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Abstract. In applying Perron’s linear approximation theorem to the stability
study of 2/ = x — 2sinx we understand that we can replace sinx by z and study

stability of ' = —x. The reason reduces to the fact that lim,_.g Si‘;x =1. In

another vein, it is an easy application of Liapunov’s direct method to see that in
the study of stability of 2/ = —(1 — 100sint)z® — 100sint¢sin® x we may simply
replace sin® z by 23 and study the stability of #’ = —a°.

the fact that lim,_.g S“‘;% = 1. In this paper we use contraction mappings to study

The reason reduces to

stability of three prominant classes of functional differential equations involving two

functionals, g(x¢) and G(x), having the property that lim,_, % = 1. We show

that we can replace G with g and study the stability of the resulting equation.
AMS (MOS) subject classification. 34K20, 47H10

1. INTRODUCTION

While the literature on stability theory of ordinary differential equations is massive,
when the investigator encounters a stability problem, the first tool that comes to
mind is Perron’s theorem [17]. Under generous conditions a nonlinear function f(x)
can be replaced by xlim,_,¢ @ in the stability study. Can an idea like that be
advanced to classical nonlinear functional differential equations? We illustrate a
general fixed point technique which does exactly that.

In this paper we study stability properties of three classical types of functional
differential equations by means of fixed point theory. In a series of earlier papers
[2-7], we have developed fixed point criteria for determining stability of equations
like

'(t) = —a(t)g(z(t — 1)), (2)

2 () = — /t alt,9)g(a(s))ds, (i)
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and
2 (t) = —/0 a(t, s)g(x(s))ds. (7i7)

Here, we look at

and
a'(t) = —/ [a(t, s)g(x(s)) + b(t, s)G(x(s))]ds
0

and ask the following question. If lim,_. g((xx)) = 1, can we determine stability of

these equations by studying stability of the equations obtained when G is replaced
by g?

Conditions are given under which the answer is affirmative. We also study the
question when that limit is not 1 and when there are several delays.

We would point out that these equations are vastly different. Yet, the reader
will see that the stability proofs are almost identical. This illustrates that the fixed
point techniques used here have wide application.

All of these are important and nontrivial problems, even when G = 0. The
literature is immense in that case. For (i) one may consult the references in [2,
7, 8, 12]. Both (ii) and (iii) have been discussed extensively, as may be seen in
Brownell and Ergen [1], Hale [9,10], Levin [13-14], Levin and Nohel [15], Nohel [16],
and Volterra [18], as well as many others.

In most of the proofs of stability we deal only with ¢y = 0 since a general g is
handled in the same way. When a function is written without its argument, then
that argument is t.

Part I: THE DELAY EQUATION
1. THE FIXED POINT MAPPING
We begin with the equation
'(t) = —a(t)g(z(t —r)) = b(t)G(x(t —r)) (1)
with a continuous initial function
¢ : [-r,0] — R. (2)

Several of the steps we take are unnecessary if either b(t) = 0, if r = 0, or if g(z) = =.
But those cases can be readily distinguished from our final mapping. Let

c(t) = a(t) + b(t). (3)



THEOREM 2.1. A solution z(t,0,%) of (1) can be expressed as

t t 0
at) = p0)e i s et [ o)) du
- /0 e J: clutmduc(s 4 r)[z(s) — g(z(s))]ds
+ /0 e )2 C(“+T)d“b(s)[g(33(s —r)— G(z(s —1))|ds
+ /t_ c(u+r)g(z(u))du
- / e Joelurridu(g 4 ) /5 c(u+ r)g(z(u))duds. (4)
0 s—r

Proof. We write

= —c(t +7r)g(=(t) + di c(s +r)g(x(s))ds + b(t)[g(x(t — 7)) — G(x(t —7))]

= —c(t +r)z(t) + et + 7)) — g(z()] + b(t)[g(x(t —r)) = Gzt —7))]

+ A c(s+r)g(z(s))ds.

