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1 Introduction

We consider the system
a'(t) = F(t, z) (1)

where z; is that segment of z(s) on [t — h, t] shifted to [—h, 0], where h > 0 is a fixed constant,
and where 2" denotes the right-hand derivative. The following notation will be used.
For x € R", |x| = max|z;|. For h > 0, C' denotes the space of continuous functions

mapping [—h, 0] into R", and for ¢ € C, [|¢|| = sup |¢(6)|. Also, Cy denotes the set of
<0<0

¢ € C with [|¢|| < H. If x is a continuous function of u defined for —h < u < A, with
A > 0, and if t is a fixed number satisfying 0 <t < A, then x; denotes the restriction of x
to [t — h,t] so that ; is an element of C' defined by x(f) = z(t + 6) for —h < 6 < 0. We

denote by z (o, ¢) a solution of (1) with initial condition ¢ € C' where z,(to, ¢) = ¢ and we
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denote by x(t, to, ¢) the value of x(to, ¢) at t.

It is supposed that F': Ry x C'y — R" is continuous and takes bounded sets into bounded
sets; here, H > 0 or H = oo. It is known ([4], [10], or [17]) that for each ¢y € R} and each
¢ € Cy there is at least one solution x (%o, ¢) defined on an interval [to, tp + «) and, if there
is an Hy < H with |z(t,t0,¢)| < Hi, then o = oo. Here, Ry = [0,00).

The object of this paper is to give conditions on Liapunov functionals to ensure stability
and boundedness of solutions of (1). This is, of course, an old problem and there are many
known results and applications. In fact, it was a survey of those results and particularly the
applications which inspired this investigation.

A Liapunov functional is a continuous function V(¢,¢) from Ry x Cy — R, whose
derivative along a solution of (1) satisfies some specific relation. The derivative of a Liapunov
functional V (¢, ¢) along a solution x(t¢) of (1) may be defined in several equivalent ways. If

V' is differentiable, the natural derivative is obtained using the chain rule. But we may take

Vv(/l)(t> ¢) = lim sup{V(t + 5> $t+5('> t, ¢)) - V(t> ¢)}/5

6—0*t
Important and informative discussions of the various derivatives are found in Yoshizawa [17;
pp. 186-188| and Driver [7].
DEFINITION 1. Let F(t,0) = 0.

(a) The zero solution of (1) is said to be stable if for each ¢ > 0 and ty > 0 there
is a 0 > 0 such that [¢ € Cs, t > to] imply that |z(t, to, @)| < €.

(b) The zero solution is uniformly stable (U.S.) if it is stable and if ¢ is independent
of t(].

(¢) The zero solution is asymptotically stable (A.S.) if it is stable and if for each
to > 0 there is a 0 > 0 such that ¢ € Cs implies that z(t,tg, ¢) — 0 as t — oo.

(d) The zero solution is uniformly asymptotically stable (U.A.S.) if it is U.S. and
if there is an n > 0 and for each v > 0 there exists 7' > 0 such that [ty € Ry,
¢ € Cy, t > to+ T imply that |z(t, to, ¢)| < 7.
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The earliest results on Liapunov’s direct method for such equations tended to be patterned
on those for ordinary differential equations with the norm in R" replaced by the supremum
norm in the function space C'. Results so stated were easy to prove and some of them could
be reversed yielding converse theorems. But examples could almost never be found satisfying
the stated conditions. In particular, if we let WW; denote continuous functions from R, — R,

W;(0) = 0, and W;(r) strictly increasing (called wedges) then the results often asked for
(i) Wi(llel) = V(t,¢), V(t,0) =0 and
(i) Vit @) < =Wa(flzl]).

(See Krasovskii [13], Halanay [9], and El’sgol’ts [8] for discussions.) Examples were readily

constructed with
1) Wi(le(0)]) < V(t ¢), V(t,0) =0 and
(i) Vit ) < =Wa(lz(t)]).

These conditions frequently suffice to prove good stability results and, at this writing, the
following is a summary of the commonly accepted results.
THEOREM 1. Let V : Ry x Cyg — R, be continuous:

(a) If (i) W(l¢(0)]) <V (t,¢), V(t,0) =0, and
(i) Vi (t ) < 0
then z = 0 is stable.

(b) If (i) Wi(|g(0)]) < V(t,¢) < Wa([l¢]]) and
() Vi, (1) < 0
then z = 0is U.S.

(c) It (i) Wi(l9(0)]) < V(t,¢) < Wa([l¢]]) and
(il) V(i (E ze) < =Ws([|lze])
then x = 0 is U.A.S.

(d) It (1) Wije(0)]) < V (L, ¢) < Wa(llol])
(i) Vi) (s ) < =Ws([ae])
(iii) F'(t, ¢) is bounded for ¢ bounded
then x = 0 is U.A.S.



(e) If|||¢]|| denotes the L:-norm and
(i) Wi(|p(0)]) < V(t, 6) < Wa(|¢(0)]) + Wa(|||]l]) and

(i) Vi (&, 2) < =Wa([z(2)])
then x = 0 is U.A.S.

While parts (a), (b), and (c) can be reversed, (c¢) has not proved to be useful. All parts
of the theorem can be traced to some degree to Krasovskii [13] (cf. Driver [7]). Part (e) was
proved in [3]. The condition of F' bounded for ¢ bounded is a straightforward generalization
of the classical Marachkoff result (cf. [1]).

While almost all investigators have insisted on asking V' (t,¢) < Wa(]|¢||), virtually all
known examples use a simple variant of V' (¢, ¢) < Wa(|#(0)|) + Wi(|[|#|[|) which is far more
flexible, as (e) indicates and as we show throughout this paper.

While almost all investigators have, quite correctly, dropped the requirement that V(’l) (t, )
—W (||z¢||) since it is almost never realized in applications, we know of none who have utilized
the condition V() (¢, ) < —W({|[z¢][[), a condition present in a great number of standard
examples. We will show in this paper that such conditions greatly facilitate proofs of strong
stability.

While investigators have discovered many interesting results for ordinary differential equa-
tions in recent years from the relation V'(t,x) < —n(t)W (|x|) where 7 is integrally positive,
few attempts at such results have been made for functional differential equations. One such
discussion is found in Yoshizawa [18]. We consider the relation V() (¢,z:) < —n(t)W (|2:|)
where | - |, is some norm and present variants of integral positivity which are very fruitful in
establishing stability and boundedness when 7(t) is zero on intervals of length less than h.

We emphasize that it has been very difficult for investigators to obtain asymptotic stability
without asking F'(t, ¢) bounded for ¢ bounded (Busenberg and Cooke [6] recently made an
advance here; see our Example D). This difficulty vanishes when we use a norm on C' in V’,

and such norms are common in applications.
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2 A Survey of Examples

In this section we look at several well known examples noting especially the properties which
investigators have used and pointing out additional properties which could have been used to
great advantage. These examples will serve to motivate some of the results in the following
sections.

In a great many examples there appears in the Liapunov functional a term like

0yt
/ D(u,x,)duds
—h Jt+s

where D is some non-negative functional. There then appears in the derivative terms like

(W (e (O) = m(®) [ Dis.a.)ds

where 7, and 7, are non-negative functions. Almost always the second term is discarded (cf.
[10; pp. 55-57] and [17; pp. 206-210]); investigators obtain qualitative results when 7, (t)
is integrally positive. But we note here that the second term may be much more useful.
Results may be obtained when 7, vanishes on sets of length less than h.

EXAMPLE A. Consider the scalar equation

2'(t) = b(t)z(t — h) (A1)

where b : [—h,00) — [—1,0] is continuous,
-2+ /t |b(w)|du+ h <0, (A2)
b(t+ h) = b(t), /t |b(w)|du > 0, (A3)

and
/t_h [1—1b(s)|]ds > 0. (A4)

These conditions imply that all solutions tend to zero as t — oo.



To see this, define

V(t,x) = {I(t) + /tjh b(u):v(u)du]2 + /_(; /t; |b(u)|2*(u)du ds

and obtain

V'(t,x) < |b(2)] { -2+ /t_h |b(u)|du + h} 2* + (|b(t)] — 1) /t_ |b(s)]|2%(s)ds.

h

If, for example, b(t) is a classical square wave periodic function which is zero and then

—1 (smoothed), then the term
V/(t,2) < —alb(t)|2*(t), o >0,

is without value in the classical theory. But 1 — |b(¢)| has the same square wave character

t
and, because of (A4), our Theorem 2 shows that [ |b(u)|2?(u)du — 0, hence, that

‘/:h pljeluldu] < [/tjh|b(U)|du /tjh|b(u)|I2(U)dU} :

tends to zero as t — oo. Thus, V (¢, z;) — 2%(t) tends to zero and V (¢, ;) tends to a constant

t
¢; but ¢ = 0, otherwise, [ |b(u)]2?(u)du cannot tend to zero.
t=h
As a comparison, we note that Krasovskii’s theorem on asymptotic stability of the zero

solution of

a'(t) = g(x(t = h(t)),1)
for 0 < h(t) < h (see [13; p. 174]), when applied to (A1), requires that b(t) < —h — v for
t > 0 and for some v > 0; this condition is not met by the square wave function.
After Theorem 2 we will deal with the nonlinear generalization of (A1) with arbitrary
(non-periodic) b.
EXAMPLE B. Hale [11; pp. 120-123] discusses an example of Levin and Nohel concerning

a circulating fuel nuclear reactor and a viscoelastic model in the form of a scalar equation
t
PO = = [ aft = u)glalu))du, (B1)
t—h
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where G(z) = fg(s)ds — o0 as |x| — oo, a(h) =0, a(t) >0, a(t) Z0, a'(t) <0, d”"(t) >0
for t € [0, hl; aloso, the functions a” and ¢ are continuous, while g has only isolated zeros.

Applying sophisticated theory of limit sets, Hale proved the following nice theorem which
gives a complete description of asymptotic behavior of solutions of (B1).

THEOREM B1 (Hale [11; p. 122]). (i) If there is an s such that a”(s) > 0, then, for any
¢ € C, the w-limit set w(¢) of the orbit through ¢ is an equilibrium point of (B1), i.e., a
zero of g.

(ii) If a”(s) =0, a # 0, then for any ¢ € C the w-limit set w(¢) of the orbit through ¢

is a single periodic orbit of period h generated by a solution of the equation
"+ a(0)g(z) = 0.

In his proof, Hale defines the functional

0

V) = ceon - /2 [ el [ 09(¢(s))ds] s

—h
with derivative along a solution of (B1) being

0 0

g(cb(u))dur—(m) / a”(—u){ / ’ g(gb(s))ds] 2du.

