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Abstract

In this paper we introduce a new method for obtaining boundedness of solutions of integral
equations. From the integral equation we form an integrodifferential equation by computing
2’ + kx to which we apply a Liapunov functional. This can be far more effective than the usual
technique of differentiating the equation. The qualitative properties derived from that equation
are then transferred to a majorizing function for the integral equation. Schaefer’s fixed point
theorem is used to conclude that there is a periodic solution. Three kinds of integral equations
are studied and they are shown to be related through two examples.

1 Introduction

In this paper we consider several nonlinear scalar integral equations of the form
t
o(t) = alt) = [ €t 9)glals))ds (1.1)
ot

where «(t) may be zero, —oo, or t—h for some constant A > 0. In each of the problems
the kernel need not be convex, but the assumption is that there is a constant £ > 0
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with
D(t,s) == Cy(t,s) + kC(t, s) (1.2)

convex. For existence theory see [3], [5], [15].

In 1928 Volterra [17] noted that many physical problems were being modeled
by integral and integrodifferential equations with convex kernels. Such kernels are
natural representations of fading memory. Today we see such models in problems in
biology, neural networks, viscoelasticity, nuclear reactors, and many other places. See
[4]-[8],[11], [14], [17], [19]-]20] for work on integral equations with convex kernels.

In addition to the natural fading memory, by 1963 there arose another good reason
to try to formulate problems with such kernels. In that same paper Volterra had
suggested that there might be constructed a Liapunov functional which would yield
very precise qualitative properties of solutions, and that it would admit arbitrarily
large kernels. This is in marked contrast to so much of the theory which leaves the
investigator strapped with Draconian conditions such as fj |C(t,s)|ds < v < 1. In
1963 Levin [10] followed Volterra’s suggestion and constructed a Liapunov functional
for the convolution case (see also [13]) and in 1968 [12] he constructed (1.5) below for

(t) = — /Ot C(t,s)g(x(s))ds, zg(x) > 0if z # 0 (1.3)
where C(t, s) is convex:
C(t,s) > 0,C4(t,s) > 0,Cq(t,s) <0,C(t,s) <O0. (1.4)

His functional has the form
2

V(=2 [Tgs)ds+ | ‘o, s)( / tg(x(u))du>2ds+C(t,O)< / tg(x(u))du) (1.5)

with derivative along solutions of (1.3) satisfying

Vi) = | "Cults) ( / tg(x(u))du)st + Ct(t,0)< Ji tg(x(u))du>2 <0 (16)

Much work followed in that same vein. See Zhang [19]-[20] for systems.

In 1992 (see [1] and [2]) we constructed parallel Liapunov functions for (1.1), taking
into account the various forms of «(t). Here, also, one finds much work following in
the same vein. Long before the 1992 work appeared, investigators had differentiated
(1.1) to obtain an integrodifferential equation to which they could apply Liapunov’s
direct method. Miller [15] formally starts his Chapter 6 with such a presentation.
Fruitful as that approach has been, it also has significant difficulties. A more refined



approach was introduced in Chapter 9 of [5] and that has been used with success
in a number of subsequent papers, each of which features a new advantage to the
technique.

In each case, the idea is to form 2’ + kz from (1.1). For a = 0 we have

o+ kx =d(t) + ka(t) — kC(t,t)g(x(t)) — /Ot D(t,s)g(x(s))ds (1.7)

with D defined in (1.2). There are six important observations.

(i) ' + kx is a uniformly asymptotically stable operator for k& > 0.

(i) If C(t,t) > 0 and if xg(x) > 0 for x # 0, then ' + kz + C(t,t)g(x) is an
operator of the same, but stronger, type.

(iii) If C and C; differ in sign then D(¢,s) is smaller than the larger of the two
terms. (See [5] and [9].)

(iv) Under general conditions if C'is convex and k is large then D is convex, while
the kernel for 2’ alone has lost its convexity. (See [6].)

(v) If C(t,s) is not convex while D(t,s) is, then the combined equation (1.7) is
the right form to apply Liapunov functionals. (See Example 3.1.)

(vi) The utility of a Liapunov functional often depends on the separation of its
derivative into a difference, say |p(t)| — |h(z)|. Using C alone, that can require strong
conditions on g, but when using D there is a natural separation [6].

To be fair, one should ask if something has been lost. It has, and it introduces a
new problem. The Liapunov functional which we constructed in 1992 for (1.1) works
with a more general g(¢, x), but the Levin Liapunov functional which we will use on
the 2/ +kx equation needs ¢g(z). It would be so interesting to extend Levin’s Liapunov
functional to g(t,z) for (1.3).

That is the background and we now move along with some new problems. The first
of which is to use a combination of the two Liapunov functionals and the systems
(1.1) and (1.7). First we prove the existence of a periodic solution when o = oo.
We then study the case of @ = 0 proving boundedness properties. Finally, we take
a =t — h and prove both boundedness and periodicity.