By the variation of parameters formula

2(t) = (0)e™ Jo s / e~ L clrtnduc(s 4 r)a(s) — g(a(s))|ds

- / e i ety ) g (a(s — 1)) — Glals - r)lds
0

te_fstc(“ T)d“i ) c(u~+r)g(x(u))du
v i [ clut nglaw)du (6)

ds S—r

If we integrate the last term by parts we obtained the desired form.
3. REVIEW OF THE LINEAR CASE

This section can be found in [2], but it is fundamental to see as a stepping stone
to later sections. We will see conclusions here not found in later sections, but can
sometimes be added by the interested reader with additional assumptions.
Let r be a positive constant, a : [0,00) — R be continuous, and consider the
equation
a'(t) = —a(t)z(t — 1) (6)



with continuous initial function
Y [-r,0] = R. (7)

Let (M,|| - ||) be the complete metric space of bounded continuous functions ¢ :
[—7,00) — R with the supremum metric satisfying ¢(t) = ¢(¢) on [—r,0]. Define
P:M — M by (P¢)(t) = (t) for t € [—r,0], and use (4) to define

0
(PO)(0) = w(0)e oo S ot [ (s 4 yi(s)ds

—Tr

tas r)p(s)ds — te_fsta(“ Ndig(s 4 ) a(u + r)o(u)du.
[ atsnots)s = [ e (“/S_T(“‘b”d(g)

THEOREM 3.1. Suppose that for each tyg > 0 there exists a J > 0 with
t
—/ a(s +r)ds < J for t >t (9)
to
and that there exists a < 1 with

t t s
sup/ la(s + r)|ds + Sup/ e~ Jeoaludndug g 4y / la(u + 7)|du < a. (10)
0 s—r

(i) Then the zero solution of (6) is stable.

(ii) If J is independent of ¢ty > 0, then the zero solution is uniformly stable.
(iii) I

t
/ a(s +r)ds — oo as t — o0 (11)
0

then the zero solution of (6) is asymptotically stable.
(iv) If J is independent of ¢y and if

t
/ a(s +r)ds — oo as t—tp — o0 uniformly in to (12)
to

then x = 0 is uniformly asymptotically stable.
Proof. To prove (i) and (ii) we note that if ¢,n € M, then for ||¢p — n| =
Dy [6(t) — n(t)] we have

(Po)) ~ (Pr)(0)
< ([ tats s [ e Feesta ) [ ot nidu ) jo - )

—-Tr

< all¢ -]



so P is a contraction. Certainly, P : M — M. Thus, there is a unique ¢ € M such
that P¢ = ¢. Moreover, if we also denote [|1)[| = sup_,.<;<q [1(t)| we have

(P)(t)] < [[Wlle” + e’ allvl + allgl

so if P¢ = ¢ we have
loll(1 =) < [[wlle’ (1 + a), (13)

a suitable stability relation at tg = 0. The proof for general t; is parallel. Relation
(ii) follows in the same way.

To prove (iii) we add to M the condition that ¢(t) — 0 as t — oo. We can
then use the classical proof that the convolution of an L' function with a function
tending to zero does, itself, tend to zero to show that P: M — M.

The proof of (iv) is similar and will not be given.

4. REVIEW OF THE NONLINEAR CASE

This section can be found in [3], but, like the last one, it is a fundamental stepping
stone to future sections. When trying to extend these results to asymptotic stability
pay careful attention to the warning after the proof of Theorem 4.1.

Let r be a positive constant, a : [0,00) — R be continuous, and consider

o' (t) = —a(t)g(z(t — 1)) (14)
with continuous initial function
Y [-r0] — R, (15)

where ¢ is continuous, locally Lipschitz, and odd, while x — g(x) is nondecreasing

and g(x) is increasing on an interval [0, L] for some L > 0. Then define a mapping
P by (P¢)(t) = ¢(t) on [—r,0] and from (4) define

