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Abstract. A new theory and methods of solving variational problems of probability are
given and applied to generalized maximum entropy problems. The cost functional and
“moments” are generalized and the solution is efficiently found by now established analytical techniques or efficient and accurate numerical methods. It is shown that the classical
maximum entropy problem is an immediate example of this theory.
To illustrate the type of results for the general setting, the results for the classical problem
are developed. This will give the reader a good idea as to what to expect for more general
problems.
In our chosen context with two moments, a simple second order differential equation in
five dependent variables with appropriate boundary conditions, is obtained, which leads
to the unique solution. In addition, previous work by the second author gives an efficient
numerical algorithm with a priori, global, error of O(h2), where h is the node size.
Alternately, it is shown that this problem has a less familiar solution of a second order
ODE with two parameters, each of which is associated with a moment isoperimetric constraint. Finally, because these problems fit within the second author’s theory of constraint
optimization, we can easily add additional reasonable constraints, inequality constraints,
etc. to these problems.

1. Introduction
In his delightful book where he uses the ideas of probability to “cut a broad swath through
the physical sciences”, Coles [6] highlights the maximum energy principle for continuous
parameters as a lack of information. Indeed, these ideas are a major part of the modern day
sciences.
In Cole’s notation, he has
S=−

Z

p(x) log

p(x)
dx
m(x)

where m “normalizes” S under the expected moment constraints such as
Z
Z
x p(x) dx = µ and
(x − µ)2 p(x) dx = σ 2.
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Even more complete in the discussion of this topic is the current edition of Wikipedia, the
free encyclopedia on the web. They refer to [7], but clearly the importance of the problem
can be found throughout the literature of applied mathematics.
The purpose of this paper is to give the theory for a broader interpretation to Problem
(1.1) which includes this problem as a specific example. We will replace the integrand with
f (t, x1, x01, x2 , x02) of two dependent variables and (1.2) by more generalized “moments”.
This problem will then be in a classical calculus of variations setting or, more specifically, a
constraint optimization setting [11] and [13]. To aid the reader we will provide results and
comments for Problem (1.1) as an example.
It is first worthwhile to consider even the classical role of “entropy”. The role of entropy in
statistical theory and information processing is well documented by Karlin and Rinott [18],
Kullback [20],Marshall and Olkin [21], Rao [23], Rényi [24]. For applications of entropy in
other areas such as thermodynamic systems, ecological structures, see Kapur [17] and Karlin
and Rinott [19].
When selecting a model for a given situation it is often appropriate to express the prior
information in terms of constraints. However, one must be careful so that no information
other than these specified constraints is used in model selection. That is, other than the
constraints that we have, the uncertainty associated with the probability distribution to
be selected should be kept at its maximum. This is the ‘principle of maximum entropy’
advocated by Jaynes [15], and later treated axiomatically by Shore and Johnson [25].
Consider the set of constraints
C = {p(x) : Ep [Ti (X)] = ti, i = 0, · · · , n}
where Ti are integrable functions, ti are known constants and T0(x) = t0 = 1. The maximum
entropy principle finds the unknown probability density function p∗ (x) which maximizes the
entropy subject to the constraints in C. This procedure has been shown to characterize
most well known univariate probability distributions, e.g., see Kagan et al. [16], Kapur [17],
Guiasu [9], Preda [22], and the references therein. Although, literature is significantly less for
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the multivariate distributions, Kapur [17] considered several usual multivariate distributions,
Zografos [26] considered the cases of Pearson’s type II and VII multivariate distributions,
Bhattacharya [4] considered characterization for the multivariate Liouville distribution, and
Aulogiaris and Zografos [3] considered symmetric Kotz type and Burr multivariate distributions. Expressions for entropies for several known and relatively unknown multivariate
distributions can be found in Zografos and Nadarajah [27], Ahmed and Gokhale [1] and
Darbellay and Vajda [8].
In Section 2 we develop the major mathematical results for the general problem using the
second author’s theory of constrained optimization [11] and [13]. In Section 3 we consider
the “classical” maximum entropy problem as a special example of Section 2. We get a
second order ODE with two parameters, which are associated with the isoperimetric moment
constraints (1.2). This implies a unique solution to our boundary value problem as we have
four conditions. We also “obtain” the well-known solution p(t) = e−t