—h

Vi(6) = (1/2)a'(h) [ /

—h
He then uses the invariance principle.
By contrast, our results here hold in the non-autonomous case. From Theorem 4 it follows

that for every solution we have

tErglo /_(:L /_(:L a”(—u) {/uog(a:(t + v+ s))ds] 2du dv=0

and if a’(h) # 0, then

t—o0

0 10
lim / / g(x(t+v+s))dsdv = 0.
—nJ-h

Using these facts one can obtain the assertions in a simple way. Since autonomous theory is

not required, one may generalize Theorem B1 to non-autonomous equations. We illustrate
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this after Theorem 4 by a result on the equation

' (t) = —a(t) /t_h a(t — s)g(z(t + s))ds

where o : Ry — Ry.

EXAMPLE C. Krasovskii [13] considered the nonlinear second order equation

a"(t) + (' (t),t) + f(x(t — h(t)) =0 (C1)

where f : R — R has a continuous derivative, while ¢ : Rx Ry — Ry and h: R, — R, are
continuous and periodic in ¢t and 0 < A(t) < h and h is constant.
Using the notation y(t) = z/(t) and f*(x) = df(x)/dx, one can rewrite (C1) as the

equivalent system

0
/ . C2
(0 = =o(u(6).) = Ft) + [ FGlt+ yit+ s)ds. ()
—h(t)
Krasovskii defined the Liapunov functional
x 0 0
V(zey,y) = 2/ f(s)ds +y2(t) + v2/ / y2(t + s)ds du (C3)
0 —h Ju
where 0 < v? is constant, and he obtained
t
Vi) < 2|0+ [yt (1)
t—h
where ~ is a positive constant, under the conditions
oy, t)/y>b>0 for t>0 and y#0 (Ch)
and
fl@)fz>a>0, [f(2)<L (C6)

with a, b, and L constant.



Using techniques which he developed for autonomous and periodic systems (later called
the invariance principle), he proved that if (C5) and (C6) are satisfied and b > Lh then the
zero solution of (C1) is asymptotically stable.

It is known (see, e.g., [12]) that in the non-retarded case (h(t) = 0), conditions (C5) and
(C6) imply asymptotic stability without any extra condition.

It is interesting to note that the appearance of a delay can neutralize the effect of friction
(the term ¢(2'(t),t)) and can destablilize the equilibrium = = 0. Somolinos [16] investigated
the sunflower equation

2" (t) + bz’ (t) + Lsinz(t — h) =0 (C7)

in which b, L, and h are positive constants, b > L, and bh > 1. This is a special case of
(C1) for small z. Using properties of the characteristic equation he proved several interesting
results including the following one.
THEOREM C. Let £ be the root of 02 /Lh? = cos o in (0, 7/2) and define by = Lh(sin&) /¢
(so that (2/m)Lh < by < Lh).
(i) If b > by, then the zero solution of (C7) is asymptotically stable.
(ii) If b < b, then the zero solution of (C7) is unstable.

(iii) For fixed L and h equation (C7) has a Hopf bifurcation at b = by; consequently,
if b < by, then (C7) has a nontrivial periodic solution.

Now the following questions arise: What can be said about the stability properties of
the zero solution of (C1) when ¢(y,t) and h(t) are not periodic in ¢ and when ¢(y,t) is
possibly an unbounded function of ¢? What conditions guarantee asymptotic stability? Is

the condition

inf{¢(y,t)/y:y #0} >b> Lh

necessary for the asymptotic stability? (This is of interest even if ¢ and h are periodic in ¢.)



The invariance principle and method of characteristic equations cannot be used to solve
these problems. The difficulties are caused by the fact that we have to replace the third

term in the Liapunov functional (C3) by

0 0
/ / V2 (t + 8)y2(t + s)ds du.
—h Ju

This changes (C4) to a more complicated form

Vit 20 ur) < —m (£ () — mat) / el

but our theorems make it possible to handle this inequality, as we show after Theorem 4.
EXAMPLE D. Busenberg and Cooke [6] address the problem of improving Theorem 1(d)

and motivate their work with the scalar equation
2'(t) = —a(t)x(t) + b(t)z(t — h) (D1)

with a : Ry — R, and b : R, — R continuous. They proved uniform asymptotic stability
for the zero solution under the following conditions: for each n > 0 there exists 7 > 0 such
that
t+1
/ |b(s)|ds <n for t>0 (D2)
t
(so that

/t Ib(u + h)|du < B (D3)

—h

for some B > 0), and for some p, ¢ > 0 the inequality
2a(t) — plb(@)| — |b(t + R)|/p = q (D4)

holds for ¢ > 0.

They define the functional
0
Vt0) =0 + [ K+
—h
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where K (t) = |b(t + h)| and they show that

V'(t,¢) = [K(t) — 2pa(t)]¢*(0) + 2pb(t)$(0)p(—h) — K (t — h)¢*(=h),
from which they conclude that V"’ is a negative definite quadratic form in ¢(0) and ¢(—h);

however, they use only the pair

Wi(o(0)]) < V(t, ¢) < Wa(l[¢l])
VI(t, ¢) < =Ws(|¢(0)])

(D5)
instead of the pair (D4) and

VI(t, ) < =na(O)Wal|z(6)]) — ns(£)Ws(|2'(1)]) (D6)

for appropriate 7, and n5. Applying our Theorem 6 to this pair yields the following: the

zero solution of (D1) is U.A.S. if (D3) is satisfied and for some 3 > 1 we have

t+s

n(t) =a(t) — Blb(t+h)| >0, lim n(u)du = oo (D7)

S§—0OO t
uniformly with respect tot € R,.

On the other hand, using another Liapunov functional V; satisfying the pair
0

Vi(t, ¢) < 2¢%(0) +c/ b(t 4 h + u)|¢* (v)du

—h

and

Vi (t.6) < —A(D)8(0) — () / [blt+ B+ 0)]o(u)du

(with ¢ constant) we get conditions which guarantee asymptotic stability for the zero solution.
These conditions work, for example, when b(t + h) = —a(t) in which case neither (D4) nor

(D7) hold.
3 Integral Positivity

Liapunov’s direct method centers around a relation
Wi(lz(t)]) < V(¢ 20)
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in which one drives |z(t)| to zero by driving V (¢, ;) to zero. This involves relating the

derivative of V' to an upper bound on V. Typically, one has a relation
Viy(t, ) < =Wa(lz(t)])
so that
t
Vit 1) < Vito,aiy) / Wa(l(s)])ds.
to

The classical theory then relies almost exclusively on asking that the solution move slowly
so that unless |z(t)| — 0, then V(¢t,z;) — —o0, a contradiction. But that idea is crude,
inefficient, and dreadfully wasteful of the tools at hand. In this section we explore three
techniques which seem natural for the types of examples which investigators have constructed
to this point.

Virtually always investigators feel that the delay in (1) complicates the problem of stability
and that something more is needed than is required in equations without a delay. For
example, Theorem 1(d) is true without asking that F'(t,¢) be bounded for ¢ bounded when
there is no delay. We point out here that frequently the delay simplifies the problem and
that many theorems are true when h > 0, but they become false when h = 0.

In this section we are interested in relations including V(},(t, z) < —n(t)W([[|z[[|). The
basic concept needed here is a generalization of integral positivity which has found significant
application in ordinary differential equations (cf. Hatvani [12], Matrosov [14], Murakami [15],
and Yoshizawa [19]). We point out that this concept can be considerably weakened for delay
equations, while retaining the same results.

DEFINITION 2. A measurable function n : R, — R, is said to be integrally positive
with parameter 6 > 0 (IP(9)) if whenever I = Ej [y B With oy < B < amyr and

m=1

B — > 8 (m=1,2,...), then [n(t)dt = co.
I
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If a function 7 is integrally positive for every ¢ > 0 then it is called integrally positive
(IP).

For example, the function
m(t) = |cost| — cos®t
is IP, while
n2(t) = | cost| — cost

is IP(9) whenever § > =, but it is not IP.

It can be seen that a measurable function : Ry — R, is IP(9) if and only if

t+5
lim inf/ n(s)ds > 0.
t

t—o00

The following lemma points out that regardless of how fast a function may change in
magnitude, its integral from ¢t — h to ¢ does not change rapidly.

LEMMA 1. For a continuous function = : R, — R"™ and a continuous functional D :
R, x C — R, define the function g(t) = ft D(s,xs)ds. Given € > 0 and 0 < hy < h let
d =€(h— hy)/(2h — hy). If g(t;) > € for sé;rflle t1 > 2h, then there is a closed interval [a, ]
of length hy containing ¢; in which g(t) >0 : b —a = hy, t1 € [a,b], g(t) > 6 for all ¢ € [a, b].

PROOF. Let v =h — h; and

h/~ if h/~ is an integer
{ [h/v]+1  otherwise

where [h/v] is the greatest integer function. Construct the intervals I; = [t; — h,t; — h+ 7],
Li=ti—h+vti—h+2y],..., Iy =[t1 —h+ (N —1)y,t1]. Then for some i we have
[ D(t,z)dt > €/N and we denote the right end-point of I; by to. Then I; C [to+hi—h, ta+h]
gnd so g(t) > €/N for t € [to,ta+ h1] =: [a,b]. Since N < (h/7)+1 this completes the proof.