0
(Po)E) = w(0)e™ oot — eI et [ o yg(u(s)ds
+ [ ettt n)iofs) — glotlds + [ alu+rig(o(u)du

t s
- / e~ Joalutn)dug (g 4 ) / a(u+1)g(¢p(u))duds (16)
0 s—r
Let ||¢]| < L and define a mapping set
M ={¢:[-r,00) = R|p € C, 0 = 1, |6(t)| < L}.
THEOREM 4.1. Let g be odd, increasing on [0, L], satisfy a Lipschitz con-

dition, and let z — g(x) be nondecreasing on [0, L]. Suppose also that for each
L, € (0, L] we have

t t
|Ly — g(L1)| sup/ e Je “(“+T)d“|a(s +7)|ds + g(Ly) sup/ la(u + r)|du
0

t>0 t>0 Jt—r



t s
+g(Ly) sup/ eI alutr)du g (s 4 1) / la(u + 7)|duds < Ly (17)
t>0 Jo s—r

and there exists J > 0 such that
t
—/ a(s+r)ds < J for t>0. (18)
0

Then the zero solution of (14) is stable.
Proof. By (17) there is an o < 1 such that if ¢ € M then

[(Po)(2)]

0 t
< lole’ + Lol [ lats+nlds-+ 1L~ g(D)sup [ e e tas 1 1)jds
—r 2 0

t t s
+g(L)/ |a(u+r)|du+g(L)/ o a(“+T)d“|a(s+r)|/ la(u + )|duds
t—r 0 s—r
0
l

< e[l + llg(v) la(s +7)[ds] + alL.

Choose § > 0 so that ||| < 0 and K the Lipschitz constant for g on [0, L] implies

that
0

el 6 + K5/ la(s +7)|ds] < (1 — «)L. (19)

Then |(P¢)(t)] < L so we can show that P : M — M. Since the mapping is
given by integrals and the functions are Lipschitz, it is known (cf. Hale [11; p. 20],
[3], and [4]) that we can then adopt an exponentially weighted metric making P a
contraction. In this problem, an appropriate metric is that induced by the norm

|¢|K = sup e—(3K+2) Jo |a(5+T)|dS|qZ5(t)|.
>0

(At this point, if (17) holds only for L, itself, then we have a boundedness result.)
For a given € > 0, € < L, substitute € for L and obtain the usual stability proof.

Warning. If we were to add the condition to M that ¢(t) — 0 as t — oo
with a view to proving asymptotic stability, we should note that M would not be
complete under the weighted metric.

5. THE CASE FOR lim, ., & — 1

g(z) —
We will have expressions of the form
a(t, s)g(x) + b(t, s)G(x) (20)

with an L > 0 so that ¢,G : [-L, L] — R are continuous, a,b are continuous for
0<s<t <00,

g and G are odd and satisfy a Lipschitz condition, (21)



and
xzg(x) >0 and xG(x) >0 if  x#0. (22)

Condition (22) is often necessary for stability in the problems considered. But now
we come to three conditions which seem unusual. We want to show that they can
be substantially reduced. We will ask that

0<z-—g(x) and x—g(z) is nondecreasing on [0, L]. (23)
Note 1. If |- g(2)| < D on [0, L], for some D > 0, then write (20) as
[Da(t, s)]lg(x)/ D] + b(t, s)G(x)

and we then see that 0 < z — g(x)/D and = — g(x)/D is nondecreasing. Thus,
grouping terms accomplishes (23). Next, we need

lim G()
z—0 g(z)

~ 1 (24)

Note 2. If lim, . Dg?x()x) = ¢ # 0, then rewrite (20) as

Da(t, s)g(x)/D + €b(t, s)G(x)/€

and rename G(x)/¢ as G. Thus, our two critical conditions (23) and (24) can both

be avoided if £ # 0 and if %g exists.

Finally, we need conditions we can not so easily avoid:

g9,G odd and Lipschitz, g¢(z),|g(x) — G(z)] nondecreasing on [0,L]. (25)

Consider the equation
2'(t) = —a(t)g(z(t — 1)) — b(t)G(z(t — 1)) (26)

in which g and G are both odd, while g, z — g(z), and |g(z) — G(z)| are all nonde-
creasing and satisfy a Lipschitz condition for a constant K, all on the interval [0, L]
for some L > 0.

