

p4(s)ds

)3/4

+ 1
1−|α| |p(t − nh)|

where the ci are independent of t0 and X. Also, (iv) follows from (iii). �

Theorem 7. Suppose (24)′-(27)′ hold. Then there are constants ci ≥ 0 such that any

solution x ∈ PT of (23)′ satisfies

(i)
∫ T

0
x4(s)ds ≤ c1

∫ T

0
p4(s)ds

(ii) |x(t)| ≤ 1
1−|α|‖p‖ + c2

(

∫ T

0 p4(s)ds
)3/4

.

Proof of Theorem 7. Following the proof of Theorem 6(i), V ′(t) ≤ −µx4(t) +Mp4(t) and

then since V (t) = V (0)
∫ T

0

x4(s)ds ≤
M

µ

∫ T

0

p4(s)ds.

So

|x(t) − αx(t − h) − p(t)| ≤

[
∫ t

−∞

(βx3(s) + γx3(s− h))C(t, s)ds

]

≤ C∗

(

∫ T

0

x4(s)ds

)3/4

≤ c

(

∫ T

0

p4(s)ds

)3/4

,

using (25), the arguments of the proof of Theorem 3, and Theorem 7(i). Thus,

|x(t)| ≤ |α||x(t − h)| + |p(t)| + c

(

∫ T

0

p4(s)ds

)3/4

,

so that by taking the supremum we obtain

|x(t)| ≤ 1
1−|α|



‖p‖ + c

(

∫ T

0

p4(s)ds

)3/4




≤ 1
1−|α|‖p‖ + c2

(

∫ T

0

p4(s)ds

)3/4

.

�
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Definition. For x : [0,∞) → R, define

|x|DT
= sup

t≥0

|x(t)| +
(

∫ t

0
x4(s)ds

)3/4

1 + sup
0≤s≤t

|p(s)| +
(

∫ t

0
p4(s)ds

)3/4
,

if it exists, and for x ∈ PT

|x|DT
= sup

0≤t≤T

|x(t)| +
(

∫ t

0 x
4(s)ds

)3/4

1 + |p(t)| +
(

∫ t

0
p4(s)ds

)3/4
.

Theorem 8. Suppose (24)′-(27)′ hold. Then there are constants ci ≥ 0 such that

(i) for x ∈ PT as a solution of (23)′, then

|x|DT
≤ 1

1−|α| sup
t≥0

|p(t)| + c1

(

∫ T

0

p4(s)ds

)3/4

,

(ii) for x(t, 0, ϕ) a continuous solution of (23),

|x|D ≤ c6||ϕ||
9/2 +

1

1 − |α|
sup
t≥0

|p(t)| + c7,

where ||ϕ|| = sup
s≤0

|ϕ(s)|.

Proof of Theorem 8.

(i) Using the result of Theorem 7,

|x|DT
= sup

0≤t≤T

|x(t)| +
(

∫ t

0
x4(s)ds

)3/4

1 + |p(t)| +
(

∫ t

0
p4(s)ds

)3/4
≤ 1

1−|α| sup
0≤t≤T

|p(t)| + c4

(

∫ T

0

p4(s)ds

)3/4

.

(ii) using the results of Theorem 6(iv)

|x|D = sup
t≥0

|x(t)| +
(

∫ t

0 x
4(s)ds

)3/4

1 + sup
0≤s≤t

|p(s)| +
(

∫ t

0
p4(s)ds

)3/4
≤

1

1 − |α|
sup
t≥0

|p(t)| + c6||ϕ||
9/2 + c7.

�
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Proposition 3. If (24)′-(27)′ hold, then (23)′ has a continuous T -periodic solution on R.

Proof of Proposition 3. Let (PT , || · ||) denote the Banach space of T -periodic continuous

functions on R with the sup norm.

Define A,B : PT → PT by x ∈ PT implies

(Ax)(t) = −

∫ t

−∞

[βx3(s) + γx3(s − h)]C(t, s)ds + p(t)

(Bx)(t) = αx(t − h).

B is a contraction on PT .

Suppose xn → x in PT . Then with M̂ such that |xn| ≤ M̂ for all n,

|(Axn)(t) − (Ax)(t)| =

∫ t

−∞

[

β[x3
n(s) − x3(s)] + γ[x3(s − h) − x3(s − h)]

]

C(t, s)ds

≤

∫ t

−∞

β[xn(s) − x(s)] [x2
n(s) + xn(s)x(s) + x2(s)]

+ γ[xn(s − h) − x(s − h)] [x2
n(s − h) + xn(s− h)x(s − h) + x2(s − h)]C(t, s)ds

≤ (|γ|+ |β|)3M̂2J ||xn − x||

so ||xn − x|| → 0 ⇒ ||Axn − Ax|| → 0, and A is continuous in PT .

