THE NONLINEAR WAVE EQUATION AS A LIENARD EQUATION

T.A. BURTON

1. Introduction

The equation

(1.1) u" + flu)u' +g(u) =0, '=d/dt,
with

(1.2) f(u) >0 and wug(u) >0 for u#0
and

(1.3) £ and g continuous

has been the subject of much interest for about sixty years and it can now be said that

qualitative properties are well known. Writing (1.1) as the system

(1.4) {%:y

Yy =—f(uw)y —g(u),

the main questions were:
(A) Determine conditions under which all solutions (u(t),y(t)) are bounded.
(B) Determine conditions under which all solutions (u(t),y(t)) — (0,0) as t — oco.

Much of the investigation was carried out by means of Liapunov’s direct method and the

natural Liapunov function for (1.4) is an energy expression (which goes back to Lagrange)

(1.5) Vi(u,y) = 2/ g(s)ds + 2.

0
Then along a solution of (1.4) we have V;(u(t),y(t)) = Vi(t) satisfying
(1.6) Vi) = —2f () < 0.
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Thus, for any solution (u(t),y(t)), both V(¢) and y(t) are bounded. From the bound on y

it follows readily that solutions can be defined for all future time.

But this Liapunov function has two deficiencies:
u

(C) If G(u) = / g(s)ds is bounded either for v > 0 or for u < 0, then the fact that
0
Vi(t) is bounded does not imply that w(t) is bounded.
(D) Since V{(t) is not negative definite, it is not clear that a bounded solution (u(t), y(t))

tends to zero as t — oo.

Problem (D) was resolved by a result of Barbashin [3] (obtained independently by
LaSalle [11]) which states that if M = {(u,y)|V{(u,y) = 0} and if F is the largest invariant
set in M, then every bounded solution approaches E as t — oco. Here, M = {(0,0)}.

While this is a very useful result, it is still highly advantageous to find a Liapunov
function having a negative definite derivative when questions of added perturbations or

delays are considered.

Both difficulties (C) and (D) were resolved by noting that the Liénard plane

) u' =z —/0 f(s)ds
2= —g(u)

can utilize the same general form of Liapunov function
(1.8) Va(u, z) =2 /ug(s)ds + 22
0
with derivative along a solution satisfying
(1.9) Vo(t) = —2g(u) /Ou f(s)ds <0.

Thus, by defining

2

(1.10) V(u,y)=V1 + Vo = 4/0ug(s)ds + 2 + (y + /Ou f(s)ds)
we have (along solutions of (1.4))
(111) Vi) = ~2[o(0 [ f(5)ds + fu)?

which is negative definite. Using these ideas, we showed [4] that all solutions of (1.4) are

bounded if and only if

+oo
(1.12) | +lstwdu = .
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Numerous authors have considered the wave equation (and related problems) in one or
more spatial dimensions with some sort of damping. It is both interesting and useful to
note that there is a “Liénard plane” for many of these equations and that there is a second

natural Liapunov function which results in analysis parallel to the foregoing.

2. First order damping

The problem to be considered here is

(2.1) ue = (a(2)g(uz))e — f(wur,  u(t,0) = u(t,1) =0,
where

(2.2) zg(x) >0 if z#0, a and f are positive
and

(2.3) a, f, and g are continuous on R..

Such equations, as well as perturbed forms, are considered in ([1], [7], [16]), for example,

although usually as
Upt = Ugy — f(u)uy, u(t,0) =u(t,1) = 0.

In the generality considered here, no claim is being made concerning existence of so-
lutions. This study centers on forms of a priori bounds, a usual first step in proving
existence. These results here concern boundedness and stability of solutions so long as

they exist. Methods of proving existence are found in [6] and [16], for example.

The usual system for (2.1) is

(2.4) { v = (a(x)g(uz))z — f(u)v

and it has a well-known Liapunov function for a given solution (u(t,z),v(t,z)) given by
1 Uy
(2.5) Vi(t) = / {2/ a(x)g(s)ds + v* |dx.
0 0
Then
1
VI(t) = / 2a(2)g (e )zt + 2007 da
0
= 2a(x)g

(uz)uy |0

/ (—2(a(@)g(us)) ot + 2usl(a(@)g () — f(u)ue]}de
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(by the induced boundary conditions u(t,0) = us(t, 1) = 0)

1
= / —2f(u)uide
0

so that

(2.6) Vi(t) = —2/0 f(u)vide,

closely analogous to (1.6).