2 /2

for the interval

(−∞, ∞) by an easy extension to a = −∞ and b = ∞.
Hopefully, the interested reader can now solve his/her own problem whatever the conditions on f or the number of “moments”.
In Section 4 we indicate how to efficiently solve these problems numerically with a global,
a priori error of O(h2 ). The perceptive reader may be surprised to see that for the classical
problem in Section 3 we obtain the values of the two isoperimetric constraints along with the
numerical solution. This is because our numerical problem involves five dependent variables
and not just one.
To reiterate . . . As an example of our ideas for these general problems, the solutions to
the classical problem can be found as a five dependent variable problem with 10 boundary
values or as a two-point second order boundary value problem in one dependent variable
with two parameters. For a quick introduction to the subject, we recommend the reader to
be familiar with [11]. This would make it easier for anyone to go through the subject matter
of this paper.
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2. The Mathematical Development
The purpose of this section is to develop the key mathematical ideas. We will first state
our problem and then obtain our second order ODE as a boundary value problem.
Our problem is
min

Z

b

f

t, x1(t), x01(t), x2(t), x02(t)

a

s.t.

x02

=

g(t, x1, x01);



dt,

fx01 x01

x1 in BC.



> 0



(2.1)

and f, g are continuous functions of their arguments, x1 , x2 are continuous with derivatives
which are piecewise smooth. In the above, BC means that x1 is given or unspecified at either
endpoint and we assume there is a unique minimum solution.
We will call x2 a moment function for x1 if the equality in (2.1) holds and x2 (a) = 0. This
clearly generalizes the usual situation as in (1.2). If we choose to add additional moment
constraints, it will be immediate, as in Section 3.
To obtain a solution for (2.1) we proceed as follows:
T
Following the procedures in [11] and [13], we define X(t) = x1(t), x2(t), x3(t) where

Rt
x1(t) = x(t), x2 (t) = a g s, x1 (s), x01(s) ds, x03(t) is a multiplier as indicated below,


F t, X(t), X 0(t) = f + x03[x02 − g], with 


 
  
0
1
(2.2)




X(a) = 0 , and X(b) = M  


0
∗
The perceptive reader will note that we “associate” x1 (t) with the cumulative distribution
function and x01 (t) with the probability density function. The first two components of X(a)
and X(b) are now immediate. The third component of X(a) is to “normalize” x3 , in that
we only need the unique values of x03 but can/will find x3(t) . Finally, “∗” refers to the fact
that we can not specify x3(b) instead must use the transversality procedure, below.
We next make the following calculations.


F (t, X, X 0 ) = f (t, x1, x2 , x01, x02) + x03 x02 − g(t, x1, x01) ,
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so that


fx1 − gx1 x03


fx2
FX = 
,
0




and


FX 0 X 0 = 

5

 
fx01 − gx01 x03






0
fx02 + x3
,
=
 




0
0
x2 − g(t, x1, x1) 




FX 0

fx01 x01 − gx01 x01 x03

0

0
−gx01

fx02 x02
1

(2.3)







 

1 . 





0

−gx01

We note that FX 0 X 0 is, of course, symmetric and that det FX 0 X 0 = −fx02 x02 gx20 − fx01 x01 +
1

gx01 x01 x03 ,

which we assume is not identically zero on any subinterval.

Lemma 2.1. If det FX 0X 0 6≡ 0 on any subinterval, then the Euler equation

d
F 0
dt X

= FX is a

regular, second order differential equation. It, along with the boundary conditions in (2.2),
has a unique solution.



In the classical case(s) where f = x0 ln x0 and g = a(t)x0, a cofactor expansion implies
det FX 0X 0 =

1
x01

and the stated results.

We next note that under this assumption, the Bliss Multiplier Rule ideas hold, in that
this problem is nonsingular in the sense of Bliss [5]. By [11] and [13], the basic necessary
conditions for (2.2) hold. That is
Theorem 2.2. There exists a unique solution to (2.1) such that
d
FX 0 = Fx ,
dt

(2.4a)

FXT 0 X|ba = 0, and

(2.4b)

FX 0 is continuous at points where X 0 (t) is not continuous.