THEOREM 5.1. Suppose that ¢(t) := a(t) + b(t) > 0 and that (23), (24),
and (25) hold. If, in addition,

t
sup/ c(s+r)ds <1/2, (27)
t>0 Jt—r

and

t
/ e~ Jo elutrdup gy ds is bounded (28)
0



then the zero solution of (26) is stable.
Proof. By (27) there is a § < 1 with

t
QSup/ c(u+r)du < S. (29)
t>0 Jt—r
Take 1
a:%# (30)

and fix L1 > 0 such that 0 < L < Ly implies that

— L t t K
MQ_QJQQ/JLMﬂWWﬂ@+%@/ clu+r)du<a.  (31)
g(L) >0 Jo t>0

t—r

Find § > 0 such that ||1|| < § implies that

0

191+ lg(¥) c(u+r)du < g(L)(1 - a). (32)

—-Tr

Define
M ={¢:[-r,00) = Rlpo =1, ¢ € C,|p(t)| < L}

and use (4) to define P as we have done before. For ¢ € M we have

0
(PO < 1Pl + gl | ew+r)du+ L —g(L)

t t
+ |g(L) — G(L)| sup/ e J: clutmdup(s)|ds + 2g(L) sup/ c(s+r)ds
0

t>0 t>0 Jt—r
< g(L)(1 —a) + L — g(L) + ag(L) < L.

We have shown that P : M — M and we can change the metric to one with an
exponential weight so that P is a contraction with fixed point ¢. As the argument
works for a given € = L < L this will prove stability at ¢ty = 0. The proof for a
general ty is completely parallel.

EXAMPLE 5.1. Let 0 < r < 1/2, g(x) = z, G(z) = (sgnz)In(1 + z),
a(t) = 1 —2sint, b(t) = 2sint. Then c(t) = 1, (24) and (28) are satisfied, while
ftt_T c(s+r)ds =r < 1/2 satisfies (29). Thus,

2'(t) = —(1 — 2sint)x(t — r) — 2sint(sgnz(t — r)) In(1 + |x(t — 7)) (33)

is stable for
r<1/2. (34)

6. THE COST OF BORROWING



Condition (24) was critical in the last section. Yet, without it we can still borrow
the b(t) and add it to a(t), but there is a cost. This material was treated in [3] for
a less general equation. We now consider

2'(t) = —a(t)g(z(t —r)) = b(t)G(x(t — 1)) (35)

with a, b continuous and with a continuous initial function
Y [—r,0] — R. (36)

Using Theorem 2.1 we define the mapping equation (P¢)(t) = ¥(t) for —r <
t <0 and

(P&)(t) = d(0)e Jo cls+)ds _ o= [ e(utr)du /_OT c(u +r)g(¥(u))du
N / e It ety 4 ) [o(s) — g((s))]ds
+f e et ) g 65 — 1) — Gl — r)lds
v c(u+ r)g(d(w)du

- / e Jo elutn)du(g 4 ) /5 c(u+1)g(¢(u))duds. (37)
0 s—r

THEOREM 6.1. Let (23) and (25) hold. Define

H(L) := sup |g(z) — G(a)] (38)
0<z<L
and
c(t) :=a(t) + b(t) > 0. (39)
Assume that
H(L ¢ ¢ ¢
(L) sup/ e~ Jo elwtndu pig)|ds + QSup/ c(u+r)du < 1. (40)
9(L) >0 Jo >0 Ji—r

Under these conditions there is a § > 0 such that if ¢ is a continuous initial function
with ||¢|| < § then the unique solution x(¢,0,1) of (35) satisfies |x(¢,0,)| < L for
t>0.

Proof. Define

M ={¢:[-r,00) = Rl € C,¢o = 9, |o(t)] < L}.