Problems (C) and (D) of Section 1 arise here as well. Results analogous to that of
Barbashin are applied to show that bounded solutions approach certain sets where V' is
zero ([2], [7], [9], [16], [17]).

But no one seems to have noticed that there is an effective “Liénard plane”

(2.7) R / s
&t = (a( (UI))I

with Liapunov function of the same form

(2.8) Va(t) = /01 {2 /Ouz a(x)g(s)ds + 22] dx

having derivative

Vs (t)

/01 [Qa(x)g(ux)uxt + 2 (ut + /Ou f(s)ds) (a(gg)g(ux))x] d
a(

x)g(ux)ut |(1)

N / 1 {_ 2(a(@)g(ua))otts + 2ur(a(@)g(tz))e
+2(a(z)g(us)) /f ds}d@"

—2/0 g(uz)) / f(s)dsdx

(a form analogous to (1.9) when we realize that (a(z)g(u,)), with the stated boundary

conditions is a negative operator)

)g(u) / " f(s)ds [ -2 / a(@)g(us) f (u)upda
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(2.9) Vi(t) = —2 / (@) (s Yy f(u)dz < 0.

When we form V (t) = Vi(t) + Va(t) we obtain

(2.10) V(t) = /01 [4 /Ouz a(x)g(s)ds + ui + (ut + /Ou f(s)ds) 2] dx

with
(2.11) V/(t) = —2 / ) + a(@)g(us yus f(u)]da.

These results can be summarized as follows.
THEOREM 1. Suppose that u(t,z) is a solution of (2.1) for 0 < ¢t < oo and let (2.2)
and (2.3) hold. Then for V(t) defined by (2.10), V(¢) is nonnegative and satisfies (2.11).

Various conclusions can be drawn depending on the properties ascribed to a, f, and g;
while Liapunov’s direct method is well-known for such problems, it seems most worthwhile
to make explicit consequences of (2.10) and (2.11) by presenting a simple stability analysis
for the linear case. In the nonlinear case, Jensen’s inequality is very effective in V' (see
13)).

EXAMPLE 1. Let g(s) = s, f(u) = a >0, a(x) = 1. Then

1
V(t) = / [2uZ +v? + (v + au)?]dz
0
so there is a K > 0 with
u(t) 3 + () 5e < V() < K (Ju)|F + [v(t)]30)

and
V/(t) — —2(1/(|U(t)|§{1 + |U(t)|§{0)

with H' and H° being the standard Sobolev norms. Incidentally, according to Pazy [14;
p. 220] the spaces H! and H? are appropriate here.

We now show that the zero solution of this linearized (2.4) is uniformly asymptotically
stable in |u(t)|3: + [v(t)|30. An abstract proof using dynamical system theory is found in
Henry [9; pp. 82-97].
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PROOF. Given € > 0 we must find § > 0 such that
[u(0)%,1 + |v(0)|3,0 < &  implies that
|u(t)|%[1 + |v(t)|%[0 <e fort>0;

as the system is autonomous, there is uniform stability. Take K6 = e. Then V'(t) < 0
implies that

() + o3 < V() <V(0) < K(Ju(0)[7 + [v(0)[F0) < K& =,

as required.

Next, for a given L > 0 and p > 0 we must find 7' > 0 such that |u(0)[%,, + |v(0)|30 < L
and ¢ > T imply that |u(t)|3: + [v(t)|F0 < p-

Pick n = /K and let |u(0)[3,, + |v(0)|30 < L. Next, note that

(a) if there is a t1 > 0 with |u(t1)|3;: + [v(t1)|30 <7, then for ¢ > t; we have |u(t)|3: +
()70 < V() < V(t) < Kn=

(b) aslong as |u(t)|3:+|v(t)|30 > nthen V'(t) < —2amand so 0 < V(t) < V(0)—2ant <
KL — 2ant, a contradiction if t > KL/2an =:T.
This completes the proof.