THEOREM 2. (A) Let D,V : Ry x Cy — R, be continuous and suppose there are

continuous functions 7, : Ry — R4 and B : Ry — [0,00) with B nondecreasing. Suppose
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also that for every € > 0 there is an h; € (0, h) such that the function
s (WA (W5 (e/ Bt 4+ 1) (h — ) /(2h = hy)]

is IP(h;) and
t
(1) Vit a) < —milt Wil [ D(s,x,)ds].
t=h
Then for every solution x(t) of (1) satisfying ||a¢|| < H on [to,00) there is the relation

lim {B(t)Wg[ i D(s,a:s)ds}} = 0. In particular (B(t) = 1), if ;3 € IP(hy) for hy € (0, h)

t—o0 t=h

and (i) is satisfied, then every solution of (1) satisfying ||x;|| < H satisfies hm f D(s,xs)ds =

t=00y 7

0.
(B) In addition to the conditions in (A), suppose there is a continuous function 7 :

R, — R, such that 70775(t)dt = 00,
(ii)  Wis(lz(t)]) < V(t,zr) < Way(|z(t)|) + B(t)Ws [t_fth D(s, xs)ds]
and

(i) V(&) < —ns(O)Ws(l(t)]).
Then x = 01is A.S.
(C) Let the conditions in (A) hold and, in addition, suppose
(iv)  there exists a function V* : R — R, such that if x : [to—h, 00) — R™ is a solution

of (1) with tlirglo {B(t)Wg[ ft D(s,zs)ds}} =0, then

t—h

lim [V(t,2:) — V*(2(t))] = 0.

t—o0

Then for every solution z(t) satisfying ||z¢|| < H on [ty, 00), the finite limit tlim V*(x(t))

exists. Moreover, if there is a continuous 7 : Ry — Ry with [ ng(t)dt =
) Wallo0)) < Vi(t.6), V£.0) =0, 0

and (vi) V) (t20) < —ne(t)Ws(V*(2(1))),

then z =0 is A.S.
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PROOF. Let z(t) be a solution of (1) satisfying ||z¢|| < H on [ty,00) and define g(t) =
ft D(s,xs)ds. If B(t)Wa(g(t)) - 0 as t — oo, then there is an € > 0 and a sequence {t;}
tv;?th tiv1 > t; + 2h for which B(t;)Wa(g(t;)) > €. Applying Lemma 1 to the function g we
obtain a sequence {f;} with t; —h < &; < t; and g(t) > W5 '[e/B(t;)](h — h1)/(2h — hy) for
t; <t <t;+ hy. Thus, for t > t; + h; we have

0 < V(t,a) < Vito,ar) — /t ()WL W (¢/B(s + ) (h — h)/(2h — hy)]ds

because B(t) is nondecreasing. Thus, by the assumption on the integrand, we see that
V(t,z;) — —o0 as t — 00, a contradiction. This proves (A).
To prove (B), we first note that z = 0 is stable by Theorem 1(a). Let x(¢) be a solution

with ||z;|| < H for t > ty. Then (iii) implies that lig(i)?f |z(t)| = 0. Using (ii) and (A) we have
h?iigp Ws(lz(t)]) < tlirglo Vt,xy) < lig(i)glf Wy(lz(t)]) + tllglo B(t)W, [t_fth D(s,z5)ds] = 0,
completing the proof of (B).

To prove (C), we begin by showing that every solution z(t) with ||z:|| < H on [to, 00)

satisfies the limit relation

lim V*(z(t)) = lim V (¢, z;) =: V%.

t—o0 t—o0

By Theorem 2(A) tllglo B(t)Wg(t_fth D(s,x5)ds) » =0, so, in consequence of (iv), for every
e > 0 there is a Tj(€) such that |V*(z(t)) — V(t,z¢)| < €/2 for all t>Ti(¢). On the other
hand, there exists a Ty(e) such that |V (¢, ;) — Vo| < €/2 for all t>T5(e). Consequently,
V¥ (x(t)) — Vol 2 |V*(x(t) = V(t, ze)| + |V (t, z) — Vo| < € for all t> max{T}(¢),T>(¢)}, which
completes the proof of existence of the limit.

If (v) and (vi) hold, then z = 0 is stable by Theorem 1(a). By virtue of (v), to show

A.S. it is enough to prove that for any solution x(t) with ||a4,|| small enough then Vj =

lim V(¢,7;) = 0. Suppose that V5 > 0. Then V*(x(t)) > V,/2 for t > T, some T, and by

t—o0
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(vi) we have
Vit,x) <V(T,zp) — WG(VO/Q)/T_ ne(s)ds — —oo,

a contradiction. This completes the proof.
REMARK 1. Inequalities (iii) and (vi) can be replaced by the following conditions,
respectively: for each continuous function v : R, — R", then
(iii") litrgglf |u(t)| > 0 implies that
t
li?l(s)gp {B(t)Wg {/t_h D(s,us)dSH >0
and

(vi")  lim V*(u(t)) > 0 implies that

t—o0

lim sup {B(t)Wg{ /tth(s,us)dsH > 0.

t—o00

Indeed, from the proof of Theorem 2(B) it can be seen that it is enough to show that
litrg(i)glf |z(t)| = 0. By (iil’), if this is not true then we get a contradiction to the assertion of
Theorem 2(A).

As regards (vi’), the single role of (vi) in the proof of Theorem 2(B) was to guarantee
that Vy = tllrglo V*(x(t)) = 0. By condition (vi’), the assumption V; > 0 is in contradiction
to Theorem 2(A); thus (vi) can be replaced by (vi).

EXAMPLE 1. Consider the scalar equation

t
2 (t) = —a(t)z(t) + b(t)/ x(u)du
t—h
in which a,b: R, — R are continuous with

t+h
(i) —alt)+ a/ |b(s)|ds < 0 for some a > 1 and
t

s+h

(ii) |b(¢)|/B(t+ h) is IP(hy) for some 0 < hy < h, where B(t) := max [ |b(u)|du.

0<s<t s
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Then £ =0 1is A.S.
PROOF. Define

V(t.6) = [6(0)] + a / h / bt + w — )] (a0 | du ds

so that

601 < Vit.) < 60| +a [ / o) ldel(w)|du

< 16(0)] + aB () / ol

Also
VIt 2) < —a(t)]x(t)] + bt |/ w)\du
+a/_h bt — 8| [2(8)]ds — a/_(; b(0)] |t + 5)|ds
= [—atw+a [ ptsyas|eton+ bl -a) [ st

h

< b(t)|(1 — ) / () ds.

Therefore, the conditions of Theorem 2(B) and (iii’) in Remark 1 are satisfied, and z = 0
is A.S.

REMARK 2. The following properties in this example are noteworthy.
(i) The conditions depend on the size of h.

t+h

(ii) The function F(¢, ) need not be bounded for ¢ bounded, and [ |b(s)|ds can
t
also be unbounded.
(ili) We do not have V' dependent on |z(t)|, but rather on its integral; in particular,

t+h

given b(t) € IP(hy), define a(t) = « f b(s)|ds.

(iv) The stability actually comes from a(t) through the relation (i) even though the
derivative of V' ultimately centers on b(t).
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EXAMPLE D revisited. Consider again the scalar equation (D1). If for ¢ € R, we have
(i) a(t) = b(t+h),

(i) y(t) = [~a(t) + b(t + h)][2 T lblut h)|du] + ahlb(t + h)| < 0, and

t=h
(iii) n(t) :=a —a(t) +b(t+ h) is IP(hy) for some o > 0 and h; € (0, h),
then every solution tends to a finite limit as t — oo.
If, in addition, one of the conditions
(ivy) limsup ftHh |b(s)|ds > 0,
t—o00
t+h

(ive) n(t) tf b(s)|ds ¢ L']0,0), or

(ng)

then the zero solution is A.S.

PROOF. We can write equation (D1) as
2'(t) = [—a(t) + b(t + h)]z(t) — (d/dt) /t_h b(u+ h)x(u)du

and define

0

Vit 6) = {¢(0)+/ b(t+u+h)¢(u)dur+a/j /So|b(t+u+h)|¢2(u)duds

—h

so that
V'(t, z) = 2 {:E(t) + /tjh b(u + h):ﬂ(u)du] [—a(t) + b(t + h)|x(t)
+a /_(; |b(t + h)|z*(t)ds — a/_(; b(t + s + h)|2*(t + s)ds
< {[—a(t) +b(t+ )] + | — a(t) + b(t + h)| /tih |b(u + h)|du + ah|b(t + h)|}a:2(t)
(| = alt) + bt + h)| - a) /:h b(s + B)|a(s)ds

—(Oa(0) ~ nlt) [ bl + Wl(5)ds
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Equation (D1) is linear so every solution can be continued for all ¢ > t5. Conditions

(1)—(iii) yield the conditions of Theorem 2(A); thus, we have

t

lim b(u + h)|2*(u)du =0

t—o0 —h

t
for each solution z(¢). Conditions (i)—(ii) imply [ |[b(u+ h)|du < 2 for all ¢ > 0, whence we
t=h
get the estimate

V(t,¢) < 2¢%(0) + {2 /t_h |b(u + h)|du+ah] /_h b(t 4+ b+ u)|¢*(u)du

0

§2¢2(0)+(4+ah)/ b(t + h + u)|¢*(u)du.

—h

Obviously, the limit V*(4(0)) exists and V*(¢?(0), in the notation of Theorem 2(C). By the
first part of Theorem 2(C) we know that tlirgo 22(t) exists, so tllglo x(t) = z exists also. This
means that every solution is bounded; therefore, the zero solution is stable (cf. [11; p. 162]).
We still must prove that xq = 0.

As V'(t,x) < y(t)z%(t), if condition (ivs) holds then all conditions of Theorem 2(C) hold
and zg = 0.

If (iv1) holds, then we use Remark 1. For lim V*(u(t)) = lim w?(t) = u2 > 0, then

t—00 t—00
t ¢
lim sup/ D(s,us)ds = lim sup/ b(s + h)|u?(s)ds
t—o0 t—h t—o0 t—h

t+h
> (ug/2)lim sup/ |b(s)|ds > 0,
t

t—o0

so x = 0is A.S. by Theorem 2(C) and Remark 1.

If (ivs) is satsified and if there is a solution with z¢ # 0, then

V(t,x) < V(to, z,) —/ n(s) /j |b(p + h)| [I3/2]dpd8 — —00 as t— 00

to s—h

and this is a contradiction.

EXAMPLE A revisited. Consider the scalar equation

'(t) = b(t) f(x(t = D)) (A5)
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which is a nonlinear generalization of (Al). Here, b : Ry — [—a,0] (0 < a = constant),

f: R — R are continuous. Suppose that there is a constant ¢ > 0 such that
(i) «f(z) >0and |f(z)| < c|z| for all ,
t+h
(i) [b(t)] < a < (2/ch) — (1/h) f |b(s)|ds for t € R, and
(iii) o — |b(t)| is IP(hy) for some hy € (0, h).