(2.4c)

We note that these three conditions are the conditions which give the solution when one
exists.
If we regard this as a problem in three dependent variables, it is “complete”. However, it is
instructive to note that these general problems can be reduced to a second order differential
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equation in one variable which is not ordinary. Thus, using the results of this theorem, we
have
(i) x03 − g(t, x1, x01) ≡ 0 by the use of the third component of (2.4a), the
fact it is piecewise continuous by (2.4c), and it is 0 at b by (2.4b)
Z t
and the (∗) condition. Thus, x3 (t) =
g(s, x, x0) ds by use of the
a
Z b
g(t, x, x0) dt = M.
X(a) third component of in (2.2) and hence

(2.5a)

a

From the second component we have
Z t
0
(ii)
x3 =
fx2 ds − fx02

(2.5b)

a

and finally we have the second order equation for x = x1 ,


Z t
Z t
d
fx01 − gx01
fx2 ds + gx01 fx02 = fx1 − gx1
fx2 ds + gx1 f.
(iii)
dt
a
a

(2.5c)

Theorem 2.3. The solution to (2.1) is as follows: As a problem with three dependent variables, its solution is given by the second order differential equation
d
fX 0 = fX
dt
in (2.3) with boundary conditions (2.2). In addition, in one dependent variable it is given
by (2.5c) with x in BC.



As expected, the one variable solution causes additional problems. In three variables the
differential equation is ordinary and there are efficient and accurate numerical methods with
an a priori global error of O(h2 ) as described in [11] and [12]. The arguments in one variable
involve the antiderivative so at a minimum, (2.5c) will require additional differentiation to
easily solve that equation.
3. The Classical Problems
In this section we consider the classical problem:
Z b
min
x0(t) ln x0 (t) dt
a
Z b
Z b
0
t x (t) dt = M1 and
t2x0(t) dt = M2 , and x(a) = 0, x(b) = 1.
s.t.
a

a

(3.1)
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We note that f is only a function of x01 and that there are now two constraints or moments
but they are of the form x02 = g1 (t, x01) = tx01 and x03 = g2 (t, x01) = t2x01, that is of the form
a(t)x01 .
T
Following the procedures given above, we define X(t) = x1(t), x2(t), x3(t), x4(t), x5(t)
Rt
Rt
where x1(t) = x(t), x2 (t) = a s x01 (s) ds, x3(t) = a s2 x01(s) ds, x04 (t), x05(t) are multipliers
we have,






F t, X(t), X 0(t) = x01 (t) ln x01(t) + x04(t) x02 (t) − t x01 (t) + x05(t) x03(t) − t2x01(t)
 
 
0
1
0
M1 
 
 
 , and X(b) = M2  .
0
X(a) = 
 
 
0
 ∗ 
0
∗

(3.2)

We again note that we “associate” x1(t) with the cumulative distribution function, x01(t) with
the probability density function while x02 − t x01 = 0 and x03 − t2 x01 = 0 are associated with
the first and second “moment integrands”, respectively. The first three components of X(a)
and X(b) are now immediate. The fourth and fifth components of X(a) are to “normalize”
x4 and x5 , in that we only seek the unique values of x04 and x05 but can/will find x4(t) and
x5(t). Finally, “∗” refers to the fact that we can not specify x4 (b) and x5(b) and instead
must use the transversality procedure, below.
We next make the following calculations.
 
0
0
 

FX = 
0 ,
0
0

FX 0



ln x01 + 1 − t x04 − t2 x05


x04


0

,
x5
=



x02 − t x01
0
2 0
x3 − t x1


and

and have

FX 0 X 0

1
x01

 0

=
 0
 −t
−t2

0
0
0
1
0

2



0 −t −t
0
1
0

0
0
1
,
0
0
0
1
0
0

(3.3)
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Lemma 3.1. Det FX 0X 0 6≡ 0, except at isolated points, and hence, the Euler equation
d
F 0
dt X

= FX is a regular, second order differential equation. It, along with the boundary

conditions in (3.2), has a unique solution.



A cofactor expansion implies det fX 0 X 0 =

1
x01

and the stated results. The reader is invited

to observe why this result is much simpler than in the general problem of Section 2.
Theorem 3.2. There exists a unique solution to (3.1) such that
d
FX 0 = Fx ,
dt

(3.4a)

FXT 0 X|ba = 0, and

(3.4b)

FX 0 is continuous at points where X 0 (t) is not continuous.



(3.4c)

We note that these three conditions are the conditions which give the solution. To aid
the reader in perhaps unfamiliar ground, we repeat ideas of the previous section. Otherwise,
these specific results are immediate from Section 2.
Using the results of this theorem, we have
(i) x03 − t2x01 ≡ 0 by the use of fifth component of (3.4a), the fact it is piecewise
continuous by (3.4c), and it is 0 at b by (3.4b) and the (∗) condition.
Z t
s2 x01(s) ds by use of the third component of
Thus, x3(t) =
a
Z b
t2x0(t) dt = M2 .
X(a) in (3.2) and the fact that

(3.5a)

a

Similar reasoning yields
(ii)

x02

=

t x01

and, hence, x2(t) =

Z
a

t

s x01 (s) ds

and

Z

b

t x1 (t) dt = M1 .