A wealth of results parallel to those of the example can be obtained under various
assumptions on the functions. The fact that no reference need be made to invariant sets
means that geneal perturbations can be considered. In the last section we perturb the

equation with a delay term u(t — 1, z)c(t) and get a type of asymptotic stability.

3. Third order damping
Greenberg, MacCamy, and Mizel [6] consider the equation

pott = (0(uz))e + Migee, u(t,0) =u(t,1) =0,

using the term Au,¢, as damping. This type of problem can also be treated in the “Liénard

plane”.

Consider the equation

(3.1) ue = (9(ue))e + (h(uz))er, u(t,0) =u(t,1) =0,
with
(3.2) xg(x) > 0if x # 0,

(3.3) ¢'(z) and h'(z) positive and continuous on R..
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Let
34 { o fatuae +
and define
(3.5) Vi(t) = /0 1 {2 /0 umg(s)ds-l—vQ] da
so that
Vi(t) = /01{29(%)%15 + 2us[(9(ue))a + (R(ug))ed] pdx
= 2g(uz)us |g +/01{—2(9(U:r))xut + 2u[(9(ua))a + (M(Ua))wt) o
_ /0 ' dua(h(t)) e
— uy () [} —2 /0 () esnde
so that
(3.6) Vi(t) = -2 /0 1 R (ug)ui, d.
Next, let
57 (Sl
and define
(3.8) Va(t) = /0 1 {2 /0 umg(s)dsmz]dx
with

Vo(t) = /0 29 (g )zt + 222¢)da
= 2g(uz)us [ +/0 {—2(g(uz))zus + 2[us — (h(uz)))(9(us))s td

_ / (h(t2))a(9(u))
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so that
1

(3.9) Vi(t) = — / B () ()12, .
0

Forming V (t) = Vi(t) + Va(t) we have

(3.10) V) :/0 {4/0umg(s)ds+uf+[ut—(h(ux))x]Q}dx
with
(3.11) V() = —2 /0 B ()2, + B () g (12) . |da

It is noted in [6; p. 717] that if ¢ € C? on [0,00) x [0, 1], ¢(¢,0) = ¢(¢t,1) =0 for t > 0
then

[6()]L2 < [6()]oc < [Ga(t)]r2 < |da(t)]oc

(all of these norms are with respect to x). Thus, if
(3.12) h'(r)>ec1 >0 and R'(r)g'(r) >c2>0 for —oco<r<oo

then there is a 8 > 0 with
1
(3.13) V'(t) < —ﬂ/ [u? + u? + u2 + 2, |dv.
0

From (3.10) we have

V(t) = /01 {4/0% g(s)ds +ui + [us — (h(ux))x]z}dx

1 Ug
0 0
1 Ug 1 2 1
= / {4/ g(s)ds + 2 {ut — —h/(ux)uxx] + —h’(ux)Quix}da:
0 0 2 2
1
> [ G+
4 Jo

1
> 03/ {u? +uf +u +ul, }da.
0
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These results are summarized as follows.

THEOREM 2. Let u(t,z) satisfy (3.1) on 0 < ¢ < oo. If (3.2), (3.3), and (3.12) hold,
then V(t) defined in (3.10) is positive definite and satisfies (3.13).

4. A three dimensional problem

Webb [16] generalizes the problem of Section 3 to three spatial dimensions for the linear

case, but adds a nonlinear perturbation. He considers
wy — aAwy — Aw = f(w)

where a > 0 and w(z,t) = 0 for x € 09, t > 0 with Q a smooth bounded domain in
R" for n = 1,2,3. Webb assumes that f'(z) < ¢y for all z € R with ¢y > 0, while
limsup f(x)/x < 0 and f(0) = 0.

|| — 00

The Liénard type transformation yields positive results for

Utt = gl(ux)l’ + gQ(Uy)y + g3(uz)z + hl(ux)xt + h2(uy)yt + h3(uz)ztv

but in our discussion here we restrict attention to

(4.1) uyr = Au+ alAug, u =0 on ON.
Define
(4.2) { =
vy = Au 4+ aAv
and

Vi(t) = / %[Vzu + v?)dx dy d=
Q

so that
Vi(t) = / [Uplzt + Uylyt + Utz + ur(Au + aAuy)|dw.
Q

Here, dw = dx dy dz; subsequently, dS is the differential of surface on 0.