Let Rt = [0,00),R = (—00,00), and C(X,Y) denote the space of continuous
functions ¢ : X — Y. We also denote by (Pr, || -||) the Banach space of continuous
T-periodic functions ¢ : R — R with the supremum norm.

For the existence of periodic solutions, we apply Schaefer’s fixed point theorem
(see below) with F(z) being the right-hand side of (1.1) so that if F' has a fixed
point, then this fixed point is a periodic solution of (1.1).

Theorem 1.1 (Schaefer [16]). Let (P, || - ||) be a normed space, F a continuous
mapping of P into P which is compact on each bounded subset of P. Then either



(i) the equation ¢ = AF'¢ has a solution for A =1, or

(ii) the set of all such solutions ¢, for 0 < X\ < 1, is unbounded.

2 Boundedness and Periodicity

We consider the equation
t
x(t) = Ma(t) —/ C(t,s)g(z(s))ds], 0<A<1 (2.1)

wherea: R— R, C: Rx R— R, g: R — R are all continuous. Suppose that there
is a positive constant k so that

D(t,s) = Cy(t,s) + kC(t, s) is convex. (2.2)

We first want to show that there exists a constant v > 0 such that |z(t)| < v whenever
x is a T-periodic solution of (2.1) for all 0 < A < 1. We then show the existence of
a T-periodic solution of (2.1) for A\ = 1 by applying Schaefer’s fixed point theorem.
Our main assumptions are that there is a T' > 0 and J > 0 such that

alt+T)=a(t), Ct+T,s+T)=C(t,s) (2.3)

for all s < t with @’ continuous and

t

sup D(t,s)(t —s)ds < J (2.4)
0<t<T J—o00
and that D satisfies
D(t,s) >0, Dg(t,s) >0, Dg(t,s) <0. (2.5)

We differentiate (2.1) and form
t
¥+ kx = Nd + ka—C(t, t)g(x) — / D(t,s)g(z(s))ds]. (2.6)
Now, we define the Liapunov functional

V=2 " (s)ds + A /_t Dyt ( / t g(:c(v))dv)2 ds (2.7)

for x € (Pr,| - |)).



Theorem 2.1. Suppose that (2.3), (2.4), and (2.5) hold. If x(t) is a T-periodic
solution of (2.1), then the derivative of V along that solution satisfies

V'(t) < 2Xg(2)[d'(t) + ka(t)] — 2g(x)[kx + NC (¢, t)g(z)]. (2.8)
If there is an L > 0 with
zg(z) >0 for |z| > L (2.9)
and if, in addition, there is a p > 0 with
g(@)lkz + C(t,t)g(x)] = ng* () (2.10)
for |x| > L, then there is an M > 0 with

V(t) < —|g(z)] + M. (2.11)

Proof. We first define some constants to simply notation. Integrating by parts, we
obtain

t t
/ Di(t,s)(t —s)ds = D(t.s)(t— )% + 2/ D(t, s)(t — s)ds
b b
t
— Dt b)(t —b)? + 2/ D(t, s)(t — s)ds
b
for each b < t. Since D(t,s) > 0 and Dg(t,s) > 0, letting b — —o0, we see that

/t Dy(t, s)(t — 5)%ds + lim D(t, s)(t — s)? zz/j D(t, )(t — s)ds < 2J. (2.12)

Observe also that
t
D(t,b)(t — b)? < 2/ D(t,s)(t — s)ds < 2J
b

for all b < ¢. This then implies that D(t,s)(t —s) < 2J/(t — s) for all s < ¢, and so
we arrive at

slir_noo(t —s)D(t,s) =0 for fixed t (2.13)
and obtain
t
/ Du(t,8)ds = lim [D(t,t) — D(t,0)] < sup D(t,t) =: B. (2.14)
—00 b——o0 0<t<T



Now let z be a T-periodic solution of (2.1) and V' (¢) be defined in (2.7). It follows
from (2.12) that V(¢) is well-defined and T-periodic. We then find

VI(t) = +)\/ Dgy(t, s (/ (:L’(v))dv)zds
oAz )/ Dt s)/s g(x(v))dvds.

Integration of the last term by parts and use of (2.13) in the lower limit for that
periodic solution yields

/t Du(t,5) /: o(@(v))dvds — /t D(t, 5)g(x(s))ds.

— 00 —0o0

Since Dg(t,s) < 0, the second term of V' is not positive, and thus, if we use (2.6),
we obtain

V() < 29(x) [—kxm(a'wa) AC(t,t)g )\/ (s))ds

+22g(2) /_t D{t,s)g(a(s)ds
= 2Xg(2)[d'(t) + ka(t)] — 2g(x)[kx + AC(t, t)g(x)]
verifying (2.8).