Now ¢ € M so |¢(t)| < L and by our assumptions we will get

0
(PO < [l + llgIll [ e(u+r)du

t
+ L —g(L) + H(L)sup / e I elwtn)dup 6| ds
t>0 Jo

t
+2¢(L) sup/ clu+r)du <L
t>0 Jt—r

upon application of (40), provided that ||¢|| < L; and L is small enough. This
will yield P : M — M. Because P : M — M, because the functions are Lipschitz,
and because the mapping is represented by integrals, it is possible to define an
exponentially weighted metric under which P is a contraction. The unique fixed
point is a solution of (35).

REMARK. If we compare (40) with (28) we see that the first term in (40)

H(L) /t — [t e(utr)d
SC’LL 'S ub d 41
(D) 312113 € |b(s)|ds (41)

may be called the ”cost” of borrowing b(t) and adding it to a(t). When (24) holds,
there is no cost. We now want the reader to see an example obtained in [3] which
goes with (24) to show that there is more than one way for the cost to become
small.

Consider the equation

' (t) = —a(t)® Tt — 1) — b(t)z*" 3 (t —7) (42)
where n is a positive integer, while a, b are continuous. Let
c(t) :==a(t) + b(t) > 0.

Then (40) will reduce to

t t
(1—L? sup/ e~ Jo clutrdu gy ds + 2 sup/ c(s+r)ds <1 (43)
0

t>0 t>0 Jt—r

where
2n +1 B 2

1-1%2=1- = .
2n + 3 2n + 3

(44)

If (43) holds then

t
/ e~ Jo clutrdupg) s is bounded. (45)
0



We see that the cost tends to zero as n — oo. Yet,

G(x)/g(z) = 2°
which has limit zero as x approaches zero, as opposed to the condition

lim G()
z—0 g(z)

~ 1 (24)

Thus, two entirely different forces are at work. For a particular case, let
a(t) =1—2sint, b(t) = 2sint, c(t) = 1.

Then .
/ e Js 1 p(s)|ds < 2

0

so to satisfy (43) we need
2

o <1
omt3 T

or
2n —1

dn+6

It is evident that if n = 0, then 2sint is too large to successfully borrow to
stabilize the equation. If we replace 2sint by ksint where 1 < k < 3/2 then we
can borrow b(t) even with n = 0. As mentioned before, this example appeared in
[3] and contrasts with (24).

r <

7. MULTIPLE DELAYS

Consider the scalar equation
2'(t) = —a(t)x(t —r) — b(t)x(t — h) — d(t)z(t/2) (46)
where a, b, d are continuous with 0 < h < r, where
c(t) :=a(t+r)+b(t+ h)+ 2d(2t), (47)

and where .
—/ c(s)ds is bounded above. (48)
0

THEOREM 7.1 If (48) holds and if there is an o < 1 with

t t t
/ |a(u+7°)|du+/ |b(u+h)|du+/ 2ld(2u) | du
t—r t—h t/2
t s s s
+/ e Js C(u)du|c(8)|[/ |a(u+r)|du+/ |b(u+h)|du+/ 2|d(2u)|du]ds
0 s—r s—h

s/2
<a (49)



then for each continuous initial function ¢ : [—r,0] — R the unique solution
x(t,0,1) of (46) is bounded; the zero solution of (46) is stable. If, in addition,

t
/ c(u)du — oo as t — o0, (50)
0

then the zero solution of (46) is asymptotically stable.
Proof. We can write (46) as

a'(t)
= —a(t +r)z(t) — b(t + h)x(t) — 2d(2t)z(t)

+%( /t " afs 4 r)a(s)ds + /tihb(s-l—h)x(s)ds-i— /t t 2d(23)x(s)ds)

o 12
and for a continuous initial function v : [-r,0] — R we have
t
[L’(t) = ’QD(O)G_ Jo c(s)ds +/ e~ /: c(u)du><
0

dis ( / _ a(u + r)e(u)du + / ih b(u + h)e(w)du + / ; 2d(2u)x(u)du) .