Using the divergence theorem and taking into account that u = 0 on 0f2, we have
(4.3) Vi(t) = —a/ﬂ(ufx + ufy + u?)dw.

More detail will be given for the more complicated case of V5.
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Next, use the Liénard transformation

= A

(4.4) { U = p+ aAuy
Pt = AU
with
| P 2

(4.5) Va(t) = §[V u ~+ p°ldw

Q
so that

VQ/(t) = / [uxuxt + Uqy Uyt + U Uz + p(uxx + Uyy + uzz)]dw
Q

Now the divergence theorem is

/V-Fdw:/ n-FdS
Q a0

where dw = dxdydz, n is the normal, and dS is the surface differential.
F = ¢Vy then V- F = ¢V - Vi + V¢ - V. Letting v = ¢ and vy =
V-F=uV-Vu+ Vu - Vu = u Au + (Uzpty + Utyly + uszuz). Thus,

/ us Au dw + / (UtgUg + UtyUy + Upu, )dw = / n-oVipdS =0
Q Q a0

and so
/ (Utl’ux + Uty Uy + Utzuz)dw = / _ut(uxx —+ Uyy —+ uzz)dw
Q Q
Hence,
Va(t) = / [—urAu + (ur — aAu)Au]dw
0
so that
(4.6) Vy(t) = —a/ (Au)?dx dy dz.
0

Taking V(t) = V1 (t) + Va(t) we get
(4.7) Vt) = / [V2u +u? + (us — aAu)?|dz dy dz
Q
with

(4.8) V'(t) = —a/ [u, + ufy +u?, + (Au)?]dz dy dz.
Q

If we take

¢ we have
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Under the conditions here, it is shown in Simpson and Spector [15; p. 26] that there is a
~ > 0 with

2 2
’y/Q(ui-i-ui-l—uz)dw < /Q(Au) dw.

Also, Hale [7; p. 136] notes that if ¢ € Hj(Q), then |¢|3. < |[V¢|3./A1 where )\; is the
first eigenvalue of —A on H}. Apply this to ¢ = u; and to ¢ = u. All of this shows that
there is a # > 0 with

(4.9) V()< -p /Q[u2 + uf +ul 4 ul + ullde dy dz.

These results are summarized as follows.

THEOREM 3. Let u satisfy (4.1) for 0 <t < oo and let @ > 0. Then V (t) defined by
(4.7) is nonnegative and V'(t) satisfies (4.9).

5. A vector equation

Kato [10] considers a forced version of the vector equation
u + fluw)u' 4+ g(u) =0

and supposes that there is a vector function F'(u) with f(u) = grad F(u), and a scalar
function G(u) for which grad G(u) = g(u). Here, f(u) is an n x n matrix, v and g are
n-vectors. Kato assumes variants of u?g(u) > 0, g7 (u)F(u) > 0, uT f(v)u > 0 for u # 0
and all v. As he seeks boundedness, he usually asks that these conditions hold for |u| > a,

a > 0. The equation may be written as

{ :’/ : if(ﬂ)v —g(u)

or as the Liénard system
{ u' =z— F(u)
7 =—g(u)
and utilize the natural (energy) Liapunov functions
L
Vi(u,v) = G(u) + SV Y
or )
Va(u, z) = G(u) + §ZTZ'

Parallel to this, we consider

(5.1) up = —f(u)ur + 9(uz)a
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where u = u(t,x), u = (u1,...,up), u(t,0) = u(t,1) = 0, t and x are scalars, there are F
and G with

(5.2) f(u) = grad F(u), g(u) = grad G(u),
ulg(u) >0, 9" (W)F(u) >0, g"(u)f(v)u>0
(5:3) { uT f(v)u > 0, if u # 0.