Next we choose N > 1 so large that —u(N — 1) < C, = min{C(¢,t) : 0 <t < T},
where p > 0 is defined in (2.10). If |x| > L, then zg(z) > 0, and by (2.10), we obtain
for |z(t)| > L that

VI(t) < 2Mg(@)[[lla’ll + Kllall] = 29(x) [k + AC(t, t)g ()]

< 2[g(@)|[lla’ll + Elall] — 2k‘%ﬂfg(ﬂf)

o) (1 - %) g(@)[kz + C(t, )g()] — 2)\%0(15, 19 ()

< 2[g(@)|[lla’[| + Klal]] - 27{5%%9(%)
o) (1 _ %) 163 () — 2)\%C(t,t)g2(az)
< —2g(z)| %km — (lla' Il +Ellal) | -




We may assume that L > N(||d'|| + k|la|| + 1)/k. Thus, if |z(t)| > L, then V'(t) <
—|g(x(t))]. It is clear that V'(t) < M for 0 < |z(t)| < L, where

M =2g.[||d'l| + kllall] + 2gL[kL + CgL]
with g = sup{|g(z)| : |x| < L} and C* = sup{|C(¢t,t)| : 0 <t < T}, and hence,
Vi(t) < —lglz®)|+ M
for all t > 0. This completes the proof.

To establish an a priori bound for all possible T-periodic solutions of (2.1), we
assume that

t
lim (t — $)C(t,5) = 0 and / 1C(t, 9)|(t — s)ds < Jy (2.15)
for Jp > 0.

Theorem 2.2. Suppose that (2.3)-(2.5), and (2.15) hold. Then there exists a con-
stant v > 0 such that ||z|| <y whenever x is a T-periodic solution of (2.1).

Proof. Let x be a T-periodic solution of (2.1) and V(¢) be defined in (2.7). Then

(2.11) holds. Since V() is T-periodic, V() has a global maximum at ¢ € [0,7] and,
hence, at t,, = ¢ + nT'. So for s < t,, we have

0<V(t,) - V(s) < — /:" lg(2(v))|dv + M(t, — 5).
and so
[ lgtate)ldv < Mt —s).

Then (z(t) — Aa(t))? has a global maximum at h,, := t, + p, where 0 < p < T, and
for s < h,, we have

[ latateido < [ gta)ldo < Mt~ 5)

It follows from (2.1) that

(ath) ~2at0))" < (

hn

— 00

C(hy, s)g(x(s))ds)

— <—C(hn, s) /sh" g(x(v))dvds’}:o + /_}: Cy(hn, 8) /shn g(x(y))dvd$>

7



2

— </_: Cs(hp, s) /Shn g(x(v))dvds)

< (/" 1cutto [ \g<x<v>>|dvds)2

— 00

< M? (/h 1, )| (hyy + T — s)ds>2 .

Since [*_ |Cs(t, s)|ds is T-periodic, we see from (2.15) that

t
sup |Cs(t, s)|ds < Jy (2.16)

0<t<T J—o00

for Jy > 0, and hence,

(2(h) = Aa(ha))’ < M (Tdo + J1)%.
Noticing that M is a function of L, we find that

lz(hn)| < |lal| + M (TJo+ J1) +1:=1.

This implies that ||z|| < v whenever z is a T-periodic solution of (2.1) for 0 < A <1,
and the proof is complete.

We now define a mapping F' on Pr by
F(¢)(t) = a(t) — /_too C(t,s)g(¢(s))ds for ¢ € Pr. (2.17)

Theorem 2.3. If (2.3)-(2.5), and (2.15) hold, then (2.1) has a T-periodic solution
for A= 1.

Proof. 1t is clear that F'(¢) € Pr. We show that F' is continuous on Pr and is compact
on each bounded subset of Pr. If ¢, ¢ € Pr, then

t ~

F@0 - F@Ol = |[_cws)go@)is— [ s)g@s)ds

— 00

(2.18)

= V_too Cs(t, s) (/Stg(cb(v))dv — /:g(gg(v))dU) ds

Since ¢ is uniformly continuous on {z € R : |z| < ||@| + 1}, for any € > 0,

8



there exists 0 < § < 1 such that ||¢ — ¢|| < & implies |g(é(s)) — g(d(s))| < e for

all s € [0, T]. It follows from (2.18) that || F(¢) — F(¢)|| < Jie. Thus, F is continuous
on Pr.

We now show that F'is compact on each bounded subset of Pr. Let n > 0 and
define

I'={F(¢): ¢ € Pr, |9l <n}. (2.19)

Since
SF@)0) = d0)-Cle.096(0) — [ Cult,9)g(0(s))ds
= d(0=C(t09(0(0) — [ D(t,9)g(ols)ds + [ Ct,9)g(0())ds

= (1)~ C(t.09(00) ~ [ D(t )g(o(s))ds + k[ Cult,5)‘gfo(w)dvds

we have

GF@0| <11+ s (1.0l + [ Desas i [ C.s1¢ - )

where g, = {|g(z)| : |#| < n}, and thus, I' is equi-continuous. The uniform bounded-
ness of I' follows from the inequality

F@OWI<lall+ [ 1669 [ lg@@)do < ol + g,

for all ¢ € I'. So, by the Ascoli-Arzela theorem, I lies in a compact subset of Pr.
By combining Schaefer’s theorem with Theorem 2.2, we see that F' has a fixed point
which is a T-periodic solution of (2.1) for A = 1. This completes the proof.