Upon integration by parts we obtain
(t)
 p(0)e= Ji els)ds _ o= fi e(uyan ( /

—Tr

0 0

a(u+ r)p(u)du + /

—h

b(u + h)@b(u)du)

t

n /t i a(u + )z (u)du + /t jh bu + h)z(u)du + /t 2d(2u)z(u)du

/2
t t
—/ e~ Jo elwdup(gy

0

S

(/5: a(u + r)zx(u)du + /;h b(u + h)z(u)du + /5/2 2d(2u)aj(u)du) ds. (51)

We can use this equation to define a mapping P as we have done before. The
conditions of the theorem will show that P will map bounded continuous functions
into bounded continuous functions. Moreover, P is a contraction because of (49).
This can be used to show the stability. With the addition of (50) we can take
our mapping set to be the complete metric (supremum metric) space of bounded
continuous functions (agreeing with the initial function on the initial interval) which
tend to zero as t — oo. We can use the classical proof that the convolution of an
L' function with a function which tends to zero does itself tend to zero in order to
prove that P¢ is in the set whenever ¢ is.

This example is linear, but it works equally well for nonlinear problems. There
are simply more terms in the calculations. We can consider

' (t) = —a(t)g(x(t —r)) = b(H)G(2(t — h)) — d(t)Q(x(t/2)), (52)



obtain ode terms by the introduction of the neutral integrals, obtain linear terms
by adding and subtracting, and proceed just as we did in Theorem 2.1.

Here are the details. We ask that |z — g(x)|, |z — G(z)],|r — Q(z)| are all
nondecreasing on an interval [0, L] and that ¢g,G, @ are all odd on [—L, L]. Write
(52) as

#'(t) = —a(t)x(t —r) + a(t)[z(t —r) = g(a(t —7))]
— b(t)x(t — h) + b(t)[x(t — h) — G(a(t — h))]
—d(t)a(t/2) + d(®)|z(t/2) — Q(x(t/2))]-

Thus, in the variation of parameters formula (51) we will need to add the term

[ et (a<s>[as<s 1) — gla(s — )]
0
T b(s)la(s — h) — Glals — )] + d(s)fals/2) — @(w(s/m)]) ds.  (53)

We set up the mapping set as we did in the proof of Theorem 7.1 and the mapping
P using (51), augmented by (53). Thus, for |¢(t)| < L we will have

(Po)(t)] < p(0)e™ o c()ds
0

— e Jo clwdu (/_OT a(u+ r)p(u)du + /_h b(u + h)@b(u)du)

t

t t
-l—L/ |a(u+7“)|du+L/ |b(u+h)|du+L/ 2|d(2u)|du
t—r t—h t/2
t
+ / e~ J< elwdu o (g)|x
0
(L/ |a(u+7°)|du+L/ |b(u+h)|du+L/ 2|d(2u)|du)ds
s—r s—h 5/2
t t t t
+IL-g(D)] / e I e (g)lds + |L - G(L)| / e~ I ewaupp()|ds
0 0
t
L L- Q) / e I e ) s, (54)
0

The condition for stability is that this quantity be bounded by L; that will mean
that our usual set M will be mapped into itself by P. We then need to ask that
g, G, Q) satisfy a local Lipschitz condition so that the metric can be changed to make
P a contraction. Three basic results will then follow from (54). The last three terms
in (54) represent the cost of changing the nonlinear terms to linear terms; Theorem
7.4 shows how to make the cost go to zero.

THEOREM 7.2 Suppose there is an L > 0 such that g,G,Q are locally
Lipschitz and odd on [—L, L], that |z—g(x)|, |t —G(z)|, |z —Q(x)| are nondecreasing



on [0, L], and that there is an a < 1 with

t t t
L/ |a(u+7°)|du+L/ |b(u+h)|du+L/ 2|d(2u)|du
t—r t—h t/2

+L/t —f;c(U)du| (s )|(/S la(u + 7)|du + /Sh |b(u + h)|du + /:22|d(2u)|du)ds
1L g(0)] [ s+ - G| [ e s

+1L— Q)| /0 e~ L e)du)g(o)\ds < o, (55)
If (48) holds then the zero solution of (52) is stable.