Write (5.1) as
(5.4) { =

ve = —f(u)v + g(uz)s
and define
(5.5) Vi(t) = /0 {G(ux) + %UTU] do

so that

and therefore
1
(5.6) Vi(t) = —/ vl f(u)vdr < 0.
0

Next, write (5.1) as

67) fez
and define .

Va(t) = /0 {G(ux)Jr%sz] da
with

Vo(t) = /0 (97 (ua)uwt + 27 2] da
_T’LLxUtl l—TUxxUt ZT Uy ) |AT
= ¢ (u) m+A[g< Yot + 2T g(un)a)d
= /0 [_QT(ux)xut + g7 (ug)a (ue + F(u))]dx

z/qfhthWszfﬁuﬁMOé—/sf@ﬂﬂwwﬂx
0 0
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‘() = — L U w)ugde.
(5.9) Vi(t) = / 07 (u) f ()
Taking V(t) = V1 (t) + Va(t) we have
(5.10) V(t) = /0 [2@(%) + %utTut + %(ut +FW) (uy + F(w)| da
and
(5.11) Vi) = [l fwuc+ " () f s
0

These results are summarized as follows.

THEOREM 4. Let u(t,x) satisfy (5.1) for 0 < ¢ < oo and let (5.3) hold. Then V(t)
defined by (5.10) is nonnegative and satisfies (5.11).

6. Applications

Boundedness of solutions and asymptotic stability of an unperturbed equation can fre-
quently be proved using a Liapunov function whose derivative is negative semi-definite.
But when arbitrary (bounded) perturbations or delays are added, then the same Liapunov
function will generally not yield boundedness. The book by Hale [7] shows numerous exam-
ples of the type displayed here using only the V7; he can even deal with large perturbations
so long as they are of a very special type. But on pp. 132-3 he notes that when a periodic
perturbation is added, then changes in the Liapunov function must be made. He follows
the changes made by Ghidaghlia and Témam [5], Babin and Vishik [2], Haraux [8], and
Lopes and Ceron [12] which are largely exercises in desperation that work to a degree for
quadratic forms. The Liénard transformation is a formal solution to achieving a negative

definite derivative as well as providing Liapunov functions which are radially unbounded.

Moreover, the form of Vi + V5 has proved to be fundamental in that for the ODE
case, the zero solution is globally asymptotically stable if and only if Vi + V5 is radially
unbounded. For these PDE’s, owing to the far more complex spaces, it remains to be seen
whether or not the V3 + V5 will prove to be so fundamental. That is a question which will
require much time, space, and effort to resolve.

The examples presented here do not show the power of the foregoing results; instead,

they show only the types of consequences.

EXAMPLE 2. Every solution u(t, x) of

2

(6.1) Ut = (uge™ =)y — uy, u(t,0) =wu(t,1) =0,
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1
which exists on 0 < ¢ < oo is bounded in the sense that / [u?(t, ) +ui(t, z)]dr is bounded.
0

PROOF. The equation is of the form of (2.1) with a(z) = 1, g(z) = ze~*", and f(z) =
Using (2.10) we have
1
/ [uf + (ue +u)*]dz < V(t) < V(0)
0
since V'(t) < 0. The required inequality is now immediate.

Note that boundedness from V; does not seem to follow.

EXAMPLE 3. Consider the equation
(62) Uttt = g(ux)x - f(U)’LLt + e(t)v U(t, 0) = U(t, 1) =0

with zg(z) > 0 if © # 0, zg(z) > a1z? — B, agx® — fp < / g(s)ds < azz® + B,
0
1 < f(z) < By for all x and some positive constants «; and (;, e(t) is bounded and

continuous. Then there is an M > 0 such that any solution of (6.2) on [0, c0) satisfies

lu(t, x)| +/0 [W?(t,z) + u?(t,x) +ui(t,x)]de < M

for all large t.
PROOF. From (2.10) we have

V(t) = /01 [4 /Ouz g(s)ds +ui + (ut + /Ou f(s)ds) 2] dx

{49 ux Uyt + QUtUtt + 2 (Ut + / f dS) (Utt + f( )Ut)} dx

so that

{ 4 )otts + 2ua[g(ua)e — F(w)uy + e(t)]
+9 (ut-l— / £(s ds) (s )e — f(u)ur + e(t) + f(u)ut]}dx
-