Corollary 2.1. Suppose that (2.3)-(2.5) hold. If there is an L > 0 and p > 0 with
xg(x) >0 for |x| > L and C(t,t) > pu, (2.20)
then there s an M > 0 with
VI(t) < —lg(x)] + M (2.21)

whenever x is a T-periodic solution of (2.1). If, in addition, (2.15) is satisfied, then
(2.1) has a T-periodic solution for A\ = 1.



3 Boundedness
We turn now to
t
o(t) = alt) — | C(t.5)gla(s))ds (3.1)

where a : R — R, C : R" x R — R, g : R — R are all continuous with a, da’
bounded. The project here is to show that solutions of (3.1) are bounded. We define

D(t,s) := Cy(t,s) + kC(t, s) (3.2)
for a constant £ > 0. Our main assumptions are that
D(t,s) is convex for t > s >0 (3.3)

and there exists B > 0 with
t
C(t,t) > —B and / D(t,5)(t — s)ds < B (3.4)
0
for all t > 0. We differentiate (3.1) and form
t
¥+ ka = [a + ka — C(t, t)g(z) — / D(t, $)g(x(s))ds]. (3.5)
0
Now, we define the Liapunov functional
¢ ¢ 2
V() = 26G(0)+ [ Dult.)( [ glatw)du) ds+Dit0)( [
0 s 0
for x € C(R", R), where G(z) = [; g(s)ds.

t

g(:c(u))du)2 (3.6)

Theorem 3.1. Suppose that D(t, s) is convex and C(t,t) > —B for a constant B > 0.
If x(t) is a solution of (3.1), then the derivative of V along that solution satisfies

V'(t) < 2¢g(x)[d'(t) + ka(t)] — 2g(x)[kx + C(t, t)g(z)]. (3.7)
If there is an L > 0 with

zg(z) >0 for |z| > L (3.8)

and if, in addition, there is a p > 0 with
g(@)[kz + C(t,t)g(x)] > ng*(x) (3.9)

for |x| > L, then there is an M > 0 with
V(t) < —|g(z)] + M. (3.10)

10



Proof. We first observe that if x is a solution of (3.1), then z is also a solution of
(3.5). Now let x be a solution (3.1) and V(¢) be defined in (3.6). We then find

2

Vi) = 2g(x)7(t) + /OtDst(t,s)< /stg(x(u))du) ds

2

+2g(x /D ts/ +(u))duds + Dy(t,0) (/Ot (z(u))du)
+2D(1,0)g(a(0) [ g(o(u))du

Integrate the third to last term by parts to obtain

o(0) [ "D, 5) / (e (u))duds

= 29(e0)) [D(t.5) [ glo(u))au]”

+ D(t,s)g ds]

— 2g(x(t) [—D(t,())/o ds+/ (t,5)g ds} (3.11)

Cancel terms, use the sign conditions, and use (3.5) in the process to unite the
Liapunov functional and the equation to obtain

Vi) < 2g(x) [—k::c +(d + ka) — C(t, D g(x) — /0 "D, s)g(x(s))ds}

+29(2) [ Dt 9)gla()ds

= 29(x)[d'(t) + ka(t)] = 29(z)[kx + C(t, t)g(x)]
verifying (3.7).

Now we assume that (3.8) and (3.9) hold. We may choose N > 1 so large that
w(N —1) > B, where B and p are defined in (3.4) and (3.9), respectively. If |z| > L,
then zg(x) > 0, and by (3.9), we obtain for |z(t)| > L that

Vi(t) < 2lg(a)llla’| + Klal] = 2g(x)[kz + C(t, 1)g ()]

= 2lg(@)][la| + klal] ~ 2% -rg(x)

—2 (1= ) gla)lke + Ot g(a)) - 2:C1 0)g2(0)

11



< 2lg()llla’] + Hal] ~ 2kwo(a)
—2 (1 — %) ng*(z) + Q%Bgz(x)

< —2g(a)| [klel = (/0] + Kla(®)]
We may assume that
L> N[igg(\a'(m + kla(t)]) + 1] /k.
Thus, if |z(t)| > L, then V'(t) < —|g(x(t))|. Since —C(t,t) < B, it is clear that

V/'(t) < M for 0 < |x(t)] < L, where the constant M > 0 is a function of L, and
hence,

Vi) < —lg(z®)+ M
for all ¢ > 0. This completes the proof.