If {xi} ⊆ PT is a bounded set with bound M we have

||Axi|| ≤ 3J(|β|+ |γ|)||xi||
3 + ||p|| ≤M ′,

so {Axi} is uniformly bounded in PT .

By an argument similar to that above, ||Axi −Axj || ≤M ||xi−xj || so {Axi} is equicon-

tinuous in PT . Thus, {Axi} is precompact in PT and A is a compact map on bounded

sets.

Consider now for each λ ∈ (0, 1]

x(t) = αx(t − h) − λ

[
∫ t

−∞

βx3(s) + γx3(s − h)

]

C(t, s)ds + p(t) t ∈ R
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which we write as

(23)′λ x = λB(x/λ) + λAx.

Following the proof of Theorem 6(i), for x ∈ PT , λ ∈ (0, 1),and ε2, define

Vλ(t, xt) =

∫ t

−∞

Cs(t, s)

[∫ t

s

(

λβx3(u) + λγx3(u− h)
)

du

]2

ds

+

[

λ
|αβ|

2
+ 2λ|αγ|+

3

2
λ|γ|+ 2λε2

]
∫ t

t−h

x4(s)ds.

and then

(30) V ′
λ(t) ≤ −λµx4(t) + λM̂p4(t) for each λ ∈ (0, 1].

Integrating from 0 to T and observing that V (0) = V (T ) yields

(31)

∫ T

0

x4(s)ds ≤
M̂

µ

∫ T

0

p4(s)ds ≤ Ŷ for some Ŷ > 0.

Note that I(u) = x4(u) is T -periodic in u, so that its integral over every interval of length

T is given by

∫ T

0

x4(u)du.

Then by an argument analagous to that in Theorem 3, for any s, t : −∞ < s ≤ t < ∞ we

have

∫ t

s−h

x4(u)du ≤ (t− s+ h+ T )
1

T

∫ T

0

x4(u)du.
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Using this inequality in (23)′λ yields

|x(t) − αx(t − h) − λp(t)|

≤ λ

[∫ t

−∞

[βx3(s) + γx3(s − h))|C(t, s)|ds

]

≤ −C(t, s)

∫ t

s

βx3(u) + γx3(u− h)du

∣

∣

∣

∣

t

−∞

+

∫ t

−∞

Cs(t, s)

∫ t

s

βx3(u) + γx3(u− h)du ds

≤

∫ t

−∞

Cs(t, s)

∫ t

s

βx3(u) + γx3(u− h)du ds

≤

∫ t

−∞

C1/4
s (t, s)C3/4

s (t, s)

∫ t

s

|β| |x(u)|3 + |γ| |x(u− h)|3du ds

≤

(∫ t

−∞

Cs(t, s)ds

)1/4
(

∫ t

−∞

Cs(t, s)

[∫ t

s

|β| |x(u)|3 + |γ| |x(u− h)|3du

]4/3

ds

)3/4

≤ |C(t, t)|1/4





∫ t

−∞

Cs(t, s)

[

∫ t

s

|β| |x(u)|3du+ |γ|

∫ t−h

s−h

|x3(u)|du

]4/3

ds





3/4

≤ |C(t, t)|1/4

(

∫ t

−∞

Cs(t, s)[(t − s+ T )(|β| + |γ|)

∫ T

0

|x3(u)|du]4/3ds

)3/4

≤ |C(t, t)|1/4





∫ t

−∞

Cs(t, s)(|β| + |γ|)4/3(t− s + T )4/3

(

∫ T

0

(1/T )|x3(u)|du

)4/3

ds





3/4

≤ J(|β| + |γ|)

[

1

T

∫ T

0

x4(u)du

]3/4

≤ c8Ŷ
3/4 := Y

Now by an argument similar to that used in the proof of Proposition 2, |x(t)−αx(t−h)−

λp(t)| ≤ Y implies that there exists δ > 0 so that |x(t)| ≤ δ
1−|α|

for every solution x(t) of

(23)′λ and each λ ∈ (0, 1].

Then by the Burton-Kirk Theorem, (23)′ has a solution in PT .
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