(3.5b)

a

We also have
(iii)

x005 = 0 and x5 (t) = c2 (t − a) by the fifth component of X(a).

(3.5c)

x4(t) = d2 (t − a).

(3.5d)

Similarly,
(iv)
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Once again, we invite the reader to consider why the special form in (3.5c), (3.5d), and (3.5e)
below
(v)


d
(ln x0 + 1) − d2 t − c2 t2 = 0 .
dt

(3.5e)

The fact that the multipliers x04 and x05 are constants agrees with the classical isoperimetric
result [2]. Finally, (3.5e) is a 4-parameter boundary value problem including M1 and M2 .
We have
d
(ln x0 ) = d2 + 2c2 t
dt

(3.6)

ln x0 = d2 t + c2 t2 + d1 and
Z t
2
ed1 +d2 s+c2 s ds + c1 .
x(t) =

(3.7)

which implies that

a

By the boundary conditions, c1 = 0. In addition, we use x(a) = 0 and x(b) = 1, which are
the familiar results from continuous probability and M1 and M2 to uniquely determine the
unique values of c2 , d1 and d2 .
2

An easy argument extends these results to the interval (−∞, ∞). Thus, x0 (t) = ec2 (t−c3 )

where c2 < 0. But the moment constraints in (3.1) immediately imply that c3 = 0 and
c2 = − 12 . This is the known, classical result that p(t) = e−t

2 /2

in this case.

4. The Numerical Problem
The purpose of this section is to consider numerical solutions for (2.1) The numerical
extension to a finite number of moments and any interval [a, b] will be immediate and left
to the reader.
Our first task is to give the relevant theory from [11, Formulas (6.9) or (6.29), and (6.3)]
or [12], and then we will explicitly describe (4.1) and (4.2), below. Thus,
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Theorem 4.1. Let F (t, X, X 0) be given as in (2.2), h > 0, Nh = b − a and Xk , k =
0, 1, . . . , N , be a sequence of values which satisfy


Xk + Xk−1 Xk − Xk−1
∗
,
FX 0 ak−1 ,
2
h


Xk + Xk−1 Xk − Xk−1
h
∗
,
+ FX ak−1 ,
2
2
h


0
∗ Xk + Xk+1 Xk−1 − Xk
− FX ak ,
,
2
h


h
∗ Xk + Xk−1 Xk+1 − Xk
,
=0
+ FX ak ,
2
2
h

(4.1)

for k = 1, 2, . . . , N − 1
and



XN + XN −1 XN − XN −1
∗
FX 0 aN −1,
,
2
h


XN + XN −1 XN − XN −1
h
∗
,
=0
+ FX aN −1,
2
2
h
where a∗k = (ak + ak+1 )/2 with ak = a + k h.

(4.2)

Let X(t) be the solution to Problem (2.1) and {Xk } be a computed, numerical solution of
(4.1) and (4.2). Then there exists a constant C > 0, independent of h > 0, so that for h
sufficintly small
kX(ak ) − Xk k ≤ Ch2. 
We note that (4.1) “solves” the two point boundary value problem where X(a) and X(b)
are given. The combination of (4.1) and (4.2) “solves” transversality problem at t = b.
Finally, to aid the reader in using these techniques, we return to FX 0 in (2.3) and look at
the first term for a specific value of k. The remaining steps in applying our methods will be
immediate and left to the reader. Hence,


Xk + Xk−1 Xk − Xk−1
∗
,
FX 0 ak−1 ,
2
h




2
ln x1k −xh 1k−1 + 1 − ak − h2 x4k −xh 4k−1 − ak − k2

x4k −x4k−1


h

x5k −x5k−1
=
h


x2k −x2k−1

− ak − h2 x1k −xh 1k−1
h



x3k −x3k−1
h 2 x1k −x1k−1
−
a
−
k
h
2
h



x5k −x5k−1 
h
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We note that (4.1), (4.2) are a set of 5(N + 1) equations in 5(N + 1) unknowns with a
unique solution by Lemma 2.1 and Theorem 2.2.
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