THEOREM 7.3. If a(t), b(t),d(t) are all non-negative, then (55) in Theorem
7.2 can be replaced by

t t t
oL / a(u + r)du + 2L / b(u + h)du + 2L / 2d(2u)du
t—r t—h t/2

t t
L= (D) / e~ L edug(yds 4 L — G(L)] / o= I cludup(g) g
0 0

t
L — Q(L)|/ e Je cwidug(g)ds < oL, (56)
0

THEOREM 7.4. If a(t), b(t),d(t) are all non-negative and if

tim 1) _ g G&) g, Q@) (57)

z—0 X z—0 I z—0 X

then (55) in Theorem 7.3 can be replaced by

t t t
2L/ a(u + r)du + 2L/ b(u + h)du + 2L/ 2d(2u)du < aL. (58)
t—r t—h t/2

There are numerous other combinations. Not all of the limits in (57) need be
1, but (58) is then modified. In Theorems 7.3 and 7.4 we do not need to ask that
all of the coefficients be positive, but that will demand other changes.
PART II: VOLTERRA TYPE EQUATIONS

8. THE AVERAGED DELAY EQUATION

Consider the scalar equation

() = — /t_ alt, $)g(x(s))ds — /t bt 5)Glals)ds (59)



where 7 is a positive constant and a,b : [0,00) X [0,00) — R are continuous. Write
(59) as

20 == [ lalt.s) + bl lotels)ds + [ bit.)la(e(s) — Glals)lds

T

A(t,s) := / la(u +s,s) + b(u + s, s)]du (60)
t—s
and ask that ,
A(t,t) = / [a(u+t,t) +b(u+t,t)|du >0 (61)
0
with .
B = 28up/ |A(t, u)|du < 1 (62)
t>0 Jt—r
and . .
/ e fstA(“’“)d“/ |b(s, u)|duds is bounded. (63)
0 s—r

Theorem 8.1. Let (22)-(25) and (61)-(63) hold. Then the zero solution of (59)
is stable.
Proof. We first define some constants. For

a/_—l-i-ﬁ
2

fix L > 0 so that

L)-G(L fope )
182G  [* o siwrts [ s s+ < 0.

For this L, find > 0 so that

0
o+ 9(5)/ |A(0,u)|du < g(L)(1 — ).

-Tr

Then let [|¢] < 4.
We can now write (59) as

7 () = ~AC0) + 5 [ Ats)glal)ds

N /t bt 5)lg(a(s)) — Glals))ds
= —A(t, t)z(t) + A(t, t)[x — g(z)]

+ /t_ b(t, s)[g(x(s)) — G(x(s))]ds + % /t_ A(t, s)g(x(s))ds.



To specify a solution we need a continuous initial function ¢ : [—r,0] — [—L, L].
By the variation of parameters formula we obtain

2(t) =p(0)e™ Jo Als)ds = Jo Al / OT A0, u)g(1)(u))du
v e A A )l (s) — g(a(s))]ds
+ e I Al | b ulgtotu) - Glatu))duds
+ [ A wgtet

t s
— / e fstA(“’“)d“A(s, s)/ A(s,u)g(z(u))duds.
0 s—r
Next, we define a mapping set

M ={¢:[-r,00) = Rlpo =¥, ¢ € C,[¢(t)| < L}.

Then we use the above formula for z(t) to define a mapping P: M — M by ¢ € M
implies (P¢)(t) = 1 (t) on [—7,0] and for ¢ > 0 define

(Po)(t) = (0)e~ Jo Als:9)ds _ o= Jg Aluwu)du /_ OT A0, u)g(¥(u))du
N / e ARG [6(s) — g(0(5)))ds
v e I Al [ bsulatotu) - Glotuldu
+ [ Aot

t s
—/ eI Alwu)du g (g, s)/ A(s,u)g(o(u))duds.
0 s—r

Clearly, if ¢ € M then P¢ is continuous. Also,
0
|

[(Po)(®)] < Il + llg(4) | A0, u)|du + L — g(L)

—-Tr

t s
+1g(L) — G(L)| sup / o= I Aluw)du / 1b(s, u)|duds
0 s—r

t>0

t
+2¢g(L) sup/ |A(t,u)|du
t>0 Jt—r

0
<0+ 9(5)/ |A(0,u)|du + L — g(L) + g(L)«

—Tr

IN

g(L)(1 —a)+ L —g(L) +g(L)e
= L.