Then every solution tends to a limit as ¢t — co. If in addition,
(iv) xf(x) >0 for x # 0 and

v) 7 Ib(t) |t =

then z =0 is A.S.
PROOF. Define

V(t,g;t):(a;(t)+/:hb(s+h s) +a/ /+u (5 + )| F2(x(s))ds du
so that
Vit 2) = 2 (a:(t) -/ jh b(s + h) f(a:(s))ds) bt + h) (2 (1))
+a /_(; bt + B)| F2(2(8))du — a /_(; Bt + u + B)| (2t + u))du
< (e + W) o0 + 060+ 13 [+ [ s 0ot
bt =) [ oG+ (o)
Taking into account (i) we obtain
V(t,20) < [b(t + h)| {—2 + c(ah + /tt+h |b(s)|ds)] 2 f(@(b)
F 0l 0 =) [t I Gs))ds

By Theorem 2(A), (ii) and (iii) imply that

t

lim b(s + h)|f*(z(s))ds = 0

t—oo Jy_p
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for each solution z(¢) which is defined on [0, 00). On the other hand,

Vit z) < 202(1) + {2 /t " () ds + ah] /:h b(s + h)| F2(x(s))ds
<270+ K [l Wi Gls)ds
Obviously, denoting V*(z) = 22, by (A6) we have
lim [V (t,2) — V*((t))] =0,

In order to apply Theorem 2(C) we have to show that every solution is defined on [tg, 00).

If there is a solution x : [to — h,T) — R which is noncontinuable, then limsup |z(t)| = oco.
t—T—

Since we can verify from the equation that z'(¢) is bounded on [t — h,T'), such behavior is
impossible.
By the first assertion of Theorem 2(C) every solution z(¢) has a finite limit k,, proving

our claim. To prove A.S., we first show stability. Since

t+h t+h ¢
2t + h) — 2(t) :/ /(s)ds :/ b(s) (s — h)ds :/ bu + ) f(z(u))du,
t t t—h
we have
0yt
V(t,x)) = 2*(t + h) +a/ / b(s + R)|f*(z(s))ds du > z*(t + h).
—h Jit4u

For € > 0 and ¢y € R, given numbers, choose d(¢,ty) > 0 so that

sup V(to, ¢) < €, sup |z (t, o, 9)| <.

llpll<s (llll<d, to<t<to+h)

Let x(t) = x(t,to,») be a solution with ||¢|| < J, and suppose that |z(T)| = € for some
T >ty + h. Then

e = 2*(T) < V(T = h,xp_p) < V(to, ¢) < €,
a contradiction. This proves x = 0 is stable.
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We now show that the limit k, of the arbitrary solution x is zero. If

t—o0

t+h
lim sup/ |b(s)|ds >0 and if k, #0,
t

then by (A6) we have

t

0= lim b(s + h)|f2(z(s))ds

t—o0 —h

t
> min{ f2(r) : |k.|/2 < |r| < 2|k:m|}limsup/ |b(s + h)|ds > 0.
t—h

t—o0

t+h
Suppose that tlim [ |b(s)|ds = 0. From (ii) and (v) we obtain ¢y = 2 — ach > 0.
—00

Therefore, if k, # 0, then
VI(t,20) < —(co/2)[b(t + h)|z(t) f(2(t))
< —(co/2)|b(t + R)[(|ka|/2) min{ f(r) : [ka|/2 < [r| < 2|k |}

for large ¢t. Then by (iv) and (v) we see that V (¢, z;) — —o0, a contradiction.

REMARK 3. Krasovskii [13; p. 174] investigated the scalar equation
o' = g(x(t — h(t)),t)
where 0 < h(t) < h, h constant, with g(z,t), dg(z,t)/0x continuous and
|0g(x,t)/0x| < L = const. (t>0, z €R). (A7)
Using a Liapunov-Razumikhin method he showed that if
lg(z,t)/x] + L°h(t) < =y (>0, z € R) (A8)

is satisfied with an arbitrarily small positive constant v, then z = 0 is A.S. We show that
for (A5), Krasovskii’s (A7) and (A8) imply our (i)—(v), but the converse is false.
Indeed, suppose that (A7) and (A8) hold for (A5). Since in this example dg(x,t)/0x =

b(t)f'(x), (A7) asks |f'(x)] < K with K a suitable constant, and (A8) can be rewritten as
[b(t)f(z)/z] + *K*h < —y (v #0, t € Ry).
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Then by Lagrange’s mean value theorem, our conditions (i) and (iv) are satisfied, namely,
¢ = K can be chosen. Obviously, condition (v) holds also.

Since |b(t)| < a we have

(2/ch) — (1/h)/t |b(s)|ds — a = 2a[1/(ach) — 1].

If cah < 1, then (ii) is satisfied, and we can assume without loss of generality that (iii) holds
as well; otherwise, o must be replaced by o > 0 so that ca’h < 1. Consequently, it is enough
to prove that (A7) and (A8) imply cah < 1.

Suppose that (A7) and (A8) hold with cah > 1. Then

—ca < b(t)f(x)/x < —y — a*c*h < —y — ac < —ac,

a contradiction.
On the other hand, our conditions allow b(¢) to vanish (even on intervals), while (A8) can
not be satisfied for such a function.

We now propose a theorem on A.S. and U.A.S. in the case when the function 7 in the

V(l(tatt< —n(t {/ D(s,x5)d }

is not integrally positive. We know from the theory of ordinary differential equations that

inequality

the zero solution of

2(t) = —(1/(t+ 1))z

is A.S. (using V(z) = 2?), even though n(t) = 1/(t + 1) is not integrally positive.

Suppose now that

Wi(o(0)]) < V(E, ¢) < Wa(|¢(0)]) + Wa([l[o]l]) < Wa(ll¢l])
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and V(},(t, z) < 0. If z(?) is a bounded solution which does not tend to zero then there is
an € > 0 and a sequence {t;} T oo with |z(¢;)| > €. One uses a variety of devices to show

that |z(t)| > €/2 on intervals t; < t < t; +  for some v > 0. If one has

Vip(t,z) < —n(t)W(e/2) on [t ti + 7]
oo tity
then one hopes to show that Y. [ 7(s)ds = oo. This is impossible to do when n(t) =
=1 t;
1/(t+1) unless one can also show that ;11 — ¢; is bounded. But because V (¢, ) < Wy(]|¢||)
and V'(t,x;) <0 one can frequently show that ¢;,; — ¢; is bounded.
DEFINITION 3. Let n: Ry — R, be measurable.
(a) The function 7 is weakly integrally positive with parameters § > 0 and A > 0

(WIP(6, A)) if whenever {¢;} and {d;} satisfy ¢; + 0; < t;41 < t; + 0; + A with §; > 9, then

& ti+6;
Z/ n(t)dt = oco.
i=1 7t

(b) The function 7 is uniformly weakly integrally positive with parameters § > 0 and
A >0 (UWIP(4,A)) if (a) holds and if for every M > 0 there exists () > 0 such that for all
S > @ and for all {¢;} and {J;} satisfying (a), then

/ n(t)dt > M where I = U[ti,ti + di].
[t1,t1+S]NT

i=1

REMARK 4. If nis IP(d), then it is UWIP(4, A) for all A > 0. The converse is false.
Indeed, let n be IP(§), i.e.,

t+6
lim inf/ n(s)ds = 2¢ > 0.
t

t—o0

Then there is a T such that ¢ > T implies that ftt+577(s)ds > c¢. Choosing Q(M) =
T+ (M/c)(04+A), we get the first assertion. To obtain the second part it suffices to consider

the function

n(t) =

0 fk2<t<k2+6 k=12,...,
1 otherwise.
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It is UWIP(6, A) for all A > 0, but it is not IP(J).
THEOREM 3. Let n be WIP(hy,4h) with 0 < h; < h and suppose that the continuous

functionals D,V : Ry x Cyg — R, satisty:

(i) D(t,¢) <Wi(llol);

(ii) for some K € (0, H) there exists a wedge W3 such that [t € Ry, u: [—2h,0] —
R™ is continuous, |u(s)|<K for s € [—2h, 0] imply

0
Wa (inf{|u(r)] : —h;r;O});/ D(t + s,us)ds;
~h
(iii) for every continuous function « : [—2h, 00) — R™ the inequality

t
Walla(®)]) < V(¢ ar) < Walla(®)]) + W { / D(s,asms]
t—h
is satisfied for all t € Ry;

(iv) Vit ) < —n(t)Ws| ft D(s, x5)ds].

t—h

Then z = 0 is A.S. If, in addition, n is UWIP(hy,4h), then = = 0 is U.A.S.

PROOF. By conditions (i) and (iii) there is a W7 with V (¢, ¢) < Wx(||¢]|); therefore, it
follows from Theorem 1(b) that = 0 is U.S. For the K € (0, H) let 6 = 6(K) > 0 be that
of US. Let v > 0, tg > 0, ¢ € Cs be given. We will find 7' = T'(y) such that ¢t > to + T
implies that |z(¢,t0,¢)| < 7. Find £ > 0 and Wy(&) + W5(W2(€)) < Ws(y). Consider the

intervals
Ij=[to+jh,to+ (j +1)h), 7=0,1,2,....

t
Suppose that for each j thereis a t; € I; with g(t;) > W>(&), Where g(t f (s,zs)ds.
f

), W
Use Lemma 1 to find 6 > 0 and #; € I;_; U I; such that g(t) > ¢ for £; <t <#; + hy. Then

the intervals [f3;,%3; + h1] are disjoint and the sequence {#3;} satisfies the conditions of 7

being WIP(hy,4h). Thus, there is an N = N(ty) for which

N

Wﬁ(a)Z[& “n(s)ds > Wa(5).

i=1 Y13
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Moreover, if n is UWIP(hy,4h), then N is independent of ¢5. An integration of V(/1) (t,zy) <

t
- (t)WG[ i D(s,:cs)ds} from to to t > toy + hy will contradict V (¢, z;) > 0.
t=h

t
Thus, there is an [; with j < 2N for which [ D(s,z,)ds < W5(€) for all ¢t € I;. Because
t=h
of (ii) this means that there is a t, € I; with |z(¢,)| < . Hence for ¢t > t, we have

Wa(lx(t)]) S V(E,2) < V(e 20,) < Wa(€) + Ws(Wa(E)) < Wa(7).

Thus, T'= 2Nh and the proof is complete.

EXAMPLE 2. Consider the nonlinear scalar equation

2 (t) + /t_h b(s)g(z(s))ds =0

with continuous functions b : Ry — R, g : R — R, and suppose that the following conditions

are satisfied:
t
(i) b(t)>0and [ b(s)ds>p

t=h
for some constant 3 > 0 and all ¢ > 0;

(ii)) zg(z) > 0 and |g(z)| < c|z| for all z € R and some ¢ > 0, ¢ constant;

(iii) there is a k > 0 such that for t € R, then
t
R2b(t) < k < (2/c) — h/ b(s)ds;
t—h
(iv) the function k — h2b(t) is WIP(hy, 4h) for some hy € (0, h).