Relations related to (3.9) and (3.10) are found in [4].
To establish the boundedness of solutions, we assume that there is a By > 0 with

C(#,0)t < B, and /Ot Cu(t, $)|(t — s+ 1)ds < By (3.12)
for ¢ > 0. We also observe that
/Ot Du(t,s)(t —s)ds = Dt s)(t— )| + 2/; Dit,5)(t — 5)ds
— _D(t,0) 1+ z/ot D(t, s)(t — s)ds.
By (3.4), we now have
/ "Di(t, s)(t — 5)%ds + D(t,0) £ = 2 / "Dit,)(t — s)ds < 2B (3.13)
for all ¢ > 0.

Theorem 3.2. If (3.3)-(3.4), (3.8)-(3.9), and (3.12) hold, then any solution of (3.1)
is bounded.

Proof. Let x be a solution of (3.1) and V(¢) be defined in (3.6). Then V(¢) is
bounded below and satisfies (3.10). We now show that V(¢) is bounded above. If

12



V (t) is unbounded, then there exists a sequence {t,} T oo with V (¢,,) — oo asn — oo
and

V(t,) > V(s) for 0<s<t,.
It then follows from (3.10) that

tn

0<V(t,) —V(s) < —/ lg(a(w))|du + M(t, — s).

s

This implies that

/ ") |du < Mt — 5). (3.14)

Applying (3.14) to V(t,) and taking into account (3.13), we find that

Vit) < 2G(a(t)) + M? { /0 " Db 5)(tn — $)2ds + D(t,, 0) £

< 2G(x(t,)) +2BM>. (3.15)
We now use (3.1), (3.12), and (3.14) to obtain

(wlt) ot = ([ Cl s)otas))is)

tn

C’tn,s g(z(u))du
t7l
,0

2

” :]n + /Otn Cs(tn, s) /:n g(x(u))duds)

2

(e
= <C tn g(x s))d8+/0tn Cs(tn, s) /tng(:c(u))duds)
S 2
<|c £, 0)| M t, +M/ (Co(tn, 5)| (£ — s)ds> < M*(2B,)%
This implies that
lz(t,)] < sup la(s)| +2B1 M := By (3.16)

and that |G(x(t,))| < Bs for a B3 > 0. We now find that
V(t,) < 2G(x(tn)) +2BM? < 2B3 +2BM? := By,
a contradiction. Thus, V() is bounded. In fact, we have

2G (z(t)) < V(t) < 2G(x(0)) + By (3.17)

13



and hence
[V(t)] < K forall t>0 (3.18)

where K := 2|n| + 2|G(z(0))| + By where n = inf{G(u) : v € R}. We also observe
that |C(t,0)| < Bj for a B; > 0 whenever (3.12) holds.

We now integrate (3.10) from s to ¢ and use (3.18) to obtain
/ lg(a(w))|du < V(s) — V() + M(t — s) < 2K + M(t — 5). (3.19)
Applying (3.19) to (3.1) we find

lz(t)] < |+'/ (t, s)g(z(s))ds

< |a(t)|+‘C(t,O) /Ot (e (s))ds + [ "ot s) /: o(z(w))duds

< Ja(t)] + |C(t 0)| (Mt + 2K) + /Ot Ot 8)|[M(t — s) + 2K]ds

< supla(s)| + BiM + 2K By + By (M + 2K).

s>0

This implies that z is bounded. The proof is complete.
Corollary 3.1. Suppose that (3.3)-(5.4) hold. If there is an L > 0 and p > 0 with
xg(x) >0 for |x| > L and C(t,t) > pu, (3.20)
then there s an M > 0 with
V() < —[g(x)] + M (3.21)

whenever x is a solution of (3.1). If, in addition, (3.12) holds, then V(t) satisfies
(8.17) and any solution of (3.1) is bounded.

Remark 3.1. Inequalities related to (3.17) and (3.21) are of fundamental impor-
tance in the study of boundedness and periodic solutions in differential equations
by Liapunov’s direct method (see Burton [3] and Yoshizawa [18]). Not only are
these practical inequalities with many applications, but such combined relations are
directly linked to the right-hand side of the equations, and hence, much of the quali-
tative properties of solutions can be derived by taking full advantage of the Liapunov
functions.

14



The following example shows that if C'(t, s) is not convex while D(t, s) is, then the
combined equation (1.7) is the right form to apply Liapunov functionals.

Example 3.1. We consider the equation

aw:qo—A%mﬁmu@ms (3.22)
where a : Rt — R and g : R — R are continuous with a, a’ bounded, and
Ct,s)=C(t—s)=—e % for t > 5> 0.
It is clear that C(t, s) is not convex (even not positive). If we choose k = 4, then
D(t,s) = Cy(t, s) + kC(t,s) = 2(t — s+ 1)e~ =53,

A straightforward calculation shows that D(t,s) is convex and (3.4) holds. We also
see that C(t, s) satisfies (3.12). Thus, if there exist constants L > 0 and p > 0 with
zg(z) > 0 for |z| > L and

g(@)[kz + C(t,t)g(x)] = g(x)[4z — e g(2)] > pg*(x)
for |z| > L, then any solution of (3.22) is bounded by Theorem 3.2.