It now follows that P : M — M. We can define a metric with an exponential weight
which makes P a contracton with fixed point, a solution of (59). For a given e
sufficiently small, we may substitute € for L and have a stability relation.

REMARK. Equations (1) and (59) can be combined and a stability result
proved in the same way.

9. A VOLTERRA EQUATION

Consider the scalar equation

2 (t) :—/0 a(t,s)g(z(s))ds —/0 b(t,s)G(x(s))ds (64)

where a, b : [0,00) X [0,00) — R is continuous. In addition, suppose that there is a
function D(t,s) with
0D(t, s)
ot

= —[a(t, s) + b(t, s)] (65)

and
D(t,t) > 0. (66)

For example, it may be possible to select

Dit,s) = /t la(w, 5) + b(v, 5)|dv (67)

if the integral exists.
Next, we suppose that

t s
/ e o D(“’“)d“/ |b(s, u)|duds is bounded, (68)
0 0

and there is a # < 1 with
t
2/ D(t, u)|du < B. (69)
0

If (67) holds then we could write (69) as

2/0 |/t (a(v, 1) + b(v, u)]dv|du < B. (70)

THEOREM 9.1. Let (22)-(25) hold. If (65), (66), (68), and (69) hold, then
the zero solution of (64) is stable.
Proof. We will need some constants defined in order to show that we have a

proper mapping. For
_1+p

4T



fix L > 0 so that
—_ t t s
LGB [7 ot [ (s ) duds + 6 < o
g(L) 0 0

For this L, let
|wo| < g(L)(1 — ).

Next, write (64) as
2(t) = - / a(t,) + b(t, s)lg(a(s))ds + / bt 9o (a(5)) — Gla(s))lds
- v e / D(t, $)g(w(s))ds + / b(t, 5)lg(x(s)) — Gla(s))]ds
—D(t, Da(t) + D(t, £)[a(t) dt/ D(t, 5)g
+ [ bit.)lo(e(s) ~ Glale))lds

By the variation of parameters formula and integration by parts we obtain

t
x(t) =woe™ Jo Pl)ds 4 / ™ i Pluwdup (s g)[x(s) — g(a(s))|ds
0

+ t _ftE(““)d“ ) s,u)lg(z(u)) — Glx(u))|duds
,u)g u — e_fstE(“’“)d“Dss SDsu z(u))duds.

Define a set

M{¢ :[0,00) — R|p(0) = x0,¢ € C,|(t)| < L}

and then use our equation for x to define a mapping P : M — M by ¢ € M implies
that

(P§)(t) = moe™ Jo Pls2)ds 4 / e~ [Pt (s 5)[p(s) — g(d(s))]ds
t = J¢ D(uw)du ) S, U u)) — u))|duds
+ / / b(s, w)[g(6(w)) — G(6(u))]dud
u)g u— [ e JePlumdupig g ) S, U u))duds.
/Dt N / D<,>/OD<,>9<¢<>>dd

To see that P does map M — M, we note that if ¢ € M then P¢ is continuous
and (P¢)(0) = xo. Moreover, by the constants defined above we see that

[(Po)(t)] < g(L)(1 — ) + L —g(L) + ag(L) = L.



This shows that P : M — M. It is now possible to define a metric with exponential

weight showing that P is a contraction with unique fixed point ¢ € M. That fixed

point is a solution of (1). To see that we have stability, for a given € > 0 with e < L

for which our constants were chosen, substitute € for L and take § < g(L)(1 — ).
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