Then x = 0 is A.S. If, in addition, k — h2b(t) is UWIP(hy,4h), then z = 0 is U.A.S.
PROOF. We apply Theorem 3 with the functional

V(t, ) :{ / /+S duds] +k:/ /+s ))du ds.

We first show there is a W3 with V (¢, x;) > Ws(|z(t)|). Let

| oo

26




If I <|z(t)]/2, then V(t,z;) > 2%(t)/4. If I > |z(t)|/2, then
2

() /A< P = /t_h b(u)g(z(u))(u—t+ h)du

< / b(u)(u —t+ h)du /t_h b(u)(u —t+ h)g*(z(u))du

<k:/ /+s W))du < V(tz).

It is also easy to show that

Thus, W3(r) = r?/4.

V(t, ) < 222(t) + K/t ) b(u)g*(z(u))du

for some K > 0.

By using (i) and (ii) the derivative of V can be estimated as follows:

V(£ 20) = —2hb(t)g( [ / /+s V)duds

T k(g (x (t))—k/_hb(t+s)g( (t+ 5))ds
< 1 (Oe0alal) =n(t) | ba)g?a(w)du

where n(t) = k — h%b(t) > 0 and

¥(t) = hb(t) {2 - c(k: + h/:h b(u)du)} >0

Setting D(t,x;) = b(t)g*(x(t)) we obtain the assertion from Theorem 3.
It can be observed that the main role in the estimate for V' is played by the term
t) [ b(u)g*(x(u))du. In the next section we establish a method giving the main role
to the other member of V', namely [y(t)/b(t)]b(t)z(t)g(x(t)) (see Theorem 5). It is easy to

see that in the case of the continuous function b(t) defined by

1/(ch?) if 7ih <t < (7i+ 1)h
b(t) = < 1/(2ch?) if (7i+2)h <t < (7i +6)h

linear elsewhere
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and by choosing k = 1/c, all conditions of Example 2 are met and, consequently, z = 0 is
t

U.A.S. On the other hand, in this case (t)/b(t) = h[1 — ch [ b(s)ds] is not positive in
t=h

measure (see Definition 4), so Theorem 5 can not be applied.
4 Reverse Schwarz Inequality

In this section we concentrate on Liapunov functions satisfying estimates of the type
V(t,x) < Wilz(@)]) + Walllzl[])
and
Viy(t, @) < —n@OW(|lz@))).

Use of these inequalities requires a type of “reverse Schwarz inequality”. In particular, if

t1
there is a t; > 0, an € > 0, and an «a > 0 such that |||z,,||| > e and [ n(s)ds > «, then we
t1—h

will need to show that there is a 8 > 0 with tfl n(s)W(|z(s)|)ds > [ and ( is independent
of t;. That is the problem which motivates tlﬁe_ ilext definition.

DEFINITION 4. A measurable function n : Ry — R,y is said to be positive in measure
(PIM) if for every € > 0 there are T' € Ry, § > 0 such that [t > T, Q C [t — h, ] is open,
w(Q) > €] imply that [ n(t)dt > §. (Here, u(Q) denotes the Lebesgue measure of Q.)

Q

For example, the functions 7, () = 1, 72(t) = sin*t, and

1 ifn<t<(n+1)—1/n
ma(t) = {0 ifntl—1/n<t<ntl
are PIM.
LEMMA 2. Let K > 0 be given and suppose that 1 is PIM. Then for each W; and o > 0
there are 3 > 0 and T' € R, such that if f: R, — R is measurable, f%(s) < K for s € R,
t>T, ft f?(s)ds > a, then ft n(s)Wi(|f(s)|)ds > 3.

t—h t—h
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PROOF. For a given f with f2(s) < K on R, for a > 0, and for ¢ > h suppose that

t
[ f?*(s)ds > a. Choose r such that 0 < r < a/h and define
t=h

Q,t)={s:t—h<s<t, f*(s)>r}

Using the notation QS(t) = [t — h,t]\@Q,(t) we have

o< / F2(s)ds = / Plyds+ [ fs)ds < p(Qu() - K + u(@(0)r.
t—h Qr(t) Qs(t)

Consequently

a < QK + [h— w(Q.(1))]r

and

0 < (a—hr)/(K—r) < p(@().

Now, take the numbers 7" and 6 > 0 belonging to € = (o« — hr) /(K — r) in the sense of

the definition of positivity in measure. If t > T then

/t_hn(S)Wl(lf(S)Dds > Wi(v/7) /Q ) 2 (5 = >0,

which completes the proof.

THEOREM 4. Let n be PIM and let D,V : Ry x Cy — Ry both be continuous with
(i) 0<V(t,¢)and
() V(t2) < —n(O)Wa(D(E ).

If x(t) is any solution of (1) such that |z(t)| < H and D(t, ;) is bounded on [ty, 00), then

t
lim [ D(s,zs)ds = 0.

t—>oot_h
t

PROOF. Suppose z(t) is such a solution but that [ D(s,zs)ds - 0. Then there is an
t=h

t;
e>0and {t;} T oowitht;y1 >t;+hand [ D(s,zs)ds > e. By Lemma 2 we can find a 7,
ti—h

29



and a § > 0 with } n(s)Wa(D(s,xs))ds > [ if t; > T.. This means that V (¢, ;) — —o0
ast— 00, a contr;gifétion.

EXAMPLE C revisited. Consider again system (C2), where we are assuming that f :
R — R is continuously differentiable, |f*(x)| < L for all z € R and zf(x) > 0 for x # 0,
¢:Rx Ry — R, h:Ry — Ry, ¢ and h are continuous, 0 < h(t) < h for all t € R,.

For an arbitrary solution of (C2) consider the Liapunov functional
0t
Viwww) = 2P G0) + 20+ [ [ s)P)dsdu (cs)
—h Jt+u

where F(z) = [ f(s)ds and v : Ry — (0,00) is a given measurable function.
0

Using the notation

b(t) = inf{o(y,t)/y : y # 0},

we obtain

0

VI (t, e, ye) = —=26(y(t), t)y(t) + 2y(t) e fr(@t +s))y(t + s)ds

+ /_h[yz(t)yz(t) — V2t +uw)y?(t + u)]du

< - / [(2b()/h = v2(£))y*(t) — 2Ly (O] ly(t + w)] + 7 (¢ + )y (t + u)]du.

—h

Taking into account the identity
pu? — 2Luv + v*0? = (u — L /v*)u® + (Vv — Lu)?/v?

(for v # 0), from the last estimate we obtain

0

VIt 20 0) < — | h(2b(8)/h — v2(8)) — L2 / (102t + u)du | g (2). (C9)

—h

PROPOSITION C1. If
(i) the function b(t) — Lh is positive in measure
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then the zero solution of (C1) is stable, and for every solution z(¢) with sufficiently small
initial function it follows that tlim 2'(t) =0 and tlim x(t) exists and is finite.

If, in addition, for some K > 0 and M the inequality

t

(ii) J sup{o(y,s)/y:0 <]yl < K}ds <M

t—h

holds, then the zero solution of (C1) is asymptotically stable.
PROOF. In (C8) take v?(t) = L so that (C9) yields

V'(t, x4, y0) < —2(b(t) — Lh)y?(t) <O0.

Theorem 1(b) then shows that the zero solution is stable. Let 0 < K < H, to < Ry, and
take 6 = 0(K, tp) to be the positive number from the definition of stability.

For any arbitrary solution (z(t), y(t)) with ||(x4,, yt,)|| < ¢ define the functional D(t, z, y¢) =
y*(t), which is bounded on [tg,00). By Theorem 4 we have tligt_fth y?(s)ds = 0. Next, we
show that tllrglo y(t) = 0.

If this is not true, then there are e > 0 and ¢; <t/ <t,,, (i=1,2,...) such that t; — oo
(i — 00), ly(t)] = € |y(t])| = 2¢, and € < |y(t)| < 2e on [}, t]] for all 4. Since f y?(s)ds — 0

Y
t—h

as t — oo, it follows that ¢t — ¢, — 0 as i — oo. Since y(t) is bounded and z/(t) = y(t) we
t//

have x(t!) — fy t)dt — 0 as 1 — oo. Since z(t) is bounded, it follows that

Fa(ty)) = F(x(t) = f(2(&)(x(ty) — 2(t) — 0
as ¢ — oo. (Here, x(&;) is between x(t/) and z(t}).) On the other hand,

0= lim [V (e, yr) = Vi(wg, yp)] = 2 lim [F(x(t))) — F(x(t)))] + 3¢* = 3¢, (C10)

T
t—o0 11— 00
a contradiction.

Thus we have proved that y(t) — 0 as ¢ — oo which, combined with V' (z;,y:) — V; and

t
/ / s)dsdu < hL2/ y*(s)ds — 0
t—u t—h
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implies the existence of tlirglo F(xz(t)). But F is strictly increasing so tlirglo x(t) = xo exists.

In order to prove the last assertion of the proposition, suppose that (ii) holds and z # 0.

Then integrating the second equation of (C2) and using the condition (ii) we obtain
ly(t +h) —y() > f(zo)(h/2) — (M + Lh)||yl]

for sufficiently large ¢t. But y(t) — 0 as t — oo and |f(xg)| > 0, so the last estimate yields a
contradiction which completes the proof.

We may eliminate the condition b(t) > Lh by allowing v? in (C8) to vary as a function
of s. We also note that Yoshizawa [19] has allowed /2 to vary.

PROPOSITION C2. Suppose that there exists a measurable function ¢ : Ry — Ry

satisfying
t

(i) 0<pB(t)<b(t), [ [*(s)ds is bounded on R, and

t=h
(i) the function 3(t) — L*h ft [1/8(s)]ds is PIM.
t=h

Then the zero solution of (C1) is stable and for every solution with sufficiently small initial

functions, it follows that lim 2'(¢) = 0 and tlim x(t) exists and is finite. If, in addition,

t—o0

condition (ii) of Proposition C1 is satisfied, then the zero solution is asymptotically stable.

PROOF. In (C8) define v*(t) = B(t)/h. Then from (C9) we have

0

VIt ) < — [ﬁ(t) -

—h

1/t + u)]du] (1) <0.

In order to be able to repeat the proof of Proposition C1 we need only show that for any

solution of (C2) we have

lim V(¢ 0, 1) = lim [2F (2(1)) + ()] (C11)

t
whenever [ y*(s)ds — 0 and |y(¢)| < K on Ry (recall that (C11) was used in (C10)). But
t=h
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under these conditions we have

2

am [ [ s <] [ oo
< K? /:h B%(s)ds /:h y*(s)ds — 0 as t— o0

because of (i). Thus, we have (C11) and the proof is complete.