—29(ug)rur — 2f(u )uf + 2uge(t) + 2g(uz ) ue

ﬁ

+ 2use(t) + 2g(ug)a /Ou F(s)ds + 2e(t) /Ou f(s)ds}dx

1

A
S— S— >—

— 2f(u)u? + due(t) — 2f (u)g(ug )us + 2e(t) /u f(s)ds}da:

is| o

—2u? + 4|ug|e(t)| — 2000u> + 2000 + 2e(t |‘/ f(s ]}daz

1

IN

{
1{ —2u2 + Alug||e(t)] — 2g(u)uqg + 2le(t I‘/ f(s
{-
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Now there exist My, My with 4|u||e(t)| < u?+ M; and |e(t)|‘ / f(s)ds| < (a1/2)u?+ Mo,
0

1 1
while / u2dr > 2 / u?dzx. Thus, there are positive constants v and M with
0 0

1
VI(t) < —7/ [u? + u2 + uf)dx + M.
0

2 1
dxﬁ/ [4azu? +3u?+267u?|dx
0

Now V (t) < /01 [4(a3u§ + B3) + 3ui + 2 ( /Ou f(s)ds)

+403 and so there are positive constants ¢; and ¢ with V/(t) < —¢1V +¢o. The conclusion

now follows from standard arguments.

EXAMPLE 4. Consider the equation

g = (g +ul)e — aug + c(t)u(t —1,z),

(6.3) u(t,0) = u(t,1) =0,

where ¢(t) is continuous on [0, 00), |¢(t)] < 1 < a, « constant. Then each solution defined

on [0, 00) satisfies
1
lu(t, )| +/ [W? 4 u? 4+ ut +uPlde — 0 as t— oo.
0

PROOF. There is, of course, an implied initial condition on [—1,0]. We add the usual
term in such problems to the V defined in (2.10) and have

1 Uy t
V) :/ {4/ g(s)ds+u§+(ut+au)2+a/ (s + 1)|u (s, 2)ds | da
0 0 t—1
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where g(x) = x + 23. Then an integration by parts yields

V(t) = /0 [—49(ugz)sur + 2upugy + 2(up + ow)(uy + o)
+ ale(t + Dui(t,z) — ale(t)|uz(t — 1,2)] dz
= /0 {—4g(uz)zus + 2us[g(uz)e — aug + c(t)u(t — 1, z)]
+ 2(ug + au)[g(ug) s + c(t)u(t — 1, )]
+ ale(t + D|ul(t, ) — ale(t)|u(t — 1,2)} d
= /0 {—2g(ug)zus — 207 + 2c(t)ugu(t — 1, )
+ 2utg(uz )z + 2ue(t)u(t — 1, x) + 20ug(uy )
+ 2ac(tyuu(t — 1,2) + alc(t + 1)|ui(t, ) — ale(t)|u(t — 1,2)} dz
= / {—2auf + de(t)ugu(t — 1, x) + 2cc(t)un(t — 1, x)
0
— 2ag(uz)uqs + ale(t + Dul(t,z) — alct)|ui(t —1,2)} do
< / {~20u + 2le(®)|[u? + u2(t — 1,2)]
+ ale(t)|[u? + v (t — 1,2)] — 20u? — 20u’
+ ale(t + Dui(t,z) — alc(t)|uz(t —1,z)} dz
< [ {=2a— et +al =2+ (eo)l /) +lelt+ 1]
— 20 + (—a + [(a+2) /7] /|c(t) [u?(t — 1,:}0)} dx
< /0 {2(—a+ 1)uf — afl — (1/7)|ul — 20u;

— (1/2)|c(t)|u?(t — 1,:}0)} dx.

1 gt
If we integrate V' from 0 to oo, we see that / / u?(s,x)dsdxr — 0 as t — oco. Since
0o Ji—

1
1

V'(t) <0, V(t) — ¢ > 0. If ¢ > 0, then for large ¢, / [(1/2)u + (1/4)ut + uildz > c/2

0
and so V'(t) < —v < 0 for large ¢t. This means that ¢ = 0 and the conclusion follows from

a Sobolev inequality.
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