4 A Truncated Equation and Unification

We consider the finite delay equation
t
o(t) = alt) = [ C(t.5)g(a(s))ds (4.1)
t—

in which h > 0 is a constant, a : R" — R, D : R™ X [~h,00) — R, g: R — R are all
continuous with a, a’ bounded. We write

D(t,s) := Cy(t,s) + kC(t, s) (4.2)
for a positive constant k and assume that D(¢,s) is convex:
D(t,s) >0, Ds(t,s) >0, Dg(t,s) <0, Di(t,s) <0 (4.3)
for t > s > —h and that
C(t,t—h) =0, Cyt,t—h)=0, C(t,t)>—B (4.4)

for all ¢t > 0 and a constant B > 0, where Cy(t,t — h) is the partial derivative of
C'(t, s) with respect the first variable for s =t — h.
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Before we get too far into the work, it is interesting to point out classical forms
for C'. Let
Ct,s)=C(t—s)=(-1)"(t—s—h)", n>2.

Not only does it satisfy (4.4), but it is a convex kernel for 0 < s <t < h. Moreover,
if we let C'(t) = 0 for t > h then that kernel will satisfy our work in both Sections 2
and 3. In Section 3 something very interesting happens. In the linear case we have

o(t) = a(t) - | Ot = )a(s)ds,

an equation about which there is a very straightforward theory. However, for ¢t > h

it becomes .

2(t) = a(t) — / C(t — s)z(s)ds

t—h
and that belongs to a class of far more complex structure.
We differentiate (4.1) and take into account (4.4) to form

¥+ kx=|d +ka—C(tt)g(x) — /tih D(t, s)g(x(s))ds} . (4.5)
Now, we define the Liapunov functional
V(t) = 2G(2(1)) + :h Dy(t, ) ( / tg(x(u))du) ds (4.6)

for x € C([—h,0), R), where G(z) = [; g(s)ds.

Theorem 4.1. Suppose that (4.3) and (4.4) hold. If z(t) is a solution of (4.1), then
the deriwvative of V' along that solution satisfies

V'(t) < 2¢g(x)[d(t) + ka(t)] — 2g(x)[kx + C(t, t)g(z)]. (4.7)
If there is an L > 0 with

zg(z) >0 for |z| > L (4.8)

and if, in addition, there is a p > 0 with
g(@)ka + C(t, t)g(x)] = ng*(x) (4.9)

for |x| > L, then there is an M > 0 with
V() < —[g(x)] + M (4.10)

for all t > 0.
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Proof. We first observe that if = is a solution of (4.1), then z is also a solution of
(4.5). Now let = be a solution (4.1) and V() be defined in (4.6). We then find that

Vi) = 200+ [ Datt) ([ ote(wyan) ds
_Du(tt— D) < /tih g(x(u))du)2+29(x(t)) /tihDs(t, 5) /: g(w(w))duds.

Integration of the last term by parts and use of (4.4) yield

29(a(t)) [ Du(t.s) [ glo(u))duds
T [ Dl s)gte(s))as

s=t—h —h

— 29(o(t)[Dlt.5) [ gla(w)du

t

— 2g(:)3(t))/ D(t, s)g(x(s))ds. (4.11)

t—h
Since Dg(t,s) < 0 and D4(t,t — h) > 0, the middle two terms of V'’ are not positive,
and if we use (4.5) and (4.11), we obtain
t
V'(t) < 2¢(x) {—kx + (a' + ka) — C(t,t)g(z) — / hD(t, s)g(x(s))ds
t_
t

+29(x) [ Dlt.9)g(e(s))ds

= 29(x)[d'(t) + ka(t)] = 29(z)[kz + C(t, t)g(x)]
verifying (4.7).

Now we assume that (4.8) and (4.9) hold. We may choose N > 1 so large that
u(N —1) > B, where B and pu are defined in (4.4) and (4.9), respectively. If |z| > L,
then zg(z) > 0, and by (4.9), we obtain for |x(t)| > L that

VI(t) < 2lg(@)llla’| + Klal] — 2g(x)[kz + C(t, 1)g ()]

= olg()l[la] + Hal] - 2k-z9()

2 (1= ) gl + O, D)9 @)] — 25 C (1 )6 (0)

IA

2g(e)[la| + klal] ~ 2% 5rg )
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-2 (1 - %) ng*(z) + 2%35]2(:5)

1
< =2lg(a)| |hlal = (a'(®)] + Kla(®))].
We may assume that

L 2 N[sup(la'(t)] + Kla(t)]) + 1 |k

Thus, if |z(t)] > L, then V'(t) < —|g(x(t))|. Since —C(t,t) < B, it is clear that
V'(t) < M for 0 < |x(t)] < L, where the constant M > 0 is a function of L, and
hence,

Vi) < —lg(z@®)+ M
for all t > 0. This completes the proof.