The following corollary shows that Proposition C2 allows b(t) = Lh; in fact, it allows
b(s) < Lh on intervals [t,t+£] (for 0 < £ = constant) for arbitrarily large ¢. In this corollary
we represent (3 in the form ((t) = Lh + ~(t).

COROLLARY. Let the measurable function v: R — R and let ag € (0,1), as > 0 be

given such that

v(t) + (1/h) /0 Y(t+u)du > asLh

—h
and either
0<7(t)<ayLh for t€ R, and ay>aj

or

v(#)| < a;Lh for t€ Ry and a>ai/(1 —a)
hold. Suppose also that the function ¢ in (C1) satisfies

oy, t)/y> Lh+~(t) for y#0 and te€ R,

and

/ sup{0y.5)/:0 < ly] < K}ds < M

for all t € R, and some K > 0 and M. Then the zero solution of (C1) is asymptotically

stable.
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PROOF. Using the identity 1/(1 +x) =1 — 2 + 2?/(1 + ) for |z| < a; we can write

0 0

[1/(Lh + (¢ + u))]du = 7(2) + (1/h) / (4 w)du + R(2)

—h

Lh+~(t) — Lzh/

—h

where

Lhao? if v(t) >0
IO S 1ot =

Lhas /(1 — ay) otherwise.
Thus, under the conditions of the corollary of the conditions of Proposition C2 are met, so
the proof is complete.

For example, the choices

Lh/2 for 0 <t <2h/3
y(t) =<0 for 2h/3 <t < h
~y is h-periodic,

a1 =1/2, az = 1/3 (so that ag > a3), or

Lh/16 for 0 <t < 3h/4
v(t) = —Lh/32 for 3h/4 <t <h
y is h-periodic,

a; =1/16, ap = 1/32 -4 (so that as > a?/(1 — 1)) are suitable for the corollary.

REMARK. Consider the sunflower equation (C7) with varying damping coefficient:
2"(t) + b(t)2'(t) + Lsinx(t — h) = 0. (C7)

Applying Proposition C1 to this special case of (C1) (keeping x small so that zsinz > 0 for
x # 0) we obtain the following assertion: If b(¢) — Lh is PIM and ft b(s)ds is bounded on
R, then the zero solution of (C7’) is asymptotically stable. o

This generalizes some statements of [4; pp. 151-153] and the first assertion of Somolinos’
theorem (see (i) in Example C in Section 2) to the nonautonomous case. But comparing our

corollary with this assertion one can observe that the following interesting problem remains

t
open: Is the zero solution of (C7') asymptotically stable if b(t) — by is PIM and [ b(s)ds
t=h
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is bounded on Ry, where by = Lh(sin&)/¢ < Lh and £ is the root of 02/Lh? = coso in
(0,7/2)7

EXAMPLE B revisited. Consider now the nonautonomous equation

7' (t) = —af(t) /t_h a(t — s)g(z(s))ds, (B11)

where the functions a and g satisfy the conditions with (B1), while a : Ry — R, is differ-

entiable and satisfies
() (=d(r)) —a)a"(r) <0 for t€Ry, rel0h]
and

lim a(t) = ap  exists.

t—o0

THEOREM B2. (1) If ag = 0, then for every solution z(t) of (B11) the limit lim x(¢)

t—o0

exists and is finite.

(2) Suppose that ag > 0.
(a) If there is a A € [0, h] with a”(\) # 0 and

t

lim |/ (s)|ds = 0. (B12)

t—00 t—h
then every solution of (B11) tends to one of the zeros of g as t — oc.

(b) Ifa”(X\) =0on [0, h], then for every solution z(t) of (B11) there is an h-periodic
solution z(t) of the equation

2"(t) + apa(0)g(z(t)) = 0 (B13)
such that the functions (z(t),x'(t)) and (z(t),2(t)) have the same positive
limit sets.

PROOF. Consider the Liapunov functional

0

Vit.0) = G60) ~fa)/2] [ (=) [ / 0g<¢<u>>du] s

—h
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A computation yields

2 2

—(1/2) /tjhA(t, s)[/stg(:v(u))du} ds

where A(t,s) := o/ (t)a’(t — s) + a(t)d”(t — s) > 0. Since G(zr) — oo as |r|] — oo and

VI(t,21) = [a(t)/2]a’(h) {/tjhg(I(U))dU]

V'(t,z¢) <0, every solution is bounded on [tg, 00).

For an arbitrary solution x, define

2

Di(t,z;) = /:hA(t, s){ / t g(:v(u))du] ds

and

2

Dalt, 2y) = /tjhg(:v(u))du] |

If ap > 0, then a(t) is PIM so by Theorem 4 we have

t

tlim Dy (s,z5)ds =0 (B14)
0 Jt—h
and
t
lim Dy(s,x5)ds =0, for «gpa'(h) #0. (B15)

t—o0 t—h

By differentiation and integration by parts it can be shown that the solution z(t) satisfies

2" (t) + a(0)a(t)g(x(t)) = f(t) (B16)

where

£(8) = —a'(B)a(t) /t_hg(:v(u))du—l—/t_ Alt, s)/ o (u))du ds.

h

Using the Schwarz inequality, (B14) and (B15) yield

K
lim [ |f(t+T)ldt=0 (B17)

t—oo J_pe

for arbitrary K; thus, (B13) is the single limiting equation of (B16) (see [2]).
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Let p be an arbitrary point of the positive limit set 2(x) C R of the solution z(t), and let

{t,} be a sequence with ¢, — oo, xz(t,) — p (as n — o0). Since z(t) and z’(t) are bounded

/st 2" (u)du

it follows that {z(t, + s)} and {2'(¢, + s)} are uniformly bounded and equicontinuous for

on Ry and since (B16) and (B17) imply that

lim |z'(t) — 2'(s)| = lim

t—s—0 t—s—0

=0,

|s| < K. By the Arzela-Ascoli lemma, it can be assumed that z(t, + s) — (s) and
' (t, + s) — ¥'(s) as n — oo uniformly for s € [-K, K|. As is known ([2], Theorem 7.3), ¢

is the solution of the initial value problem

2"(t) + aoa(0)g(x(t)) =0, x(0) =p, 2/(0) ='(0). (B18)

This means that Q(x, z’) consists of complete trajectories of solutions of (B13).

(1) If ag = 0, then 9 (t) = p + c1t. But Q(z,2’) C R? is invariant with respect to (B13)
([2], Theorem 7.3) so (p+cit,c1) € Q(x,2’) for all t € [-K, K]. As K is arbitrary and z(t) is
bounded, we get ¢; = ¢'(0) = 0. In other words, the positive limit set (z,z’) is a compact
connected subset of the x-axis {(z,y) : y = 0}. We now show that (2 consists of the single
point (p, 0).

Suppose that ¢ € Q(z) so that there is a sequence {s,} with s,, — oo and z(s,) — ¢ as
n — oo. Since tlim V(t,z) = tlirglo G(z(t)) exists, G(q) = G(p). Hence, G is constant on the

connected set §2. As the zeros of g are isolated, this means that Q(x) = {p}.

(2) (a) By (B14) we have
2

lim / "(tn+u)ad' (—s) + a(t, +u)a"(—s)] {/ g(a:(tn+u+v))dv] dsdu = 0. (B19)
Since z(t) is bounded

'/ ((t + U gz (t +u+v))dv] du _/_ ot +u)|U_i|g(a;(tn+u+v))|dvrdu

< 01/ |o’(u)|du  where ¢, is constant.
tn—h
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Now the last term tends to zero uniformly for s € [—h, 0] as n — oco. Hence, from (B19) we

/_I; /_(; a"(~s) {/0 g(¥(u+ U))dv] 2ds du = 0.

Therefore, there exists a pair § < & with —h < & < & < 0 such that {s € (&,&),

obtain

u € [—K, K]} imply that
0 u
[ ot o= [ gweas o
S u+s
This means that g(¢(s)) = 0 for all s. Since the zeros of g are isolated we get 1(s) = p and
g(p) = 0.
(2) (b) Suppose now that a”(u) = 0 for all u € [0,h]. We have already proved that
Q(x, 2") consists of complete trajectories of (B13). We have to show that (x, 2’) may contain
only the trajectory of a single h-periodic solution of (B13).

We know that a/(h) # 0, since otherwise a(u) = 0. From (B15) we obtain

2 2

i [ st as= [ [ gtwnan] as=o

and hence [ g(¢(u))du = 0 provided that ¢ is defined on [s — h, s]. By equation (B13) we
s—h

have ¢'(s) —1'(s — h) = 0, so 1(s) is h-periodic because 1 (s) is bounded.

As 1 is a solution of equation (B13) it satisfies the identity

[¥'()]?/2 + c0a(0)G(¥(s)) = aoa(0)G(¥(0)). (B20)

The limit set Q(z) can also be located by the Liapunov functional V since

lim V(£, 2,) = lim {G(:B(t)) ~ [a(t)/2] / D () [ / st +u))durd5}

t—00 t—00 _h

0

~ G((0) - ao/2a'() | { / ng(u))durds — Vi),

—h
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That is, the functional V, : C'y — R, takes the same value at all the h-periodic solutions of
(B13) whose trajectories lie in Q(z, x’).

Using these facts we can complete the proof in the same way as it is done in Hale’s
autonomous case.

We now augment the conditions of Theorem 4 so that it will guarantee U.A.S.

THEOREM 5. Suppose that D,V : R, x Cy — R, are continuous, n : Ry — R, is

PIM, and the following conditions are satisfied.

(i) Wa(lz(t)]) < V(t,20) < Wa(Jz(t)]) + W] ft D(s,x,)ds];

t—h

(i) Vit @) < —n()Wa(D(t, 24));

(iii)  D(t, o) < Ws(ll¢l);

(iv) for some K € (0, H) there is a wedge Wk such that [t € Ry, u : [-2h,0] — R"
is continuous, |u(s)|<K for s € [-2h, 0] imply

0
Wi (inf{|u(r)| : —h;r;O});/ D(t + s, us)ds.
—h
Then z = 0is U.A.S.
PROOF. There is a W with V (¢, ¢) < Ws(||¢||) so z = 0 is U.S. by Theorem 1(b). Let §
be that of U.S. for K and let 7 > 0 be given. We must find 7" such that [ty € Ry, ||¢|| <9,

t > to+ T imply that |x(¢, 20, ¢)| < 7.
Find & = £(y) > 0 with Wh(§) + W3(&) < Wi(y). Consider the intervals

I =lto+jh, to+ (j+1A], 7=01,2....

Suppose that for each j thereisa ¢; € I; with féj_h D(s,z)ds > min{¢, W (&)}. By condition
(iii) we have 0 < D(t,x;) < W5(K) for t € R;. From Lemma 2 it follows that there exists

T.(¢) and ((¢) with

| neWaDls s = (0) it 1 = T(6)
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Let F = F (&) be a natural number with 2Fh > T,(£). Then

N - Z /t D(s, 2.))ds < V(to, 8) < We(6).

J=F(&)
Hence, there exists N = N(&) such that ¢; fails to exist in some I; with j < 2N. Thus
t
[ D(s,zs)ds < min{§, Wk (&)} for all t € I;; of course, I; depends on the solution (¢, to, ¢),
t—h

but for any solution j < 2N, and N depends only on & = £(y). However, by definition of

Wi there is a t* € I; with |z(¢*)] <. Hence, for ¢t > t* we have
Wi(lz(t)]) S V(E @) < V(E7, ) < Wa(E) + Ws(§) < Wi(y),

and for T'(vy) = 2N (§) = 2N (&(ry)) the proof is complete.
Setting D(s, ¢) = |¢(0)|*> we obtain a conceptually simpler result.
COROLLARY. Let n be PIM and V : Ry x Cyg — Ry be continuous with
(i) Wi((0)]) < V(¢ ¢) < Wa(|o(0)]) + Wa(ll|¢][]) and
(i) Vit 2e) < —n(&)Wal|z(2))).
Then x = 0is U.A.S.

EXAMPLE 1 revisited. Consider again the equation

2'(t) = —a(t)z(t) + b(t) /t_h x(u)du

in the case when a(t) may equal ft b(s)|ds for arbitrarily large values of ¢. In this case
the method of Section 3 does not work. However, using Theorems 4 and 5 we can prove the

following assertions.

A If
t+h
(i) a(t)— [ |b(s)|ds is PIM and
t
t+h

(i) [ |b(s)|ds is bounded on R
t
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then x =0 is U.A.S.
B. If

t+h

(i) 0< [ |b(s)|ds is bounded on R, and
t

t+h

(i) [a(t)/ tf |b(s)|ds] — 1 is PIM,

then every solution has a finite limit as t — oo. If, in addition,

t s+h
(iii) limsup [ f |b(u)|duds > 0,
t—oo t_p

then z = 0 is A.S. If (i)—(ii) are satisfied and, in addition,

t s+h
(iii’) hmmff [ 1b(u)|duds > 0,

t—h s

then z = 0 is U.A.S.
PROOF. Define

Vit 1) = |+/ /+s|bu—s||z >|duds—|a:<>|+/th{/t"+h|b<s>|ds]|x<u>|du
<ttt [ [ woes] e < e+ 5 [ o

t+h
where [ |b(s)|ds < K for t € R., and K is constant. We then have
t

Vita) < =fato) - [ e fe(0)]

Assertion A follows from Theorem 5 with D(t,x;) = |z(¢t)|. In order to prove B set
t+h
D(t,x) f |b(s)|ds|x(t)|. By Theorem 4, for every solution z(t) we obtain

t s+h
lim [ / |b(u)|du] (s)|ds = 0.
= Jt—h s

On the other hand, tlim V(t,x¢) = vy exists and

tim [ Utwh |b(s)|ds] ()| du = 0:

t—o0 t—h
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hence, tlirglo |z(t)| = vo exists also.

If condition (iii) is satisfied, then tlirglo x(t) = 0. The final assertion follows from Theorem

The corollary after Theorem 5 tells us that if we are able to use the L?-norm in the
upper bound on V, then we can conclude U.A.S. without the classical requirement of
F(t, ) bounded for ¢ bounded. This can be done because when we integrate V(’l)(t,zt) <
—n(t)Wa(|z(t)|) we can, in effect, pass the integral inside W, obtaining W[ ft |2(s)|ds]
which we can then compare with the upper bound of Wi(|||z||]) on V. Thet_r?ext result
tells us that if we are forced to use the supremum norm in our upper bound on V' then it is
satisfactory to have V() (¢, z¢) < —Wi(|2']) because we can integrate the last expression, pass
the integral inside W, and obtain an expression which can be compared with the supremum
norm upper bound on V. We have noticed in examples that investigators have frequently
had an L2-upper bound on V and have had V' < —W (|2/|), but have made no effort to use
these facts and have, consequently, been forced to ask F'(t,¢) bounded for ¢ bounded.

THEOREM 6. Suppose that V : Ry x Cy — R, is continuous with

(i) Wi(lg(0)]) < V(t,¢) < Wa([[¢]]) and

(i) Vi (¢, z) < —mWis(|2'(t)]) — n2(t)Wa(|z(¢)]) where 7 > 0 is constant,
tatS
Slim [ ma(s)ds = oo uniformly with respect to t., and there are a > 0, 79

such that r > rg implies W5(r) > ar.

Then =0 is U.A.S.

PROOF. By Theorem 1(b) the zero solution is U.S. Let 0 < H' < H and take 6 = 6(H’)
of U.S. Let v > 0 be given and find £ > 0 with W5(&) < Wi(). We must find T'=T'(v) > 0
such that [to € Ry, ||¢]| < 6, t > to+ T imply that |z(t, to, d)| < 7.

Let tg € R4 be arbitrary, ||¢|| < 6, x(t) = z(t, to, ¢), and v(t) = V((¢,2z;)). First we prove

the existence of an L = L(y) > 0 such that for each ¢; > ¢, the interval [t1,?1 + L] contains
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a point t with |z(t)| < &/2.
t1+L
By assumption on 7 there is an L = L(7y) such that [ nao(s)ds > Wa(8)/Wa(§/2) for

t1

all t1 € Ry. If |x(t)| > €/2 were true for all ¢ € [t1,t1 + L], then we would have

t1+L

OSmeswm—/lm@wmwmﬁgm@—W&m/ na(s)ds <0,

t1 t1

a contradiction.
Consider the intervals I; = [to+ jL, to + (j + 1)L] and find ¢; € I; with |z(¢;)| < &/2.

Suppose that for each such ¢; we also have ||£L’t || > ¢. Then there is an h; € [0, h] with
t

lz(t; — hj)| > Eand so §/2 < | [ 2/(s)ds| < f |2’ (s)|ds. Define
tj—hj —h
()] if |2/ (8)] < 7o
t pr—
nt) {0 otherwise

and po(t) = |2/(t)| — pa(t). If f pi(t)dt > £/4 then by Lemma 2 there are 8; = (1(y) and
t;—h

tj
Ny = Ni(y) with [ mWs(pi(s))ds > By for j > Ny. If f pa2(t)dt > £/4 then, obviously,
tj—h ti—h

| mWs(pa(s))ds > mag/4 =: B2 > 0. In any case we have
tj—h

| Wl @) = min{B, 2} = 8 = 5(0) > 0

J

for j > N;. This means that v decreases at least 3 units on each I;. Since v(t) < v(ty) <
W5(9), there is an N = N(y) > N; such that the existence of such a ¢; fails in some I; with
J < N. Hence, there is a t; with j < N for which ||z, || < £ This means that for t > o+ N L
we have Wi (|z(t)]) < v(t) <wv(t;) < Wa(§) < Wi(y), and the proof is complete.

EXAMPLE D re-revisited. Consider once more the equation (D1) with
V(t,z) = |x(t)| + M/tth |b(u+ h)||z(u)|du.
Then
V/(t,2e) < [ = a(t) + M[b(t + h)[]|a(t)] + (1 = M)|p(t)| |=(t — h)].
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Since |b(t)| [x(t — h)| > |2/(£)] — a(t)|z(t)], we have
V/(t, ) < —(M = D2’ (t)] + [(M = 2)a(t) + M[b(t + h)|]|x(t)].
Let M = 28/(8+ 1) for 3> 1. Then
VIt ) < —m(b)|2'(t)] — n2(t)]z(2)]
where ny = (8 — 1)/(5 + 1) = const. > 0 and

12(t) = [2/(6 + D] (a(t) — Blb(t + h)]).
Hence, if we ask that for some 5 > 1 the relations

n(t) = a(t) — Blb(t +h)| >0, lim n(t)dt = oo (D6)

s—00
hold uniformly with respect to t. € Ry, then (ii) in Theorem 6 is satisfied. Consequently, if
t}h|b(s)|ds is bounded on R, and (D6) is satisfied, then x = 0 is U.A.S.

t The next theorem will be useful in cases when the Liapunov functional is the sum of a
function and a functional in which the latter does not increase too fast along solutions.

THEOREM 7. Let Z,V : Ry x Cy — R, with Z locally Lipschitzian and V' continuous

such that the following are satisfied:
(1) Wi(lo(0)]) + Z(t, ) < V(E, 0) < Wa(|o(0)]) + Z(t, ¢) < Wa([|0]]);

(i) Vi @) < —n(0)Wal(z(t)])
where n: Ry — R is UWIP(0, h) for every § > 0;

(iii) for some H' € (0, H) the function
t
C oo (1) :/ sup{Ziy)(5,0) : 6 € Cu, 6] < H'}ds
0
is uniformly continuous in R, .

Then x =0 is U.A.S.
PROOF. Since V(t,¢) < Ws(||¢]|) and V'(t,z;) < 0, it follows from Theorem 1(b) that
x = 01is U.S. Let 0 be that of U.S. for H' and let v > 0 be given. We must find T such
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that [to € Ry, ¢ € Cs,t > to+ T imply that |z(¢,to,¢)| < . For this v > 0 find £ of U.S.
Consider the intervals I; = [to+jh, to+(j+1)h| and suppose that in each I; there is a t; with
|z(t;)] > €. Find o = a(y) > 0 such that Wa(a) < W4(€)/2. Because 0 < V (¢, ¢) < Wi(||#]|)
and V() (¢, z¢) < —n(t)Wa(|z(t)|) with  being UWIP there is a 71 > 0 such that |z(t)] >
fails at some point in every interval of length 7). Find a sequence {s;} such that ¢; < s;,

x(s;)| = a and |z(t)| > a for t; <t < s;. How large is s; — t;7 We have

Wi(lz@)]) < V(E, ) = 2(t,20) < Wa(l(t)]),

Wi(&) <V (ti, ) — Z(ti, v4,),
and
V(si,xs,) — Z(si,w5,) < Wala) < Wi(§)/2.