To establish boundedness of solutions, we assume that there is a B; > 0 with
t
D(t,t) < B, and / C,(t, 5)|ds < By (4.12)
t—h
for ¢ > 0. We then see that

t t
/ Dy(t,s)ds = D(t,t) < By and |C(t,1)| g/ IC,(t, 5)|ds < Bi.
t t—h

—h

Theorem 4.2. If (4.3)-(4.4), (4.8)-(4.9), and (4.12) hold, then any solution of (4.1)
is bounded.

Proof. Let x be a solution of (4.1) and V(¢) be defined in (4.6). Then V(¢) is
bounded below and satisfies (4.10). We now show that V(¢) is bounded above. If
V(t) is unbounded, then there exists a sequence {t,} T oo with V (¢,,) — oo asn — oo
and

V(t,) > V(s) for 0<s<t,.
It then follows from (4.10) that

0<V(t,) - V(s) < — /t” (@) |du + M(t, — ).

s

This implies that
tn
[ lgtw(@)ldu < M(t, — 5) (4.13)
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and, in particular, that
tn
/ lg(a(w))|du < M(t, — s) < hM (4.14)
for all t, — h < s <t,. Applying (4.14) to (4.1), We see that

(elt)—atia))? = ([ Cltw)otals)as)

2

s=tn

s=tn—h

= (~Clts) " a(a(s)ds| ™" + /t:”_hcs(tn, ) /:ng(x(u))duds)

/t:ih Cs(tn, s) /:n g(:)s(u))duds>2

tn 2
< (hM/ \Cs(tn,s)\ds> < BB2M2.
tn

This implies that
|z(t,)| < supla(s)| + hB1M = By (4.15)
s>0

and that |G(x(t,))| < Bs for a By > 0. We now arrive at

tn 2

Vit = 2G(x(t)) Du(t, s) ( /:ng(:c(u))du) ds

tn—h
tn
< 2G(a(ty)) + h2M? / Dy(t,, )ds
tn—h
< 2Bs+ Bih*M? := By, (4.16)
a contradiction. Thus, V(¢) is bounded. In fact, we have
2G(x(t)) < V(1) < max{V(0), Bu}
and hence
[V(t)| < K forall t>0 (4.17)
where K :=2|n| 4+ 2|G(z(0))| + By with n =inf{G(u) : u € R}.

We now integrate (4.10) from s to ¢ and use (4.17) to obtain

/: g(z(u)du < V(s) — V(£) + Mt —s) < 2K + M(t — s)
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and hence
/|g )]du < 2K + hM for t, —h <s <t,. (4.18)
Applying (4.18) to (4.1) we find that

/tih C(t,s)g(x(s))ds

[z(®)] < la(®)]+

< |a(t)|+‘0(t,t—h)/ ds+/ / (u))duds
< Ja(d)| +/;h|cs(t, 92K + hM]ds
< sup la(s)| + B1(2K + hM)). (4.19)

This implies that = is bounded. The proof is complete.

We now consider the existence of periodic solutions of (4.1). We assume that
a:R— R, C:RxR— R,and g: R — R are continuous and that there is a 7" > 0
with

at+T)=ua(t), Ct+T,s+T)=C(t,s9) (4.20)

for all + > s. If (4.20) holds, then C(¢,t) and [ , |Cs(t, s)|ds are T-periodic, and so
there are B and B; with

C(t,t) > —B, / s(t,s)|ds < By;

then (4.4) and (4.12) are satisfied. We define a companion of (4.1) by

t
(t) = A {a(t) - [ e s)g(x(s))ds} L0<a<1 (4.21)
t—h
for t € R and form a differential equation
t
¥+ k= A|d + ko — C(t, )g(x) — [ D, s)g(:)s(s))ds} . (4.22)
t_

To obtain an a priori bound for all T-periodic solutions of (4.21), we define
t t 2
Vilt) =2G(a(®) + A [ Di(t.s) ( / g(m(u))du) ds (4.23)
t— s
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fort € Rand x € (Pr,| - |])-

Theorem 4.3. If (4.3)-(4.4), (4-8)-(4.9), and (4.20) hold for t > s, then (4.1) has
a T-periodic solution.

Proof. Let x be a T-periodic solution of (4.21) and Vj(t) be defined in (4.23). Then

we have

Vi(t) < —lg(x)| + M (4.24)
for t > 0 and for an M > 0 independent of z and A. Since Vi(t) is T-periodic, V;(t)
has a global maximum at ¢ € [0,7], and hence, at t,, = ¢ +n7T. We then have

0 Valta) = Vils) < — [ lgle@)ldu+ Mt — 5)

S

for all s < t,. An argument similar to that of (4.13)-(4.16) shows that Vi(¢,) < By
with By defined just after (4.16). Observing that

Vi(0) < Vi(tn) < By,

we see that |Vi(t)| < K with K = 2|n| + By, where n = inf{G(u) : v € R}. We then
follow the argument in (4.19) to arrive at

lz(t)] < sup la(s)| + B1(2K + hM)) + 1 := B* (4.25)

for all t € R. This implies that ||z|| < B* whenever z is a T-periodic solution of
(4.21) for 0 < A < 1.