Thus, on each interval [t;, s;] the function V (¢, x;) — Z(t, ;) decreases by at least W1 (§)/2 =:
B. If on [t;, s;], V (¢, ;) has not decreased by [3/2, then Z(t, x;) has increased by at least 3/2.
But 8/2 < Z(s;, xs,) — Z(ti, x1,) < Tpe(s; —t;). By condition (iii) there is a 81 = f1(H') > 0
such that s; —t; > (.

If 11 <19 < --- <1 < --- is a suitable sequence of positive integers then

S; — tik > ﬁl, tik < 84, < t < 8j, + h.

Tk+1

Denote the subsequences {t; } and {s;, } by {t;} and s; respectively. Then
N
Wa(H') > V(ty, 21y) = V(to, 21,) > Wa(a) Y / n(t)dt.
i=1 Vi
The function n is UWIP((, h) and, hence, there is a ) = () such that for all P > @

/[t 0 W) W)

e}

where I = |J[ti, si]. Choose T'=T(v) = Q(7) + h to complete the proof.
i=1
An application can be found in the next section.
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5 Applications to the Equation /(t) = —a(t) f(x(t))+b(t) _fh A(s)g(z(s))ds

In this section we give several sufficient conditions for the asymptotic stability and uniform
asymptotic stability of the zero solution of the nonlinear scalar equation in the title as
consequences of our theorems in Sections 3 and 4. The results will show that these theorems
are independent and complementary to one another. Moreover, it will be illustrated how to
get complementary sufficient conditions for the same property of the solutions of the same
equation by use of different Liapunov functionals.

We assume that the functions a,b,\: Ry — R, f,g : R — R are continuous, xf(x) > 0,
and |g(x)| < ¢|f(x)| for some constant ¢ > 0.

In order to compare the results we list the hypotheses to be used:

(H1) f(z) # 0 for o # 0;

(H2) g(x) # 0 for x # 0;
(H3) for some a > 1

Yalt) == a(t) — ac|A(t)| /t : |b(u)|du >0 for t>0;

(H4) for some o > 1, [ 7,(t)dt = oc;
0

(H5) for every 6 > 0 the function v;(t) is UWIP(4, h);

(H6) A(t) # 0 for t > 0 and ~ (t)/|A(t)| is PIM;

(H7) () is PIM;

(H8) for some hy € (0, h) the function b(t) is UWIP(hy, 4h);

(H9) for some hy € (0,h) the function b(t)/B(t + h) is IP(h;), where

B(t) = sup { / " buldu 0 < s < t};

t+h

(H10) the function [ |b(u)|du is bounded on Rj;
t
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t
(H11) [ |A(s)|ds < Ag = const. for t > 0;
t=h

(H12) the function |\(¢)| is bounded on R.;

t
(H13) [ |A\(s)|ds > Xo > 0 for t > 0 and \g const.;
th

t+h t
(H14) the function [ |b(u)|du| [ )\2(u)0lu}l/2 is bounded for ¢ > 0;

t t—h

t u+h
(H15) the function [ |A(u)| [ |b(s)|dsdu is uniformly continuous on Rj;
0 u

(H16) limsup [B(t) ft |A(s)|ds] > 0.

t—o0 t—h

The following relations can be easily proved (see Remark 4 and Theorem 11):

(a) (H4) does not imply (H5) which does imply (H4), while (H5) does not imply

(H7) which does imply (H5);

(b) (H7) and (H12) imply (H6), but (H6) and (H12) do not imply (H7);

(c) (H9) implies (H8), but (H8) and (H10) do not imply (H9);

(d) (H10) and (H12) imply (H14);

(e) (H13) and (b(t) # 0) imply (H16), but (H16) and (H10) do not imply (H13).
THEOREM 8

(1) [(H2), (H3), (H9), and (H16)] imply that x = 0 is A.S.

(2) [(H1), (H3), (H9), and (H4)] imply that x = 0 is A.S.

(3) [(H2), (H3), (H8), (H10), (H11), and (H13)] imply that z = 0 is U.A.S.

(4) [(H1), (H7), and (H14)] imply that z = 0 is U.A.S.

(5) [(H1), (H6), (H10), (H12), and (H13)] imply that =z = 0 is U.A.S.

(6) [(H1), (H5), and (H15)] imply that = = 0 is U.A.S.

PROOF. Define the Liapunov functional

V(t,21) = |2(t)] + o / h / @) b — )] lg(x(w)|du ds,
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Since |g(z)| < | f(x)], its derivative satisfies

V'<t,wt>_—{ ) — el |/ |du]|f<<>>|—a—1|b |/

Changing the order of integration yields the identity

u)l[b(u = 8)[lg(z(w))|duds = u)| v)ldvlg(z(u))ldu — (*)
[ [ [

from which we obtain

s)| lg(x(s))|ds.

Vit < ol +a [ bl [ gt
To prove (1), apply Theorem 2(A) and Remark 1 with D(t,z;) = |A(t)g(z(t))]. (The
assertion in Example 1 can be obtained from Theorem 8(1) by taking A(¢) = 1.)
To prove (2) and (3), apply Theorem 2(B) and Theorem 3, respectively, with the same
D(t,x) = [A()g(x ()]
To prove (4), put @ = 1 in the Liapunov functional V' (¢,z;). By the Schwarz inequality

and |g(x)| < ¢|f(x)| we have

V(t,x) < |z(t)| +/tt+h|b(u)|du{/:h| 2alu] {/ f(x ] 2.

The assertion follows from Theorem 5 with D(t,x;) = f?(x(t)).
To prove (5), let & = 1 again and apply Theorem 5 with D(t, z;) = |A(¢) f(z(t))].
To prove (6), define

Z(t, ) = // )| (s — )] 19 ()| dut ds.

Then

¢ <P [ it~ aslate ) <P [ blaslate )]
Therefore, condition (iii) in Theorem 7 is met by (H15). On the other hand, according to

the identity (*) we have

2(t,6) < g(l9]) / W) / 9)|ds du,
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where
g(v) == max{|g(s)| : [s| < v}, ©v>0.

Under (H15) the function f IA(u |f“+h s)|ds du is bounded on R, so all conditions of
t—h
Theorem 7 are satisfied. This completes the proof.

It is known that when f(z) = = and A(t) = b(t) = 0 (i.e., for ' = —a(t)zx) the condition
[ a(t)dt = oo is sufficient for A.S. This suggests the existence of such sufficient conditions
0

for the asymptotic stability of the zero solutions of the equation in the title of the present

section which would ask that A and b be small and f s)ds be large. Theorems 8(1) and
t=h
(2) are not of this type (see (H9) and (H16)). However, such results can be derived from our

theorems by choosing another Liapunov functional.
THEOREM 9. Suppose that ¢ > 0 and
(i) a(t) >0forte R,,
(ii) |A(t)| < va(t) for t € Ry with some v > 0, and
(iii) there is an hy € (0, h) such that the function [1/eyh] — |b(t)| is IP(h1).

Then = = 0 is stable and lim x () exists and is finite.

t—o0

If, in addition,
(iv) f(x)#0 for x # 0 and

(v) limsup f s)ds >0

t—oo t—p

then z =0 is A.S.
Finally, if (i), (ii), and (iv) hold together with
(iii") there is an hy € (0,1) such that [1/cyh] — |b(t)| is UWIP(hq,4h) and

(V) 0<a< f u)du < A for t € Ry and A constant,
t=h

then x =0 is U.A.S.
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PROOF. Consider the functional

V(t, ) = |z(t)] + 1/h//+s W)\ f (2(w))|du ds.

Its derivative satisfies
() < 00 [ N ateids — (1/0) [ alrtets)ds
< [ev]b(t)] - (1/h)]/ a(s)|f(x(s))|ds.

t—h
Now the assertions follow from Theorems 2(A), (C), from Theorem 2(A) and Remark 1,

and from Theorem 3, respectively, with D(¢,z;) = a(t)|f(z(t))|.
6 Appendix

The next theorem shows how one can relax conditions of Theorem 1(c) if only asymptotic
stability is desired instead of U.A.S. It is not particularly useful but it is interesting because
it is another result which fails when h = 0 and it fails in a different way than the previous
such results fail when h = 0.
THEOREM 10. Let n be IP(h) and suppose that V : Ry x Cy — R, is continuous and
locally Lipschitz in ¢ with
(i) Wi(|¢(0)]) < V(¢ ¢), V(t,0) =0 and
(i) Vi (&, ) < —n()Wa(l2e]]).
Then z =01is A.S.
PROOF. We note that x = 0 is stable according to Theorem 1(a). For a given ¢y € Ry
find § > 0 such that ||¢|| < 0 implies that |z(t, o, ¢)| < H for t > to. Let z(t) = x(t,to, d)
and suppose that x(t) - 0 as t — oo. Then there is an € > 0 and a sequence {t,} T +oo

with |z(t, — h)| > € so that ||x;|| > € for t,, — h <t <t,. We may pick a subsequence to
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ensure that t, + h < t,1. Then for t > t,, we have

n

Vita) <Vt d) = [ n(sWalllehds < Vitao) = [ aoWalel)ds

to i=1

V(to, ¢ sz /t_h s)ds — —0o0

as n — 00, a contradiction. Thls completes the proof.
We now consider the relation between the two main conditions on the coefficient functions
7; in our theorems.

THEOREM 11. Let n: Ry — Ry be measurable.
(i) If n is positive in measure, then 7 is integrally positive.

(ii) If n is integrally positive, then 7 is not necessarily positive in measure.

(e}

PROOF. (i) Let n be PIM and let I = | (a;, b;) with b; —a; > 6 and a;41 > b; for some
i=1
§>0andall i =1,2,... . We must show that [n(t)dt = co. Now by definition of PIM
t

_ bi _
there is a & > 0 with [ n(s)ds > § for ¢ sufficiently large. Hence, [ n(t)dt = occ.
a; t

(i) We construct a measurable function which is integrally positive but is not positive

in measure. Let
nt)=0 if (m—1h+Bi+1)(h/3™) <t<(m—1)h+ (3i+2)(h/37)
for m=1,2,3,...

and for i = 0,1,...,3™! — 1. Define n(t) = 1 otherwise. It is easy to see that for every

t
0 > 0 then tlim [ n(s)ds =26/3. That is, n is integrally positive. On the other hand, let
T4
={t € ((m—1)h,mh) : n(t) =0}.

Then Q., C [mh— h,mh], it is open, u(Qy,) = h/3; nevertheless [ 1 =0, which means that
Qm
7 is not positive in measure. This completes the proof.
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