Define a mapping I’ on Pr by

F@)(0) =a(t) ~ [ Clt.9)g(6(s))ds (1.26)

—h

for each ¢ € Pr. It is clear that F'(¢) € Pr. We will show that I’ is continuous on
Pr and is compact on each bounded subset of Pr. If ¢, ¢ € Pr, then

[, ctt o = [ Ct9a(6(s)ds

[F(o)(t) = F(o)(1)] = (4.27)

/tt Cs(t, s) (/: g(o(v))dv — /St g((;;(v))dv) ds| .

—h

Since g is uniformly continuous on {z € R : |z] < o] + 1}, then for any ¢ > 0,
there exists 0 < § < 1 such that [|¢ — ¢|| < ¢ implies |g(é(s)) — g(@(s))]| < € for all
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s € [0,T]. Tt follows from (4.27) that || F(¢) — F(¢)| < hBie. Thus, F is continuous
on Pr.

We now show that F'is compact on each bounded subset of Pr. Let n > 0 and
define

I'={F(¢):¢ € Pr,|¢l <n}. (4.28)
Observe that

L)) = o)~ Ct.09(0(0) ~ [ Cilt5)g(6(5))ds

t

= d(t)=C(t,1)g(é(t))~|  D(t,s)g(¢(s))ds +k | C(tv 5)g(¢(s))ds

t—h
_ a’(t)—C’(t,t)g(qb(t))—/tihD( ds+k/ (¢ s/g ))dvds
and that
d t t
GO < W+ sup [[C@0]+ [ D(tsjds +k [ |C1 )]~ )ds

< ||d|| + g*[ sup |C(t,t)| + hBy + hkBy]
0<t<T

where ¢* = sup{|g(u)| : |u| < n}; thus, T" is equi-continuous. The uniform bounded-
ness of I' follows from the inequality

PO < lall+ [ 10:(t.9)] [ lg(6()ldv < llal| + kg

for all ¢ € I". So, by the Ascoli-Arzela theorem, I' lies in a compact subset of Pr. By
Schaefer’s theorem, we see I’ has a fixed point which is a T-periodic solution of (4.1).
The proof is complete.

We now give two examples which show a connection between this section and
Sections 2 and 3.

Example 1. Consider the scalar equation

(1) = alt) — /_t Ot = s)glals))ds (4.29)
where
Clt) = (=1)"(t—=h)", 0<t<h n=>34,. (4.30)
— 0, t>h
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for some h > 0. It is readily verified that C” is continuous for 0 < ¢t < oo and that
C(t — s) is convex. Moreover, using two changes of variable we find that

o(t) = a(t) - /OOOC(u)g(x(t—u))du (4.31)

— a(t) - /OhC(u)g(x(t —w))du
— ) — /tt Clt = s)g(x(s))ds

—h

and C(h) = C'(h) = C"(h) = 0. All of the work in Sections 2 and 4 hold for this
equation.

Example 2. Consider

o(t) = a(t) - [ Ot = 8)g(w(s))ds (4.32)
with solution ¢ on [0, h] where C' satisfies (4.30). Then for ¢ > h we have
(1) = aft) — /tihC(t — $)g(x(s))ds, t > h, (4.33)

with initial function ¢ on [0, h).

Theorem 4.4 Let dzl—(;) be continuous, let x(t) be the unique solution of (4.52), and

let y(t) be any continuous solution of (4.33). Suppose that there is an L > 0 with
dfi—(;”) > L. Then z(t) := z(t) — y(t) € L*[h,00). If, in addition, there is an M > 0
with dZ—(;) < M, then z(t) — 0 as t — oo.

Proof. We have for t > h that
t

) = — [l 9)late(s) — oly(s))ds (434
_ tiho(t—s)dgff))z(s)ds (4.35)

where £(s) is between x(s) and y(s). Define a Liapunov functional by

vt = [ ot =) [latet) - glut)lan) ds (4.36)

—h

with derivative satisfying




This yields the first conclusion. With the last assumption, note that

201 < M [ 100 = )l=(s)lds (4.38)

IA

M\/ / ih C2(t — s)ds | ih 22(s)ds (4.39)

t
< M\/h2”+1/ 22(s)ds (4.40)
t—h

and

t
/ 2*(s)ds — 0 as t — oo. (4.41)
t—h

Under the conditions here, with C' defined by (4.30) we see that the solutions of
the equations in Sections 2, 3, and 4 all converge to the same function both pointwise
and in L2
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